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Preface 


This book is about taking familiar ideas (and perhaps some not-so-familiar 
ones!) and extending them to solve a broad variety of problems. The intended 
audience is the ambitious high school or college student who is seeking a sub- 
stantive “big picture” view of several topics that often present themselves at 
the Olympiad level of mathematics competitions or in proofs and applications 
of classical results. This “big picture” view of a topic suggests the metaphor 
of a landscape. Landscapes are rich in detail and often contain subtleties that 
are embedded for the discerning eye to discover. 

And so are the chapters and problems that follow. As we shall soon see, 
sometimes the simplest of ideas can hold very powerful abstractions, or can be 
used to solve a wide range of problems. It is our hope that this book will offer 
the reader an ample variety of both breadth and depth in its subject matter. 
The topics covered span the broad subject areas of algebra, geometry, number 
theory, and even a few elements of mathematical analysis while each chapter 
explores specific themes and ideas that illustrate the aforementioned subject 
areas. 

Each chapter is composed of three parts: the theoretical discussion, pro- 
posed problems, and solutions to the proposed problems. In each chapter, 
the theoretical discussion sets the stage for a different landscape by intro- 
ducing and motivating the themes of that chapter — often with a review of 
some definitions or classical results. ‘The remainder of the theoretical part of 
each chapter is devoted to examining illustrative examples — that is, several 
problems are presented, each followed by at least one solution. It is assumed 
that the reader is intimately familiar with topics covered in the standard high 
school mathematics curriculum up through and including precalculus. For 
some chapters, it will be helpful for the reader to have had previous exposure 
to topics from discrete mathematics and number theory. 

As you experience these “landscapes” in each chapter, the reader is en- 
couraged to carefully seek out the finer points and subtleties. To summarize: 
don’t rush. These landscapes provide a “view” into areas that are not typically 
encountered in great depth in standard coursework, but nonetheless have pro- 
found implications. It is also our hope that even if the reader happens not to 
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be well-versed in proofs, he or she will appreciate and grasp the level of rigor 
and thinking that is required in formulating logical and convincing arguments. 
We hope the examples and the suggested solutions to the problems lend in- 
sight not only to the underlying mathematics, but also serve as examples of 
good mathematical exposition. 

We want to express our thanks to our friends Gabriel Dospinescu and Chris 
Jeuell for their great help throughout our work to the manuscript; they surely 
had a big contribution to improving it and giving it a better final form. 

We invite you to enjoy and appreciate our selection of these beautiful 
landscapes that abound in mathematics. 


Titu Andreescu, Cristinel Mortici, Marian Tetiva 
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Chapter 1 


The Ubiquitous Pigeonhole 
Principle 


Oh, no, not again! — we hear you say, and you might be right — or you 
might not. ‘The pigeonhole principle appears in numerous books and magazines 
and places on the Internet, and everyone is familiar with it, and everybody 
knows what is “all” about this principle with a bizarre name that.... Who 
needs another lesson on it? Well, this point of view may be valid — or it may 
be not. Just read and smile (since we start with the simplest examples), then 
enjoy (because we will move on to harder problems). Constantin Noica, a great 
Romanian philosopher, used to say that you can begin to learn philosophy from 
anywhere — start with any book you want, with any philosopher that you 
please. Apparently this doesn’t work very well for mathematical training, but 
we say that a good point to start in mathematics is the pigeonhole principle. 
As humble as it may seem, the pigeonhole principle is an indispensable tool 
throughout all of mathematics. As said in the chapter title, you can find it 
anywhere in this beautiful realm of human knowledge to which we (and our 
readers) dedicated our lives, thus we decided to offer the opening chapter of our 
book to this marvelous (by its simplicity) idea. Last, but not least, remember 
that another name for the pigeonhole principle is Dirichlet’s drawer principle 
(it seems that he was the first to use it explicitly); if it is related to such a 
great mathematician’s name as Dirichlet, it must be worth studying, right? 


We are sure that the reader is acquainted with the spectacularly simple 
statement of the pigeonhole principle (or, if he/she is not, let him/her be from 
now on). It says that if you try to put in a few boxes a few objects, the 
number of which exceeds the number of boxes, then, necessarily, there is (at 
least) one box that contains more than one object. (If you put five pigeons in 
four pigeonholes, two or more pigeons need to jostle each other into the same 
pigeonhole.) To put it more formally, we have: 
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The pigeonhole principle/Dirichlet’s drawer principle. If we want 
to distribute m > n objects into n boxes, then there will exist (at least) one 
box that contains (at least) two objects. 

If we want to push this formalism further, we can state it as follows: 

The pigeonhole principle/Dirichlet’s drawer principle. If A and B 
are finite sets with |A| > |B| (the number of elements of A is greater than the 
number of elements of B), then there is no injective function from A to B. 

(Consider A as the set of pigeons and consider B as the set of pigeonholes; a 
function from A to B puts pigeons in the pigeonholes, and there must be more 
than one pigeon in some pigeonhole, thus the function cannot be injective.) 
Actually, this form won’t be necessary for our tasks, but it might be interesting 
for further developments. 

For instance, if you have a pile of red and blue balls, you have to take (at 
least) three of them in order to be sure that you get two balls of the same 
color. In this example the pigeonholes are the colors (red and blue) and their 
number is, of course, 2 — so you need have three or more pigeons (balls) to 
be sure that at least two of them fall into the same box (that is, they have 
the same color). Or, because everyone of us has on his or her head at most 
(say) a million hairs, you can gather together arbitrarily 1000001 people and 
bet them that there are two of them with the same number of hairs on their 
heads. Bet on one dollar to each of them that your guess is true and you 
will surely win, won’t you? And you will be a millionaire only by properly 
applying the pigeonhole principle. (Of course, it will be hard to count all the 
hairs in their heads, so you can think of something more practical, like: gather 
together gq people and bet with them that there exist among them two with 
the same birthday. What value of g should be chosen to assure winning? We 
are sure you already know. And don’t be sad about losing a million: there 
will be less money, but this win is accomplishable and it is easy money, isn’t 
it?) Let us move on now to “serious” problems. 

Problem. From any n people we can always choose two with the same 
number of acquaintances among the others n — 1. 

Solution. If n = 1, this is vacuously true, while if n = 2, the two persons 
can be acquainted to each other, or not: in both cases they have the same 
number of acquaintances among the other(s). (Of course we consider “ac- 
quaintanceship” to be a symmetric relation, as will it be in all such problems: 
A knows B if and only if B knows A. Also, we don’t consider that A knows 
A — the relation is not reflexive.) If there are three people each of whom 
knows each other (or each of whom does not know each other) the conclusion 
is plain. Two cases remain: when two persons (say A and B) know the third 
(name it C’) but don’t know each other, and when A and B are acquainted, 
but neither of them is acquainted to C’. In both cases A and B have the same 
number of acquaintances among the others. 
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However, this is clearly not a path to follow for solving this problem: 
things get more and more complicated when n increases. On the other hand, 
the pigeonhole principle solves it (almost) immediately. Namely, each of the 
nm persons can have at most n — 1 acquaintances among the others. There 
are n persons (pigeons) and only n — 1 possibilities for the number of the 
acquaintances (pigeonholes), so there must be two persons with the same 
number of acquaintances. Done...or not? 

Of course, we forgot that the number of persons that someone knows among 
the others could also be 0: we didn’t say that there isn’t a person knowing none 
of the others, so the above solution works only in the case when everybody 
knows at least one person in the group. However, this flaw is not hard to fix. 
If there are at least two such persons, the problem is clearly solved. Otherwise, 
each and every one of the other n — 1 has a number of acquaintances from 1 
to n — 2 (that is, at most n —1 known people), and the above reasoning shows 
that there are two of them who know the same number of people among the 
others. 

Solution. After analyzing the above facts, one can come with the following 
alternative (and much more simple) wording for solving the problem. Choose 
from the n people those k who know nobody in the entire group. Each of the 
n — k remaining persons has at least one and at most n — k — 1 acquaintances 
among the others, and the pigeonhole principle ensures us that there are two 
of them with the same number of acquaintances in the group. Simple, isn’t? 
Actually, we see that the first case (when everybody knows at least somebody 
else) suffices to solve the problem anyway — the problem that can also be 
rephrased in terms of graph theory: in a (simple, undirected) graph on n 
vertices, there are always two vertices with the same degree (that is, two 
vertices from which the same number of edges come out). 

Another well-known problem about people who know (or don’t know) peo- 
ple is the following. 

Problem. Prove that in any group of six people there are three who know 
each other, or there are three who don’t know each other (mutually). 

Solution. It is easier to speak if we use the language of graphs. Namely, 
let the six persons be represented by six points in the plane (the vertices of the 
graph) and draw a red (blue) line between two points if the persons represented 
by that line know each other (respectively if they do not know each other). 
We get the complete graph on 6 vertices with all edges (How many?” It is not 
important for this problem, but think about it!) colored red or blue, and we 
want to prove that (for any such coloring) there exists either a red triangle, or 
a blue one. Of course, by a “red/blue triangle” we mean a triangle with all its 
edges colored red/blue. In order to solve this problem, we need the following 
more general, often used, form of the principle: 
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General pigeonhole principle. If more than nk objects are to be placed 
in n boxes, then there exists (at least) one box containing (at least) k + 1 
objects. 

(For if each of the n boxes contained at most k objects, there would be 
at most nk objects, which is not the case. For k = 1 we get the principle as 
stated above.) Now let us go back to our problem. Look at one (arbitrarily 
chosen) vertex A and the five edges incident with it. Because 5 = 2-2+1 
and there are only two colors (the boxes, or the pigeonholes) there must be 
three edges from that vertex that have all the same color. Name those edges 
AB, AC, and AD, and suppose (without loss of generality) that their common 
color is red. We are now almost done. Indeed, if one of the edges BC, BD, 
and C'D is red, we have a red a triangle: ABC, or ABD, or AC'D. Otherwise 
BC, BD, and CD are all blue, and the triangle BCD is blue. 

Note also that the general form of the principle can be extended to the 
following one, referring to infinitely many objects: 

The pigeonhole principle — the infinite case. Consider infinitely 
many objects to be placed into n (thus finitely many) boxes. Then there 
exists a box that contains infinitely many objects. 

We use this version to prove the following theorem of Schur. 

Theorem. Let the set of positive integers be partitioned into finitely many 
classes. Then there exist three numbers x, y, and z in the same class of the 
partition such that x + y = z (x and y need not necessarily be distinct). 

Proof. Let us consider that N* is partitioned into three classes A, B, and 
C, and let ay < ag < --- be the elements of A (of course, at least one of 
A, B, and C' must be infinite, and we can assume, without loss of generality, 
that A is infinite). If any of the positive integers az — a ,,a3 — a1,... belongs 
to A, we are done (if, say, a; — a1 = aj, we also have aj + a; = a;, hence a 
solution for x + y = z with all x, y, and z belonging to A). Otherwise, since 
any positive integer belongs to one (and only) of A, B, and C, one of the 
sets B and C contains infinitely many of the above differences (by the infinite 
case of the pigeonhole principle). Suppose (again without loss of generality) 
that the numbers b; = a;, — a1, b2 = aj, — a1,... belong to B. If any of the 
differences bo — b1, b3 — b1,... belongs to B, we clearly finished our proof (we 
get x,y,z € Bsuch that x+y = z). Yet, if any of these numbers belongs to A, 
we have also completed our proof; indeed, if b,, — b1 = a;,, — ai, belongs to A, 
this yields a solution to x+y = z with all components in A. Now if cj = bo—01, 
co = b3—b,... all belong to C, the differences cp —c, = bn41—62 = Gi, ,, — Aig 
have to be in one (and only one) of the sets A, B, and C’, but (due to the 
threefold aspect of these differences) in any case a solution to x+y = z appears 
in one of the three classes of the partition. 

The reader is invited to write the proof in the general case, with an arbi- 
trary (but finite) number of classes. Note that, actually, this is just a weak 
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form of Schur’s theorem, whose statement is as follows: 

Theorem. For every positive integer k, there exists a positive integer S = 
S(k) such that, for any N > S, and for every k-class partition of {1,2,..., N}, 
one of the classes of the partition contains three numbers x, y and z such that 
Lpy =, | 

The numbers S(k) are named Schur’s numbers, and their only known values 
are S(1) = 2, S(2) =.5, S(3) = 14, and S(4) = 45. The reader can try to 
prove that these values are correct, however we will move to other topics, since 
these problems are beyond the scope of this book. 

Everybody knows that from any n integers, one can choose a few (at least 
one) whose sum is divisible by n. It is a classic result using Dirichlet’s drawer 
principle. ‘The other important idea for solving this problem is that two inte- 
gers leave the same remainder when divided by n if and only if their difference 
is divisible by n. Based on the same ideas, one can prove the following result. 

Problem. For any three integers a, 6, and c, the number 


N = abc(a — 6)(a — c)(b—) 


is divisible by 3. 

Solution. If any of the three numbers is divisible by 3, clearly N has the 
same property, too. Otherwise, a, b, and c give, when divided by 3, one of the 
remainders 1 or 2. So, we have three numbers (pigeons) that must fall into two 
residue classes modulo 3 (only 2 pigeonholes). The principle says that there 
exist two of the numbers in the same residue class — and then their difference 
is divisible by 3, therefore N (which has all three differences as factors) is 
divisible by 3, too. The reader can immediately generalize this to n numbers: 
if @1,...,@y are integers, then 


N =a ,---@p I] (a; — a;) 


l<i<j<n 


is divisible by n. Of course, this is not a very powerful statement (as long as 

one knows that I] (a; — a;) is always divisible by Il (i —7)), but it 
l<i<g<n 1<i<j<n 

is a good exercise for practicing (as a beginner) with the pigeonhole principle. 

Or, the reader may wish to prove that for all integers a, b, and c, the number 


abc(a — 1)(b—1)(c — 1)(a — b)(a—c)(b— cc) 


is divisible by 4. 

Here are a few problems involving divisibility. 

Problem. If m+ 1 numbers are arbitrarily chosen from the set 
{1,2,...,2n}, prove that there exist two among them that are relatively prime. 
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Solution. The pigeonholes are the sets {1,2}, {3,4},...,{2n — 1,2n}, 
and the pigeons are our n+ 1 given numbers. 'T'wo pigeons must fall into the 
same pigeonhole, that is, two numbers are consecutive, therefore they are also 
relatively prime. Simple, isn’t it? However read the following story before you 
decide that (if you didn’t try to solve the problem first). 

It seems that Erdés gave this problem (and others) to the twelve year 
old boy Louis Pésa, when he first met him, and they were having lunch. As 
Erdés himself (cited by Ross Honsberger) related, Pdésa solved the problems 
before finishing his soup — and solved this particular problem in less than one 
minute. Which, by the way, Erdos didn’t do at his time: he needed about ten 
minutes to find the above (simple and natural) solution. 

Also note that n is the maximum number of numbers from {1,2,...,2n} 
such that any two share a common factor greater than 1, for we can choose 
2,4,...,2n (the even numbers) that have this property (actually they all share 
the same common factor, but this is not important for our problem). 

Problem. Find the maximum number of numbers from {1, 2,...,2n} such 
that no number divides another. 

Solution. We can find n numbers with this property, namely n+ 1, 
n+ 2,...,2n: no number divides another because the smallest multiple of 
the smallest number exceeds the greatest number. It remains to show that if 
we choose n + 1 numbers from {1,2,...,2n}, then there are two (distinct, of 
course) such that one divides the other. In order to do that, let’s note that any 
positive integer x can be written in a unique manner as 7 = 24(2z +1) with 
nonnegative integers y and z. Although 2¥ could also be odd (when y = 0) we 
will call 2z+ 1 the odd part of x thus expressed. Now our n+ 1 numbers have 
their odd parts at most equal to 2n — 1 (because they themselves are at most 
equal to 2n), hence there are at most n possible odd parts for n + 1 numbers. 
The conclusion according to the pigeonhole principle is that there must be two 
of the numbers that have equal odd parts — of course, in this case, the smaller 
number is a divisor of the larger number. Observe that a similar (basically 
identical) problem can be formulated with the set {1,2,...,2n—1} instead of 
he D cin DIV is 

Problem. Let m > 2 and a be relatively prime integers. Prove that there 
are positive integers x and y, both less than or equal to ,/m, and such that 
one of ax + y is divisible by m. 

Solution. We consider all expressions au + v, with wu and v running 
through the set {0,1,..., [,/m]} (the square brackets indicate the integer part). 
Their number is ([,/m] + 1)? > (,/m)* = m, therefore two of them have to 
yield the same remainder when divided by m. But if we have au; + v1; = 
auz + v2 (mod m) (with either u; # ue, or v1 # v2), then ax + y = 0 (mod p) 
or ax — y = 0(mod p), for x = |u, — ug| and y = |v1 — ve|. If we content 
ourselves with the fact that the requested x and y are nonnegative and not 
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both zero, we can finish the proof here. But we need to show that x and y 
are strictly positive, so we continue. If uj = u2, the above congruence leads 
to vj = ve (mod m), which, for v; and v2 nonnegative and at most equal to 
[\/m] (thus less than or equal to ,/m) is possible only if we had v1 = ve. 
But in this case the pairs (ui, v1) and (u2,v2) would be equal, which is false. 
Yet, vy = vo implies au, = aug (mod m), therefore u; = u2 (mod m) (because 
a is prime to m, hence invertible modulo m), then, as before, uj = ug and 
(w1,U1) = (ug, v2), a contradiction. Thus uj # ug and v, # ve, and x and y 
are strictly positive, as desired. 

As simple as it may seem, this result (known as Thue’s theorem) is impor- 
tant in proving great theorems. We give here only the example of Fermat’s 
theorem about the representation of integers as sums of two squares (actually 
just one of the important steps for the proof of the general result). 

Theorem. Any prime p = 1 (mod 4) can be expressed as the sum of two 
squares. 

Proof. By multiplying side by side all congruences 7 = —(p — 7) (mod p), 
for 7 = 1,2,...,(p—1)/2, we get 


io cee (2) = peeve (ee (Ps) ---(p —1) (mod p). 


But p = 1 (mod 4) implies that (p—1)/2 is even, and if we multiply again this 
congruence by ((p — 1)/2)!, we get 


(=2))'=9- men 


Now, Wilson’s theorem tells us that (p — 1)! = —1 (mod p), thus we have 


(2) =en 


Or, we can say a* + 1 is divisible by p, for a = ((p — 1)/2)! — and we are 
done with the first step of the proof. In its classical variant, after obtaining a 
multiple of p that can be written as the sum of two squares, it is proven that 
the smallest such multiple is exactly p, thus getting the desired conclusion. 
However, with ‘Thue’s theorem at our disposal, we can go on like this. The 
number a with property that a? + 1 = 0 (mod p) is definitely relatively prime 
to p, hence, according to Thue’s theorem, we can find positive integers x and y, 
each less than ,/p, such that either ax — y = 0 (mod p), or ax+y = 0 (mod p). 
In both cases we have a*x* — y* = 0(mod p). This congruence leads (by 
using a* = —1(mod p=)) to z* + y* = 0(mod p), that is, to the fact that 
z* + y? is a multiple of p. Yes, but we also have x < /p, and y < ,/p, hence 
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ec? + y? <p+p= 2p. In conclusion, x? + y” is a nonzero multiple of p, which 
is also less than 2p, so only the possibility x? + y? = p remains, finishing the 
proof. 

We end this section with a few problems with geometric flavor. For in- 
stance, everybody knows that among any five points within a unit square 
there exist two at distance at most 2/2 apart. (Here and further, “within” 
a geometric figure means in the interior of that figure, or on its border.) We 
prefer, however, the following similar exercise. 

Problem. Let ten points be arbitrarily placed within an equilateral tri- 
angle of side length 3. Prove that there exist two of the ten points that are 
situated at a distance of at most 1 apart. 

Solution. Divide each side of the triangle into three equal parts, then 
from each point of division draw parallels to the sides of the triangle. Thus 
we partition the triangle into nine smaller equilateral triangles, each of side 1. 
We have ten points, thus there are two of them in the same smaller triangle. 
(If a point belongs to a side common to two smaller equilateral triangles, we 
consider it in one of those triangles, freely chosen.) It only remains to see that 
two points within an equilateral triangle are at a distance at most equal to 
the side of the triangle apart. 

Note that the last claim, as obvious as it may seem, needs a proof. Prove it! 

Problem. Six points are within a (closed) disk of radius 1. Prove that we 
can find two of them at a distance of at most 1 apart. 

Solution. If there were seven points, the problem’s request would follow 
easily. It would be enough to consider a regular hexagon inscribed in the given 
circle (the border of the disk); the radii through the vertices of the hexagon 
partition the disk into six sectors (each with angle of 60°), and, if seven points 
are given, two of them must be in the same sector, therefore the distance 
between them is at most 1. (Prove the last statement!) However, we can use 
this partition of the disk even in our problem’s case, when only six points are 
given. Choose a partition such that one of the six points (call it A) is on one 
of the radii that realize the partition (and that bound the sectors). If in one 
of the 60° sectors delimited by that radius there is another point (say B) then 
A and B are in the same (closed) sector and the distance between A and B 
is at most 1. Otherwise in those two sectors (that share the radius passing 
through A) there is none of the five remaining points (other than A), thus 
these five points are placed in only four sectors. By the pigeonhole principle, 
two of them share the same sector, and their mutual distance is less than or 
equal to 1. 

A different approach is the following. Draw the radii of the given circle 
through its center O and each of the given points. There are two of the radii 
forming an angle of measure at most 60° (since the sum of the six adjacent 
angles formed by consecutive radii is 360°). Assume that A and B are two of 
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the six points such that the measure of ZAOB is at most 60°. The triangle 
AOB, however, also has an angle whose measure is at least 60° (because the 
measures of the three angles of the triangle sum to 180°, the greatest angle has 
this property). Suppose (without loss of generality) that ZABO has measure 
greater than or equal to 60°, therefore it also has its measure greater than or 
equal to the measure of ZAOB. But in a triangle a greater angle is opposite 
a greater side, thus we finally get AB < OA < 1, as we intended to show. 

Note that five points can be chosen within a unit disk such that all their 
pairwise distances are greater than 1. (How?) 

Problem. Show that among any seven points within a triangle of area 1, 
one can choose three of them such that the area of the triangle they determine 
is at most 1/4. 

Solution. It would be nice if we had nine points. In that case, due to 
the generalized pigeonhole principle, three of them would lie in one and the 
same of the four triangles (each of area 1/4) determined by the mid-lines of 
the triangle and its sides, consequently, the triangle they form would be the 
one we are seeking. Unfortunately, we don’t have nine, but only seven points. 
Fortunately, the above idea works for seven points, too — but we have to be a 
little more careful. Namely, let ABC’ be the given triangle, and let M, N, and 
P be the midpoints of the line segments BC’, AC’, and AB respectively. We 
partition the triangle into the triangles BMP, MC'N, and the parallelogram 
MNAP. Three of the seven points must be in one of these three regions. If 
they are within one of the triangles, clearly they determine a triangle with 
area at most the area of BMP, or MCN, that is, at most 1/4. But the 
conclusion is the same if they are within the parallelogram. In this case, we 
use the following (non-trivial!) statement: the area of a triangle determined 
by three points within a parallelogram is less than or equal to half the area of 
the parallelogram. (Prove this claim!) In our case, the area of MN AP is 1/2, 
hence three points inside it (or belonging to its sides) determine a triangle 
with area at most 1/4, and the solution ends here. 


Proposed Problems 


1. Prove the assertions that remained unproved in our text, namely: 


a) The distance between any two points within an equilateral triangle is 
at most equal to the length of the side of the triangle. 


b) The distance between two points within a sector of a disk with angle 
of 60° is at most equal to the radius of the disk. 


c) The distance between two points within a rectangle is less than or 
equal to the diagonal of the rectangle. (Although this part has not been 
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10. 


11. 
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proposed in the text, we’ll see that a connection exists.) 


d) The area of a triangle determined by three points within a parallelo- 
gram is less than or equal to half the area of the parallelogram. 


. Prove that among any nine points within a unit square one can find 


three such that the area of the triangle determined by them is at most 
1/8. 


. Let 2n (n > 2) points be given in the plane and let some line segments 


joining them be drawn. Prove that if there are at least n? +1 segments, 
then at least one triangle is drawn. 


. Prove that for any integers a, b, c, and d, the number 


N = abcd(a* — b*)(a? — c*)(a” — d*)(b° — c*)(b° — d*)(c* — d?) 


is divisible by 7. 


. Prove that from any three integers, one can choose two, say a and J, 


such that ab(a — b)(a+ b) is divisible by 10. 


. Prove that every polyhedron has two faces with the same number of 


edges. 


. What is the maximum number of bishops that can be placed on a chess- 


board and that do not attack each other? (Two bishops attack each 
other if they are on the same diagonal. ) 


. On a chessboard 17 rooks are placed. Prove that three of them can be 


chosen such that they do not attack each other. (Two rooks attack each 
other if they are in the same row or in the same column of the board.) 


. Let (G,-) be a group with n elements and with identity element e, and 


let a1,Q2,...,@n, be elements of G (not necessarily distinct). Prove that 
the product of some (i.e., one or more) of them is e. (And we don’t 
mean an empty product, automatically considered to be e. However, a 
product with only one factor is allowed.) 


Let (G,-) be a finite group and let A and B be subsets of G, such that 
|A| + |B] > |G| (where |X| denotes the cardinality — the number of 
elements — of X). Prove that AB = G; that is, for every g € G, there 
exists a € A and b € B such that g = ab. 


Let (G,-) be a finite group and let H be a nonempty subset of G closed 
under multiplication. Prove that H is a subgroup of G. 
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12. 


13. 


14. 


15. 
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Let (S,-) be a semigroup (that is, the operation on § is associative 
and has an identity element). Prove that any element s € S has an 
idempotent power. (That is, for each s € S, there exists a positive 
integer n such that (s”)? = s”.) 


Write the complete proof of the (weak) theorem of Schur stating that 
if the positive integers are partitioned arbitrarily in a finite number of 
sets, then the equation x + y = z has a solution with all components z, 
y, and z in the same class of the partition. 


Prove that 14 < S(3) < 16. That is, you must find a partition into 
three classes of {1,...,13} such that each class of the partition does not 
contain three numbers x, y, and z such that x + y = z (it is said about 
such sets that they are sum-free), and then prove that in any partition 
with three classes of {1,...,16} one of the classes is not sum-free. 


Prove Lagrange’s four-square theorem, stating that any natural number 
can be expressed as the sum of (at most) four perfect squares (numbers 
like 3 = 17+1%+1? can be written as the sum of four squares only using 
a Zero). 


a) Prove Euler’s four-square identity: 
(aj + a3 + a3 + af) (by + 05 + b3 + 03) 
= (a,b; + agbe + a3b3 + abs)? + (a1b2 — agb; + agb4 — agb3)° 
+(a,b3 — agb4 — agb1 + agbz)? + (a1b4 + agb3 — agb2 — agb1)’, 


thus showing that the product of two (or more) sums of four squares is a 
sum of four squares, too. Infer that if Lagrange’s theorem is true for the 
primes and for numbers 0 and 1, then it is true for every nonnegative 
integer. 


Further, let p be an odd prime. 


b) Prove that one can find integers a and b such that 
a* +b? +1=0(mod p), 


therefore there exists a (nonzero) multiple of p that can be expressed as 
the sum of four squares. 


c) Show that, for any integers a and b, the system of congruences 
x =az+bt (mod p), y = bz — at (mod p) 


has a solution (x,y, z,t) in nonnegative integers, not all 0, and all less 
than ,/p in absolute value. 


d) Infer that p itself can be written as the sum of four squares. 
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Solutions 


1. a) Let P and Q be any points situated in the interior of the equilateral 
triangle ABC, or on its border. We can draw the line through P and 
Q, consider its intersections P’ and Q’ with the triangle, and we have 
PQ < P’Q’, which shows that it suffices to prove the statement only for 
points on the border of the triangular surface. Thus we can consider, 
without loss of generality, P and Q to be on the sides of the triangle. 
Then note that there exists a vertex of the triangle, say A such that 
the parallel to PQ through A intersects the opposite side (in this case 
BC) in an interior point of it, say in M, in such a way that PQ < AM. 
But AM < AB is clear since one of B and C is more remote from the 
midpoint of BC’ than M (and the oblique which is further from the 
perpendicular is longer), hence we have PQ < AM < AB, as desired. 


Actually, based on similar reasoning, one can prove that the maximum 
distance between two points within an arbitrary triangle is the length of 
the triangle’s longest side. 


b) We consider the sector in a coordinate system with origin in its center 
(actually the center of the corresponding disk), the x-axis along one of 
the radii that delimit the sector, and the other one of these radii forming 
a positive angle of 60° with the z-axis. Let M and N be two points within 
the sector, whose position can be expressed in polar coordinates, or by 
their complex affixes. Thus we have zy = ry(costy +isinty), and 
zn =Trn(costy +isinty) with ry = OM and ry = ON in the interval 
[0, R] (R being the radius of the sector), and with tyy and ty from the 
interval [0°, 60°]. A simple calculation (or an application of the cosine 
law) shows that 


MN = Zu — ZN | = AP Tape ow = 2rurn cos(ty — ty). 


The difference tjg — ty is in the interval [—60°, 60°], therefore 
cos(ty — ty) > 1/2, 
yielding 
ra, tr — 2rurn cos(ty — tn) < 12, +72, — ruin. 
Now if, for example, ry; < rn, we can write 


ry + ray —TMTN = ry + ru(tM — rn) < re, < R?, 
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and similarly, we prove that the expression under the radical is at most 
R? when ry < ry. Thus, either way, 


MN = \/r2, +72, — 2rurn cos(tu — tn) < 4/72, +72, -rurn < R, 


as we intended to prove. 


c) If M and N are points within the rectangle ABCD and P and Q, 
respectively R and S are the projections of M and N on AB, respectively 
AD, one readily sees that MN? = PQ? + RS?, and PQ < AB, RS < 
AD. Thus 


MN = \/PQ2 + RS? < WAB?2 + AD? = AC. 


Clearly, we can have equality only when {M,N} = {A,C}, or {M,N} = 
{B,D}. In particular, the maximum distance between two points in a 
Square is achieved when the points are opposite corners of the square, 
and is, of course, the length of the square’s diagonal. Actually this does 
not appear in our text above, but it is useful to prove, for example, that 
from five points within a unit square there will always be two at distance 
at most /2/2 apart (and this was mentioned in the text). 


d) Let X, Y, and Z be points within the parallelogram ABCD. The 
reader can figure out that there is a vertex of the triangle XYZ such 
that one of the parallels through that vertex to either AB or AD cuts the 
triangle in two smaller triangles (possibly the parallel coincides with one 
of the sides of the triangle, and one of the smaller triangles is degenerate, 
while the other is the initial triangle XYZ). Assume for convenience 
that the parallel through X to AB intersects the opposite side YZ at 
the point T, cutting the triangle into two triangular pieces XYT and 
XZT. Let d = d(AB,CD) be the distance between the parallel lines 
AB and C'D (the height of the parallelogram corresponding to its sides 
AB and CD). We then have 


1 1 
Axyzg =Axyrt+Axzr= 5 “XT: d(Y, XT) = 5 “XT: d(Z,XT), 


where Axyz is the area of XYZ and d(Y, XT) is the perpendicular 
distance from Y to XT. Now we have XT || AB || CD and X and T 
are within the parallelogram, hence XJ’ < AB and, also 


d(Y,XT)+d(Z,XT) < d, 
therefore 


1 1 1 
Axyz = a XT -(d(Y,XT)+d(Z, XT)) < . AB-d= oa AABCD; 
finishing the proof. 
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2. Partition the square into four little squares with side length 1/2. We 


have 9 = 4-2+1 points placed in these four little squares, hence three 
of them are within the same square. By the last part of the previous 
problem, the area of the triangle determined by them is at most half the 
area of the little square, that is, at most 1/8. Of course, the square can 
be replaced with any parallelogram with area 1, and the result remains 
true, with the same proof. 


. In other words, a graph with 2n vertices and at least n? + 1 edges must 


contain a triangle (a complete subgraph with three vertices). We prove 
this by induction on n. For n = 2, let the points A, B, C’, and D be given 
with five of the line segments joining them. Let AB be drawn, and note 
that either both AC and BC, or both AD and BD are drawn, otherwise, 
we can only have at most four segments. So, either triangle ABC, or 
triangle ABD appears. (Observe that the result is also vacuously true 
for n = 1.) Basically the same idea works for the induction step as well. 


Assume the result is true for n, and let 2n + 2 points be given together 
with at least (n + 1)? + 1 segments joining some two of them. Consider 
again AB to be a drawn segment and look at the set of the other 2n 
points, different from A and B (denote this set by X). If among these 
points at least n? + 1 segments are drawn, some three of them form a 
triangle, by the inductive hypothesis. Otherwise, among them there are 
at most n* segments, thus there are at least 2n+1 segments joining either 
A or B with one of the 2n points from X. Let Aj,..., Ax be the points 
from X joined with A, and let B,,...,B; be the points from X joined to 
B. The total number of these points is k +1 = 2n+1 > 2n, thus greater 
than the number of elements of X, to which they all belong, hence there 
must be two of them that coincide. But the A;s are all distinct, and so 
are the Bjs. The only possibility that remains is that A; = B; for some 
1<i<kandsome1l<j7<l. Now, if we denote C = A; = B,, we have 
the triangle ABC drawn. 


Note that n? segments can be drawn with no triangle appearing; just 
split arbitrarily the 2n points into two sets with n elements each and 
draw all segments that join a point from one set with a point from the 
other (thus obtaining a complete bipartite graph on 2n vertices). This 
is a case of Mantel’s theorem asserting that the maximum number of 
edges of a graph on m vertices that does not contain triangles is [m?/4] 
(and seems to be another problem that Erdés gave to Pésa in his early 
years, and Pésa solved it very quickly). 


. If one of the four numbers a, b,c,d is divisible by 7, the conclusion is 


straightforward. Otherwise, they are congruent to +1, +2, or +3 modulo 
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7, hence their squares are congruent to either of 1, 4, or 2 modulo 7. So, 
we have four squares, and only three possible remainders for them when 
divided by 7. By the pigeonhole principle, there are two squares among 
a’, b*, c?, and d? giving the same remainder at division by 7. Then their 
corresponding difference is divisible by 7, and so will be N. 


5. Clearly xy(x — y)(a + y) is even for all integers x and y (it is actually 
divisible by 4 when zx and y have the same parity), so it remains to prove 
that, given three integers, there are two among them, a and 0, such that 
ab(a — b)(a + b) is divisible by 5. This is clearly true if at least one of 
the given numbers is divisible by 5, hence we can assume further that 
none of those numbers is divisible by 5. Looking at the remainders of the 
numbers divided by 5 the problem is now the following: if three numbers 
are given from the set {1,2,3,4}, there exist two among them, a and b 
such that either a — b, or a+ 6 is divisible by 5. Since this is clear if two 
of the given numbers are equal, the problem transforms again into: if 
three distinct numbers are given from the set {1, 2,3, 4}, there exist two 
among them, a and 6 such that a+ 6 is divisible by 5. Indeed, we have 
three numbers and only two sets {1,4} and {2,3} to which they belong, 
hence both numbers from one of these sets has to be among the three 
numbers, and the sum of these numbers is 5. 


This was proposed by Ioan ‘Tomescu for a Romanian TST in the eighties 
of the former century. 


6. The polyhedron has a face F' with the greatest number of edges; let this 
number be n. Then each of the n faces that share an edge with F' can 
have a number of edges from 3 to n; by the pigeonhole principle, two of 
these faces have the same number of edges. 


One can prove similarly that in any convex polyhedron, there exist two 
vertices from which the same number of edges emerge. Just choose the 
vertex V from which the greatest number of edges emerge. From any 
other vertex, a number of 3, or 4, etc, until n edges can start, so there 
are two vertices incident with the same number of edges. 


7. There are 7 black diagonals (formed with only black squares) on the 
chessboard (the “great” one, from al to h8, and the parallels to it: from 
cl to h6, and so on), and also there are 7 white diagonals (the big 
one from a8 to hl); these 14 diagonals contain all the squares of the 
board. So, if 15 bishops are placed on the board, two of them are on the 
same diagonal, therefore they threaten each other. Thus the maximum 
required number is at most 14. 


On the other hand, there exists an arrangement of 14 non-attacking 
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bishops: just put 8 of them in the squares of the first row (from al to 
a8), and the other six in the last row, in the squares from h2 to h7. So 
the maximum number of non-attacking bishops is precisely 14. 


The similar problem with rooks is somehow simpler: solve it. (Rooks 
attack each other if they are in the same row, or in the same column of 
the board.) 


. Solution I. There are 17 = 8-2+1 rooks and only 8 columns on 


the board, thus we can choose three of the rooks situated in the same 
column; name this column C;. In C; at most 8 rooks can be placed, so 
there remain at least 9 rooks in the seven columns other than C,;. By the 
pigeonhole principle, there exists one of these columns (let it be C2) that 
contains at least two rooks. Of course, there are at most 16 rooks in C} 
and C2, therefore at least one rook remains in the six columns different 
from Cy, and C2. Call C3 the column (different from both C and C2) 
that contains at least one rook R,. Because in C5 there are at least two 
rooks, we can choose one of them (and we name it R2) that is placed in 
a row different from the row containing R,. Finally, because C; has at 
least three rooks, we can choose one of them (Rg) that is situated in a 
row different from the rows of R; and Rg. Clearly, any two of the rooks 
R,, Ro, and R3 are in the different columns C3, C2 and C} respectively 
and they are in different rows too, hence they do not attack each other. 


Solution II. Glue together two opposite sides of the chessboard in such 
a manner that it becomes cylindrical. Follow the chains of squares of the 
same color on the surface of the cylinder thus obtained: there are eight 
such chains, each consisting of eight squares. Since 17 = 8-2+1, three 
rooks are placed in squares belonging to the same such chain, and these 
rooks do not threaten each other in the initial position (on the board). 


This is a variant of a well-known (among those interested in mathemat- 
ical contests) problem of Alexander Soifer: if 41 rooks are placed in the 
squares of a 10 x 10 chessboard, then one can choose five of them that do 
not attack each other. ‘The reader will now be able to solve this problem 
by either of the two ingenious methods described above. 


. If any of the elements aj, ajQ@2,..., @ja2---Gn equals e, we are done. 


Otherwise, we have n elements that belong to the set G \ {e} with only 
n—1 elements, hence two of them must be equal. This means that there 
exist 1 <7 <j <n such that a,---a; = a,---a;. By simplifying to the 
left with a,---a; (observe that there is no need for commutativity) we 
remain with e = aj41---a;, and our job is done. 


The reader surely recognized the very well-known problem stating that 
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10. 


11. 


12, 


13. 


from any n integers one can choose some of them whose sum is divisible 
by n (which can be obtained from the general enounce by specializing 
to the group of residue classes modulo n; of course, the fact that this is 
an additive group doesn’t matter at all). 


The set AB = {ab|ae€ A, b € B} is included in G, so only the opposite 
inclusion has to be proven. For this scope, let g be any element of G. 
The elements of A are all distinct and their number is |A|. Also, the 
products of g with the inverses of the elements of B are all mutually 
distinct, and their number is |B|. Together these two sets (A and gB™!) 
have |A|-+|B| elements, thus, by hypothesis, the union of these two sets 
has more elements than G. By the pigeonhole principle one element 
a € A must equal one element gb-! € gB~'. But a = gb™! multiplied 
to the right with 6 gives ab = g, that is, g € AB. 


For example, specializing again to the group (Z,,+) of the residue 
classes modulo n, the following statement can be obtained (after be- 
ing rephrased in the language of remainders): if A and B are two sets 
of integers with |A|+|B| > n, then the elements a+ b, with a € A and 
b € B give all possible remainders (from 0 to n — 1) when divided by n. 


Because H is given to be closed under the operation of G, it remains 
to prove that it is also closed under taking the inverse (and of course, 
that it contains the identity element e of G). Let h be any element of 
H; its powers h,h?,... are infinitely many elements in the finite set G. 
By the infinite case of the pigeonhole principle, there must exist two 
of them with distinct exponents that are equal. Say, for example, that 
h™ = h™*?, with positive integers m and p. Multiplying by (h™)~!, we 
get hP = e, thus e belongs to H (as H is closed under multiplication). 
Also this equality shows that the inverse of h is h?~! (since hh?-! = 
hP-'h = e), therefore it also belongs to H, for the same reason as before. 


The first part of the previous solution can be repeated here in order to 
conclude that if s € S, we have s™ = s™*? for some positive integers 
m and p (but we cannot do the cancelation). It follows inductively that 
gM™tkp — 5™ for every positive integer k, then (by multiplying with s”) 
that s™+"+kp — s™+” for every positive integers k and n. Now choose 
k big enough to have kp > m, and choose n = kp — m, then observe 
that the above equality becomes s2’P = s*?, meaning that s*? is the 
idempotent power of s that we were looking for. (Actually, the solution 
shows that there are infinitely many such powers of s.) 


As previously discussed, we call a set of numbers sum-free if it does not 
contain three numbers z, y, and z such that x+y = z. Of course, a sum- 
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free set is also difference free, in the obvious sense that the difference 
u —v of two of its members cannot be another member w of the set 
(since in that case u = v + w with all u, v, and w from the set). We 
proceed by contradiction, so let the positive integers be partitioned as 
N* = C) U---UC, in such a manner that all classes C),...,C, are 
sum-free. Because there are infinitely many elements into finitely many 
classes, one of the classes has to contain infinitely many of the positive 
integers. Without loss of generality, assume that C’; is infinite, and let 


ql) (1) — 


< a5 - be the elements of C;. By our assumption, C is sum- 


om hence none of the differences as) —ag\) < as — ag) <--+ belongs to 
C1, therefore they must be in C2U---UC;. Again, by the infinite case of 
the pigeonhole principle, there is one of C2,...,C, containing infinitely 
many of the above differences. Suppose this set is C’> and denote those 


(2) a?) < +--+ (in increasing order). 


Observe that the numbers al?) — 70) « < a?) — a?) <--- are differences 
between some elements of C by their very definition, but also they are 


differences between numbers of C}. a there exists an increasing 


differences that belong to C2 by aj 


set of positive integers 2 < 71 < tq <--- such that a”) = ay — a for 


(2) (2) (1) 


all 7, therefore GG, of for all 7. Consequently, by our 


contrapositive cee oo these ditercnees (which are positive integers, 
nevertheless) have to be in C3 U---U Cy, hence infinitely many of them 


belong to, let us say, C3. Denote by a?) < a?) < --- those of the 


@) _ 4 <_2 __® < 


differences as - that belong to C’3 and observe 


that the new differences a) — 1) a = a) <--- are differences 
between elements of C3, but also differences between elements of C2 and 
differences between elements of C,. Our assumption shows that they 
cannot be in any of Cy, Co, or C3, so infinitely many of them belong to 


C4, (if necessary, change the indices of the classes in order to go on like 


A) < a) < 


this) — we denote them by a, , then take their differences 


a’) = al’) < a) — a4) <otee, pe so on. By this process, we build 


) < al) < 


infinite sequences aj - of elements from C), for any1<I<k 


with the property that the differences a) a: al < as? = a at 
are differences not only between the elements of C;, but also between 


elements of every C; with 1 < 7 <1 (and for every 1 <1 <k). Thus the 


last such differences that we get, namely al = al") < al) — a\*) < 

are differences between elements of each oa every C;, 1 <j <k, thus 
our assumption leaves them no room in any of the classes C1, ..., Cy of 
the partition, which, of course, is absurd. 
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14. An example of a partition of {1,...,13} into three sum-free subsets is 


15. 


{1,...,13} = {1,4, 10, 13} U {2, 3, 11, 12} U {5, 6,7, 8,9} 


and thus S(3) > 14. (Recall that S(3) is the smallest positive integer 
S such that in any partition with three classes of {1,...,S} there exist 
one of the classes which is not sum-free.) 


Now let {1,...,16} = AU BUC bea partition with three classes of 
{1,...,16} and assume, by way of contradiction, that each of A, B, and 
C' is sum-free (the proof is very similar to the previous one). One of A, 
B, Chas at least 6 elements, by the pigeonhole principle. Without loss 
of generality, we can consider thata <b<c<d<e< f are all in 
A. Look at the five differences b—a <c—-a<d-—-a<e-a< f-—a: 
due to our presupposition, they are all in BUC. By the pigeonhole 
principle again, at least three of them are in one and the same of these 
sets. Again, without loss of generality, we can consider that B is the set 
that contains at least three of them, and that these three are b—a, d—a, 
and e — a. Because they are in B, which is assumed to be sum-free, the 
differences (d—a) —(b—a) = d—b and (e—a) —(b—a) = e— bare not in 
B — but they are not in A either, as A is sum-free, too. So, necessarily, 
d—b and e — b are in C, and now their difference 


(e — b) — (d—b) = (e— a) —-(d—a) =e-d 


has no place in any of A, B, and C, which is false because e — d is a 
positive integer, smaller than e, hence smaller than 16 (thus it has to be 
in one of these sets of the partition). 


Thus $(3) < 16, and, actually, $(3) is 14, 15, or 16. To prove the exact 
value $(3) = 14 requires some more work, based on the analysis of many 
cases, and doing it here is not our goal. However, the interested reader 
will surely be able to prove that $(2) = 5 (and that $(1) = 2, of course!). 


a) Except from the fact that, for real numbers a1, a2, a3, aa, b1, be, bs, ba, 
the identity just says that the product of norms of two quaternions is 
equal to the norm of their product, a solution based on elementary al- 
gebra can be readily given (and it shows the identity to be valid for 
all a1, @2, a3, @4, by, bo, b3, b4 being elements of a commutative ring). We 
expand the squares from the right hand side with the formula 


(a+b+ct+d)* =a? + +c? +d? 4+ 2ab+ 2ac + 2ad + 2be + 2bd + 2cd 


and get the left hand side expression by collecting all sixteen squares 
thus obtained (starting with a7b? and finishing with a7b?). The reader 
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can surely check that all other terms from the right hand side expansions 
cancel each other, hence the identity is true as stated. 


It follows then by an easy and canonical induction that the product of 
any finite number of numbers, each of which can be written as the sum 
of four squares can also be expressed as the sum of four squares. Since 
any integer greater than 1 is the product of a few primes, the theorem 
would follow if we had it proved for primes (which we will do later). 


b) There are (p + 1)/2 distinct squares modulo p. Indeed, we can have 
u* = v* (mod p) if and only if (u—v)(u+v) = 0 (mod p), that is, if 
and only if p divides either u—v, or ut+v. So, 07,17,...,((p — 1)/2)” 
are all distinct modulo p (because if 0 < u,v < (p—1)/2, w+ v cannot 
be divisible by p, unless uw = v = O, while u — v can be divisible by p 
only when u = v; thus, either way, u? = v* (mod p) implies u = v). 
The squares from ((p + 1)/2)? to (p — 1)? repeat the values of 17,..., 
((p —1)/2)* since (p — 7)? = 7 (mod p), thus there are exactly (p+ 1)/2 
different squares modulo p. Now the integers 


if \4 
o2. 42... (Po 
y) 9 ( y) 


are all distinct modulo p, and the same can be said about 


2 D pat \ 
-0?-1,-P-1,...,- (=) -1 


However, together, the above numbers form a set of p+ 1 integers, so 
(by the pigeonhole principle) there are two of them congruent modulo 
p. Clearly, it must be a number from the first sequence congruent to 
a number from the second one, thus there exist a and b (both from 
{0,1,...,(p —1)/2}, but this won’t matter further) such that 


a* = —b* —1(mod p) 6 a2 +b? + 1=0(mod p), 


and we arrived at the desired conclusion: for some integers a and ), 
a? +b?+1 is a multiple of p — or we can say that some nonzero multiple 
of p can be written a? + 6? + 17+ 0?, that is, as the sum of four squares. 
Usually the proof goes on by showing that the smallest nonzero multiple 
of p having this property is exactly p, but we will proceed in a different 
manner. 


c) This is very similar to the proof of Thue’s theorem. 

Consider all pairs of integers of the form (m — ap — bq,n + aq — bp), 
where m, n, p, and q all run through the set {0,1,...,[,/p]}, thus a 
total of ([,/p] + 1)* > (,/p)* = p? such pairs. Because there are only p? 
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possibilities for a pair of integers taken modulo p, there must exist (by 
the pigeonhole principle) two quadruples of integers 


(m1, 1, P1, 91) Z (Ma, Na, pa, qo) 


such that 
(m1 — ap, — bq1, ni + aq; — bp) and (m2 — ape — bq2, n2 + ag2 — dpe) 


are equal modulo p. But then the integers x = m1 — m2, y = 2 — na, 
Zz = pi — p2, and t = qi — qo are not all zero, less than ,/p in absolute 
value, and they verify the congruences 


x =az-+bt (mod p), y = bz — at (mod p) 


as desired. 


d) Now it’s time to finalize the proof of Lagrange’s theorem. For a 
and b with the property a? + b*? +1 = 0(mod p), there exist integers 
O<2z,y,z,t < ,/p, not all 0, satisfying the above congruences. It follows 
that 


x? + y? = (az — bt)? + (bz — at)? = (a2 + b*)(z2? + t”) (mod p); 


nevertheless, a? + b*? = —1 (mod p), hence the previous congruence be- 
comes 


a? + y? = —(z7 +t?) (mod p) 6 2? + y?4+ 274+ 4? =0 (mod p). 


Thus, there is a multiple sp = x7 +y?+27+t#? of p that can be expressed 
as the sum of four squares; because z,y,z,t are not all zero, and they 
are smaller than ,/p, it follows that s can be only 1, 2, or 3. Of course, 
if s = 1 we are done. Note that at least two of x, y, z, and t have the 
same parity (the pigeonhole principle, once again!) — let them be x and 
y — thus, for s = 2, the equality 


Daa by tee 
implies that z and ¢ must have the same parity. ‘Then we have 
2 2 2 2 
_f@ty xr—-y z+t ya 
r= (55*) + (Fe) +) +) 


and p is written as the sum of four squares of integers. 


Finally, let s = 3. Hence, we have 


8p = ty? +2744. 
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Chapter 1 


The square of an integer u is either 0 modulo 3 (if u is divisible by 3, 
too), or 1 modulo 3 (if uw = +1 (mod 3)), thus we can have one of two 
situations: either x, y, z, and t are all divisible by 3, or exactly one of 
them is so. Let x be divisible by 3, and note that y, z, and ¢ are either 
all congruent to 0, or all of them congruent to +1 modulo 3, hence we 
can assume (by changing their signs in the second case if necessary) that 
y = z =t(mod 3). In this case, we get the following expression of p as 
the sum of four integer squares: 


JF ree an a tet) 4 — 1 ae dae on CPT |Y : 
a re 3 3 3 
and the proof is now complete. (Of course, for a complete proof, don’t 
forget to check that 0, 1, and 2 are expressible as sums of four squares!) 


Chapter 2 


A Property of the Greatest 
Common Divisor 


The greatest common divisor of two or more natural numbers is precisely 
what its name says, that is: the greatest of the common divisors of those 
numbers. For instance, the (natural) divisors of 12 are 1, 2, 3, 4, 6, and 
12, and the divisors of 18 are 1, 2, 3, 6, 9, and 18. We see that 1, 2, 3, 
and 6 are the divisors of both 12 and 18 (their common divisors), thus the 
greatest common divisor of 12 and 18 is 6. We write this as gcd(12, 18) = 6, 
or simply (12,18) = 6. The correct definition in the natural frame of the 
integers is in most cases equivalent to the above one, which, however, cannot 
be used in similar structures (as the polynomials, for example) where a theory 
of divisibility can be developed. 

Observe that 6 = (12,18) = 18 — 12, or 6 = (12,18) = 2-12 — 18, and 
that other expressions of 6 in the form 127 + 18y, with integers x and y are 
also available (find more of them!). In general, for any integers a and b, and 
for their greatest common divisor d, there exist (not uniquely determined, but 
rather infinitely many pairs of) integers x and y such that d = ax + by. This 
is the property of the greatest common divisor that we are concerned with 
in this chapter. Maybe we should have called it the most «important property 
of the greatest common divisor, but we do not intend to be so categorical 
about such theoretical issues. Nevertheless, we will try to see the power of 
this property in solving various problems — but first let us recall some basic 
facts about divisibility. 

Let a and 6 be two integers. We say that a is divisible by b (or that b 
divides a, or that a is a multiple of b, or that b is a divisor of a), and we 


denote this by a: b or b | a if there exists an integer c such that a = bc. When 
b ~ c this is equivalent to saying that the remainder of a when divided by 6 
is zero. For instance, 343 is divisible by 7, as 343 = 7-49, while 343 is not 
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divisible by 8, the remainder of the division of 343 by 8 being 7 4 0. When 
b = 0, only a = 0 is possible (the only multiple of 0 is 0, although every integer 
is a divisor of 0). The following simple (but useful) properties are left to the 
reader for proof (all variables that appear in the statement represent integers). 
Proposition. We have (where all variables represent integers): 
a) For nonzero b, a is divisible by b if and only if the remainder of the 
Euclidean division of a by b is 0. 


b) Ifa:b anda #0, then |a| > |d}. 

c)a|0,1|a,a|a (reflexivity), and ifa |b and b | c, thena | c 
(transitivity). 

d) Ifa |b and b| a, then either a = b ora = —b. (We say that a and b 
are associates. ) 

e) If d | a; for each 1 <1 <n, then d also divides bya, + --- + byadn. 
In particular, a common divisor of a and b divides both their sum and their 
difference. 

A greatest common divisor of integers a1,...,@n is an integer d that divides 
each of them and has also the following maximality (in the sense of divisibility) 
property: whenever d’ is a common divisor of a),...,@n, d’ has to divide d. It 
turns out that, in general, there are two integers with these properties, which 
are associates. The convention is to choose the positive one of them, call it 
the greatest common divisor of a1,...,@,, and denote it by gcd(aj,..., an), 
or, as will we do further, just (a1,...,a,). For instance (12,18) = 6 (as we 
have already seen), but —6 also satisfies both properties from the definition of 
the greatest common divisor for the integers a, = 12 and a2 = 18. This is not 
a problem, since the properties of associates (related to divisibility) are the 
same. Notice yet that the greatest common divisor of a and 6 is |a| whenever 
a is a divisor of b; in particular (1,a) = 1, and (a,a) = |a| for every integer a. 
(The reader is invited to generalize these equalities to the case of n integers.) 
This includes the case (0,0) = 0; just do carefully apply the definition in order 
to see that 0 is the only possible value for (0,...,0), with no matter how many 
zeros — although in some books this is not defined. 

Similarly, a least common multiple m of the integers a),...,@n, is a common 
multiple of them that also has the property: if m’ is also a common multiple 
of a1,...,Qn, then m | m’. The least common multiple is the positive inte- 
ger among the two associates with these properties, and we will denote it by 
Iem(aj,...,@n), or simply by [a1,...,a,] (with square brackets). For example, 
[12, 18] = 36 as one can immediately check only by enumerating the first few 
multiples of 12 and 18. Note that the least common multiple of some nonzero 
@1,---,@n is nonzero by its very definition (because a; --- a, is a nonzero com- 
mon multiple, and 0 does not divide any nonzero number), although 0 is a 
common multiple for all integers. However, when among the ajs there is at 
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least one equal to 0, the least common multiple must be considered to be 0, 
since 0 is the only common multiple of all numbers in that case. Note that if 
some numbers in the sequence a1,...,@,, are replaced by their associates, the 
greatest common divisor and the least common multiple do not change. Thus 
(—12,18) = (12,18) = 6 and [—12, —18] = [12,18] = 36. Yet, if we change 
the order of numbers in the sequence, the greatest common divisor and least 
common multiple remain the same. Also note that if a is a divisor of b, then 


(a,b) = |a| (as mentioned above) and [a,b] = |b|; in particular, (a,1) = 1, 
la, 1] = |a|, (a,0) = |a|, and [a, 0] = 0. 

The primes are the numbers 2,3,5,7,11,..., or, referring to integers, 
+2,+3,+5,+7,+11,.... An integer p is called a prime if it is not equal 


to either of —1, 0, 1, and its only divisors are +1 and +p (observe that any 
integer k is divisible by +1 and +k). In other words, p is a prime if its only 
expressions as the product of two integers are p = 1- p = (—1)- (—p), or if 
an equality p = ab (with integers a and b) necessarily implies that one of the 
factors a and 6 is associate to p. The following result is very important. 
Theorem. Every integer different from —1, 0, and 1 can be uniquely 
expressed as the product of prime factors. More precisely, ifn € Z\{—1,0,1}, 


there exist distinct positive primes pj,...,pp and positive integers aj1,..., Ax 
such that 
n= Lp .. pr, 

Ifn= +q? nae q;' 1s another such representation of n with qi,...,q, positive 
primes, and b,,...,6; positive integers, then k = 1 and pj,...,p,% coincide in 
some order with qi,...,q1, and aj,...,a,% coincide, in the same order, with 
bi,...,b;.. (If the primes are not chosen to be positive then pi,..., De are 
associate to q1,...,q in some order.) 


This is the fundamental theorem of arithmetic (so you can see its impor- 
tance from its very name), and it speaks about representations like 12 = 27-3, 
343 = 7°, or —100 = —2? - 5”, so that it basically says that every integer (ex- 
cept —1, 0, and 1) can be uniquely written as a product of primes. Of course 
you can say that 12 =2-2-3=3-2-2=2-3.-2, but these decompositions 
do not differ essentially. 

One of the (many) uses of the fundamental theorem of arithmetic, is for 
computing the greatest common divisor and the least common multiple of a 
set of integers. We recall here the (well-known) result for two integers, but it 
works analogously for any finite (or infinite, sometimes) set of numbers. First, 
let us observe that we can express the factorization of an integer into primes 
in the following manner, too. Let p; = 2, po = 3,... be the sequence of positive 
primes. ‘Then any integer m different from —1,0, and 1 can be represented as 


m= hp 


i>1 
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for some nonnegative integers a,,a2,... from which only finitely many are 
nonzero. We then have the following: 


Proposition. Let m = +|| pad aS I] pi be the factorizations 
i>1 i> 

of two integers m and n, where m,n €¢ {—1,0,1} and the ajs and bjs are 

nonnegative integers, with only finitely many of the a;s and only finitely many 


of the bs being nonzero. Then 


(m n) = hae 
) 2 


i>l 
and 
i,di} 
[m, n| = [ler 
i>1 
Thus 


(12, 18) = (27 -3,2- 37) = gmint2.t} . gminil2} _ 9.3 — 6, 
12, 18) == (2? 3.9 297) Oe) womanly 9?" 8? 236. 


Using the fundamental theorem of arithmetic, we immediately get the fol- 
lowing properties for the greatest common divisor and least common multiple. 

Corollary. a) We have (a,na+b) = (a,b) for integers a, b, and n (we do 
not need the fundamental theorem for this one). 

b) Ifa and b are relatively prime (that is, their greatest common divisor is 
1), then (a,c)(b,c) = (ab, c). 

_c) Ifa and b are relatively prime and a | bc, then a | c. 
d) For all integers a and b, we have 


(a, b)|a, b] = |ad]. 


These are also important properties of the greatest common divisor and 
least common multiple, although their proofs are simple (and we leave them 
to the reader). The last part says that the product of the greatest common 
multiple and least common multiple of two integers equals the absolute value 
of their product (equals their product for natural numbers). For example, 
6-36 = 12-18, but beware! This is not at all true for more than two numbers: 
even though (2,3,5)(2,3,5] = 2-3-5, a slight change makes the equality 
untrue: (2,3, 6)[2,3,6] = 1-6 =6 4 2-3-6 (and this happens in many cases). 
However, relations between numbers and their greatest common divisor and 
least common multiple can be found, such as 


[a, b, c](a, b)(a, c)(b, c) = abc(a, b, c) 
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or 
[a, b, c](ab, ac, bc) = abc. 


Try to prove these by using the factorizations of the numbers and of their 
greatest common divisor and least common multiple! 

It is time for the main character of the chapter, so we state and prove the 
property of the greatest common divisor that we announced in the title. 


Theorem. Let aj,...,@n be integers, and let d be their greatest common 
divisor. Then d is a linear combination of a1,...,Qn; that is, there exist 
integers X1,...,Xn such that 


d=ajyx%1, +--+ + anZn. 


Proof. Let I = {a,2, + ---+GnZn | 21,---,2n € Z} be the set of all 
possible linear combinations with integer coefficients of a1,...,@n, (J is called 
the ideal generated by aj,...,@n). Clearly, any element of J is divisible by d 
(see the first proposition). 

If aj =--- =an = 0, the result is clear (as d = 0), so we may assume that 
there are nonzero numbers among aj,...,@n, in which case, J does not reduce 
to {0}. Let c be the least positive element of J (if x € I, then —z € I, too, 
hence there must be positive elements in J). Thus c itself (as any member of 
T) is divisible by d. We show that d is also divisible by c, which will give us 
c = d (because they are both positive and associates). 

Indeed, let aj = cq+ 7, where gq and r are the respective quotient and 
remainder left upon dividing a, by c. 

We have c € J, therefore c = a, 21 +---+4n2n for some integers 21,..., Zn, 
consequently 


r= a, —cq = a;(1 — 21q) + ao(—22q) +--+: + Gn(—Znq) 


belongs to J. But r < c and c is the smallest positive integer from J, hence 
r = 0 is the only possibility, showing that c divides a;. Similarly, we get that 
c is a divisor of every a;, therefore c is a divisor of d. As we said above d = c 


follows, hence d belongs to J, thus being a linear combination of a1,...,@n, as 
we intended to prove. 

Corollary. a) Let a1,...,@n be relatively prime integers (that is, their 
greatest common divisor is 1). Then there exist integers £1,...,2n, such that 


4,0, +:+--+ Gynt, = 1. 


b) If d = (ay,..., Qn), then for an integer k, there exist integers v1,...,Un 
such that 
Q1U1 +:°* +4nUn —k 


uf and only if d divides k. 
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Proof. The first part is obvious. For the second observe that if ajvj+---+ 
AnUn = k, then any common divisor of a1,...,@n (including d) must also be a 
divisor of k. For the converse, note that, by the theorem, we can find integers 
£1,---,%n such that a,x, +---+@n2, = d. Then for v; = (k/d)x; (which are 
integers, as k is divisible by d), we clearly have ajv; + ---+ GnUpn = k. 

We also have the following: 

Proposition. Leta and b be positive relatively prime integers. Then there 
exist positive integers u and v such that au — bv = 1. 

Proof. The numbers az with x = 0,1,...,b5—1 are mutually distinct 
modulo 0b, that is, their remainders when divided by 6 are distinct, and the 
number of such remainders is, of course, 6. So, they form a complete residue 
system modulo b, that is, they provide all possible remainders of division by 
b. (Indeed, if ax = ay (mod b) for some z,y € {0,1,...,b—1}, then b divides 
a(x — y), thus b divides x — y, since 6 is relatively prime to a. But |x — y| < b 
and b| x—y imply x = y.) So, there must exist some u € {0,1,...,b—1} (and 
one sees immediately that actually u cannot be 0, except for the case b = 1) 
such that au = 1 (mod 5b), that is, such that au — 1 is divisible by b. Thus we 
have au — 1 = bv, which was to prove. For a = 1 we get u = 1, too, and au—1 
is 0, also yielding v = 0. Nevertheless, in this case we can find many pairs of 
positive integers u and v such that au— 1 = u—1 = bv (for example, u = b+1 
and v = 1). Similarly we deal with the case b = 1. When a > 2 and b > 2 we 
get au — 1 a positive integer, and v will be a positive integer, too. 

Note that for a > 2 and b > 2 we can choose u such that 0 < u < b (and 
v such that 0 < v < a). Also note that this proposition can be the starting 
point of a new proof of the main theorem (we leave this as an exercise for 
the reader; see the proposed problems, too). Also observe that we have the 
following: 

Corollary. Let n be a positive integer. In the ring Z/nZ, an element & is 
invertible if and only if x is relatively prime ton. We denoted by Z the residue 
class of the integer x modulo b. 

Proof. If Z is invertible, there exists y € Z/nZ such that zy = 1, that is, 
xy — 1 is divisible by n or xy — 1 = nz, for some integer z. Obviously this 
implies that any common divisor of x and n divides 1, too. 

Conversely, if x and n are relatively prime, there are integers u and v such 
that xu — nv = 1, and this yields Zu = 1 in Z/nZ, which we wanted to prove. 

After acknowledging the above theorem and its corollary, a natural ques- 


tion arises: given integers a1,...,@, and k, how can we find integers v1,..., Un 
such that ajvj + +--+ anUn = k? (Of course, in the case when the equa- 
tion a121 +---+@n<%n = & is solvable in integers.) And, moreover, we 


can ask whether and how we can find all the solutions of the equation 
Q1X%1 +-+:+4n%y = k in the integers. 
For a simple starting example, let us look at the equation 5x + 7y = 3. 
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It definitely has solutions, because (5,7) = 1 is a divisor of 3, but how do we 
find at least one such solution? The most natural (although naive) way is to 
replace x by concrete values until we find one such that 5z — 3 is a multiple of 
7 (or, such that 52 = 3 (mod 7)). As we have seen in the above proposition, 
we need make at most 6 trials: one of the numbers 5-1—3,5-2-—3,5-3-—3, 
5:4—3,5-5-—3,5-5-—3, and 5-6 —3 must be divisible by 7. Indeed, we 
gett5-2-3=705-2+7- (-1) = 3, hence the pair rp = 2, yo = —lisa 
solution of our equation. 
Now, a pair (x,y) of integers is a solution of the equation if and only if 


52 + Ty(= 3) =5a0+7yo, or 5(x—20) = —7(y — yo). 


Since 5 and 7 are relatively prime this can only happen if x — x9 = 7t and 
y — yo = —5dt, for some integer t. ‘Thus all the solutions of the equation 
ox + 7y = 3 in integers are given by the formulae x = %) + 7t = 24 Tt, 
y = yo — ot = —1 — 5t, for some integer ft. 

Although this method is far from being the best for finding a solution of 
the equation az + by = c (since we might need to do all b — 1 verifications 
for x € {1,...,b— 1}, and b can be large enough to make this task very 
unpleasant), the reader can easily see that finding all solutions still works in 
the same way for any equation ax+ by = c, where a and b are relatively prime. 
(Clearly, it suffices to consider only the case when (a,b) = 1, as otherwise we 
can reduce the equation — if it is solvable — to the form ajx + bly = cy, 
where a; = a/(a,b), b; = b/(a, b), cy = c/(a, b), and (a1, b,) = 1.) Namely we 
have the following result, for which the reader will surely find his or her own 
proof. 

Proposition. Leta, b, and c be positive integers such that a and b are rel- 
atively prime (and nonzero). If (x0, yo) is a particular solution of the equation 
ax + by = c, then any other solution of it is given by 


L=X%+bt, y=yo-—at 


where t is an integer. 

As for finding one solution, we recommend the following approach (but 
remember that there are others, too), based on the Fuclidean algorithm — 
which is a method for finding the greatest common divisor of two (positive) 
integers. The Euclidean algorithm proceeds by successive divisions, as follows. 
Suppose we want to find the greatest common divisor of a and b, where a > 
b > 0. We first divide a by 6 and find the quotient gq; and the remainder 7}; 
then we divide 6 by r; and find quotient gg and remainder rg, and we go on 
like this, always dividing the previous divisor by the corresponding remainder. 
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We get a sequence of divisions (also called Euclidean, by the way): 


a=bam+7 
b=17142 + 12 
Tr, = 7293 + T3 


Tn—2 = Tn-19n +Tn 


Tn-1 = Tn@n+1- 


The remainders of these divisions form a decreasing sequence rj > Tg > --:- 
of nonnegative integers, so, at a certain moment the remainder has to be 0 
(we considered this zero remainder to be r;41). We won’t prove this fact here 
(the reader is again invited to try it as an exercise), but it is true that the 
greatest common divisor of a and 6 is precisely r,, the last nonzero remainder. 
Instead, we note that starting with 


(a, b) = Tn = Tn-2 — Tn-19n = Tn-2 — (Tn-3 = Tn—29n—1)4n 


= ~—1fn_-3Gn + Tn—2(1 + Gn-19n) 


and going backwards, we can find (a, b) to be a linear combination of r,_2 and 
Tn—1, then of rn—3 and rn_2, and so on, until we get (a,b) = ax + by, for some 
integers x and y. 

For example, we find a solution in integers for the equation 7x + 19y = 1. 
Applying the Euclidean algorithm to the numbers 19 and 7 yields: 


IQS S722). LH]o-1 +2 b=2-241, 21°24 0. 
Thus 


P25. 09S) (75 12 S748 
= 99(- 99 S739) 7 (8) 410-8. 


and the equation has the solution (—8, 3). Consequently, an arbitrary solution 
of 7z + 19y = 1 is a pair of the form (—8 + 19t, 3 — 7t), with integer t. 

Well, it’s probably the time to see. the theorem working in concrete prob- 
lems (some of them can very well be considered theoretical results, and can 
be used in solving other problems, but we will deal with them as problems, 
exercises, or examples). 

Problem. Let a, 6, and c be integers such that a and 6 are relatively 
prime and a divides bc. Prove that a divides c. 

Solution. We already invited the reader to prove this result, with the help 
of the fundamental theorem of arithmetic. Now we use the fact that there exist 
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integers x and y such that ax + by = (a,b) = 1. Thus acxz + bcy = c, and, 
because ac and bc are divisible by a, it follows that c is also divisible by a. 

Problem. Let a, b, c, and d be positive integers such that ab = cd. Prove 
that there are integers p, g, r, and s such that 


a=pq, b=rs, c=pr, d=4Qs. 


Solution. If at least one of a, b, c and d is 0, the result can be easily 
checked. Otherwise we have e = (a,c) #0 and a; = a/e is relatively prime to 
c; = c/e, thus there exist integers x and y such that 


ayxrt+cay=l. 
Adding this equation to a,b — c}d = 0, we get 
ay(x +b) +c1(y — d) = 1, 


thus, according to the last proposition, there exists an integer ¢ such that 
rt+b=x+ct, and y—d=y-—ayt. We get a = e€a1, b= cyt, c = ecy, and 
d = ay,t, as desired. 

Problem. Let m and n be positive integers, and let d = (m,n). Then 
the common (complex) solutions of the equations z” = 1 and z” = 1 are the 
solutions of the equation z* = 1. (In particular, if m and n are relatively 
prime, the only common solution for 2” = 1 and z” = 1 is z= 1.) 

Solution I. Clearly, any solution of the equation z? = 1 also verifies 
z™ = land 2” = 1 (since z” = (z¢)"/4, etc.). Conversely, let z be a solution of 
both z™ = 1 and z” = 1. We know that there must exist k € {0,1,...,m—1} 
and | € {0,1,...,2—1} such that 


(=) _ (=) (=) _ (27) 
z= cos | — |]+2sS1n | — }] =cos { — ] +2sS1n | — ]. 
m m n n 


The second equality is only possible if there exists an integer p such that 


meaning that 
kn = ln+ pmn. 
By replacing m = dm, and n = dn, (with m, and n, relatively prime integers) 
we get 
kn, = lm, + pdminy. 
Thus m; divides kn,, and, because (m,,n1) = 1, actually m; must divide k. 
If we put k = mjq, with integer q, we get 


2kr _, [2k 2qT _. { 2qr 
Zz = cos | —— ] +2s1n | —— ] =cos | — |] +72sIn | — ], 
m m d d 
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that is, z is a dth root of unity (a solution of the equation z* = 1) — and this 
is precisely what we wanted to prove. 

Solution IT. Now let us see the main theorem in action. We only have to 
prove that if z” = 1 and z” = 1, then z4 = 1. Let s and t be integers such 
d= ms-+nt, and let z be any complex number such that z” = z” = 1. We 


then have 
xt = gmstnt = CL ae =| 


and the proof is done. (A little bit easier, isn’t it?) 

The following problem does not use the theorem, but rather clarifies it 
under a certain aspect. Namely, we have seen that the equation ax — by = c 
has solutions in nonnegative integers whenever a and 6 are positive integers and 
(a, b) divides c. We can ask the same question about the equation az + by =c 
(under the same conditions). For instance, one sees that 32 + 5y = 4 has 
no solutions in nonnegative integers (although 3 - (—2) + 5-2 = 4, or, more 
generally, 3(—2+5t)+5(2—3t) = 4 for any integer t). This question can also be 
posed like this: what is the greatest amount that cannot be paid with coins of 
denominations of 3, respectively 5 monetary units? It is not hard to prove that 
7 is the answer (thus the equation 3x + 5y = k has solutions in nonnegative 
integers for any k > 8, while 32 + 5y = 7 has no such solutions). This is 
why such a problem is often called the coin problem (or the Frobenius coin 
problem). In general, it asks for the greatest amount that cannot be paid with 
coins of specified denominations of a),...,@,, monetary units, where a1,..., Qn 
are positive relatively prime integers. In other words: what is the greatest 
integer k such that the equation a,7; + --- + @nZ2%p = k has no solutions in 
nonnegative integers? No precise answer is known for the Frobenius problem 
with n > 3, but the case n = 2 was settled by Sylvester in 1884 — and this is 
the subject of the following problem. 

Problem. Let a and b be positive relatively prime integers. Then the 
greatest integer that is not representable in the form ax+ by, with nonnegative 
integers x and y is ab—a— b. 

Solution. First we prove that ax+by = ab—a-—b does not have solutions 
in integers r,y > 0. Suppose such zx and y existed. Then we would have 
a(x +1)+b(y+1) = ab, thus a would be a divisor of b(y +1), hence of y+ 1 
(as (a,b) = 1). This would lead us to y+ 1 > a. Similarly, we would get 
x+1> 6, but then 


ab=a(x+1)4+b(y+1) > ab+ab, 


which is impossible. 

Further we show that the equation ax+by = k has solutions in nonnegative 
integers for any integer k > ab —a—b+1. Indeed, one of the numbers a - 0, 
a-1,..., a(b—1) is congruent to k modulo b (they form a complete residue 
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system modulo b). Thus there exist integers x and y with x € {0,1,...,b-—1} 
(hence nonnegative) such that az + by = k. But then 


by = k-—axr >ab—a—b+1-—a(b—1)=-b+1 


is a multiple of b greater than —b, hence it is at least 0, implying that y is 
nonnegative, too, and finishing the proof. 

The following problem was in many mathematical contests (for example 
we know it from a Romanian TST back in the year 1983), and many particular 
cases of it are widely known. 

Problem. Let d and n be positive integers such that d and n! are relatively 
prime. Prove that the product of n integers in arithmetic progression with 
common difference d is divisible by n!. 

Solution I. We use induction on n. For n = 1 there is nothing to prove. 
Let us assume further that, for n > 2, any n—1 integers in arithmetic progres- 
sion with common difference relatively prime to (n — 1)! have their product 
divisible by (n — 1)!, and let us prove that if (d,n!) = 1 and a is any integer, 
then 

a(a+d)---(a+(n-—1)d) 


is divisible by n!. Of course, if d is relatively prime to n!, then it is relatively 
prime to (n — 1)!, too, hence the induction hypothesis assures that 


(a+ (k+1)d) (a+ (k+ 2)d)---(a+ (k+n-—1)d) 
is divisible by (n — 1)! for any integer k. That is why, if we denote 
Py, = (a+ kd) (a+ (k+1)d)--- (a+ (k+n-1)d) 
(for k € Z), we have 
Pyii — Ph = nd(at (k + 1)d) (a+ (K+ 2)d)--- (a+ (kK+n-— 1)d) 


divisible by n! for any integer k. So, it is enough to prove that P, is divisible 
by n! for one single value of k, and we can infer that this divisibility holds for 
any k. In particular, it would imply that 


Py =a(a+d)---(a+(n—1)d) 


is divisible by n!. 

Because n! and d are relatively prime, there are integers s and t such that 
sn! — td = 1, implying a+ atd = asn!. But this clearly shows that Po; is 
divisible by n! (since its first factor is), and this is precisely what we needed 
to finish our proof. 
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Solution IT. First note that if d and m are relatively prime integers, then 
among the n numbers in arithmetic progression 


a, a+d, a+2d, ..., a+(n—l)d 


there are at least [n/m] that are divisible by m. Indeed, as we noticed in the 
proofs of some of our previous theoretical results, any block of m consecutive 
terms of the above sequence is a complete residue system modulo m, thus 
it contains a number divisible by m. Since there are at least [n/m] such 
nonintersecting blocks, our claim is proved. (Here we denote by |] the integral 
part of the real number z, that is, [x] = k if k is the unique integer such that 
k<a<k+1.) 

Now let p be any prime number that appears in the factorization of n!, and 
let e€p(N) denote the exponent of p in the prime factorization of an integer N. 
Clearly, our problem is solved if we succeed to prove that 


ep (a(a + d)--- (a+ (n—1)d)) > ep(n') 


for any such p. It is well-known by a theorem of Legendre that 


ep(n!) = S~ el | 


j21 


Note that this sum is not infinite; it ends with a term having the property 
that p? <n < p’t!. Thus it remains to evaluate ey (a(a + d)--- (a+ (n — 1)d)) 
which we do in a similar manner as for e,(n!). 

Because p | n! and (d,n!) = 1, we have also (p,d) = 1, and, actually 
(p),d) = 1 for every positive integer 7. Denote by 1; the number of the terms 
of the sequence 


a, a+d, a+2d,..., a+(n—1)d 


that are divisible by p’. According to our first remark, we have 


for every 7 => 1. 
On the other hand, the exponent of p in a(a+ d)---(a+(n-—1)d) is 


ly —Ig + 2(lo — 13) + 3(lg —I4) +--- = thtlg+--- 


(again, this is actually a finite sum), as, clearly, 1; —1;41 represents the number 
of terms of the sequence a, a+d, a+2d,..., a+(n—1)d that are divisible 
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by p’ but not by p’t! (which contribute to the exponent with a total of 
j(L; os Lea). So, finally, 


€p (a(a+d)---(a+ (n—1)d))= 5-1; >> |5 | = ent 
yea qo1 
holds for every prime p that divides n!, hence the divisibility of 
ala + d)---(a+(n—1)d) 


by n! follows. 
We invite the reader to observe that, basically, we also proved the theorem 
of Legendre about e,(n!). 


Proposed Problems 
1. Prove the main theorem by inducting on n. 
2. Find the solutions to the system of congruences 


xz =7(mod 9), s =1 (mod 11). 


3. Solve the system of congruences 


_ £ =1(mod 3), x =2(mod 5), x = 3 (mod 7). 


4. Let (G,-) be a group with identity element e, and let m and n be integers. 


Prove that, for x € G, we have x” = e and x” = e if and only if 
gin) — e, 


5. Let (G,-) be a finite group with n elements. Prove that the function 
f :G— G given by f(z) = z* for all x € G is bijective if and only if 
(n,k) =1 


6. Let (G,-) be a group. 


a) Suppose that xz € G commutes with y™ and with y” for some y € G, 
and for some m,n € Z. Prove that z commutes with y(™”), 


b) For integer k, we denote by fx, : G — G the function defined by 
f(z) = x*, for all c € G. Assume that for some integer n the functions 


fn, fnti, and fnsi2 are homomorphisms from G into G. Prove that G is 
Abelian. 
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We keep the notations from the previous problem. Suppose that m and 
n are integers such that (m(m—1),n(m—1)) = 2, and such that f,, and 
fn are both endomorphisms of G. Prove that G is Abelian. 


Let (G, -) be a group with identity element e, and let m and n be nonzero 
integers. Suppose that for x € G, there exist y € G and z € G such that 
x = y™ = z” and such that y and z commute with each other. Prove 
that there also exists t € G such that 2 = tl™"! (where [m, n] is the least 
common multiple of m and n). 


Let m and n be positive integers. Prove that if an arithmetic progression 
whose first term and common difference are relatively prime nonnegative 
integers contains an mth power and an nth power, then it also contains 
an |m,n|th power. (An mth power is a power of an integer with exponent 
m.) 


Prove that (2™ — 1,2" —1) = 2(™”) — 1 for any positive integers m and 
n. Can this be generalized for (a” — 1,a”—1), where a > 2 is a positive 
integer? 


Let a and 6b be positive integers. Prove that the number of nonnegative 
integers that are not representable in the form az + by, with x and y 
nonnegative integers is (a — 1)(b—1)/2. 


Let S be a subset of the set of positive integers, having the property 
that for all x,y € S, we also have x+y € S. Prove that S consists of all 
multiples of a fixed positive integer d, except for finitely many of these 
multiples. 


Let aj,...,@n (n > 2) be positive integers such that (a1,...,@n) = 1. 
Prove that a minimal natural number N = g(aj,...,@n) exists such that 
any positive integer x > N can be written in the form x = 71a; +---+ 
LnAn, With nonnegative integers 71,...,2%n. The minimality of N means 
that N itself cannot be expressed in the form x = 21a; +---+ 2%nGn, 
with nonnegative integers %1,..., Zn. 


Let a, b, and c be positive integers such that (a,b) = (a,c) = (b,c) =1. 
Prove that 2abc — ab — ac — bc is the greatest integer that cannot be 
expressed in the form xbc+ yac+ zab, where x, y, and z are nonnegative 
integers. 


Let 0 < r < 1 be a rational number. Prove that there exist positive 
integers n1 >--- > nz > 1 such that 
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Solutions 


1. As we proved in the theoretical part, for positive and relatively prime 
integers a and 0b, there exist integers u and v such that au — bv = 1, 
hence the equation ax + by = 1 has solutions in integers. But the signs 
of a and 0 are not relevant in this issue. For example, if a > 0 and b < 0 
are relatively prime, the same is true for a and —b, thus the equation 
ax — by = 1 has integer solutions, too. Since ax — by = 1 can also be 
written in the form ax + b(—y) = 1, the equation az + by = 1 still has 
solutions in integers. Similarly, we proceed in any other case (and we 
treat the cases a = 0 and b = 0 separately). 

Now, if (a,b) = d, then a/d and b/d are relatively prime integers, hence 
the equation (a/d)x + (b/d)y = 1 has solutions in integers. Clearly, any 
such solution also satisfies ax + by = d and the case n = 2 is thus settled. 


We assume now that the result of the theorem is true for n — 1, and 
we prove it for n. Due to the inductive hypothesis, we can find integers 
U1,--+,Un—1 Such that 


Q{Uy +++ + An-1Un-1 = (a1, cee »An—1). 
The already proved case n = 2 assures the existence of some x € Z and 
y € Z such that 
(Qisssc9 Og 4) @ Oy y= (Wigs a5 Gn3i) 3 Gn) = (GissecyGn)- 
(Use either the definition of the greatest common divisor, or its calcula- 
tion with the help of factorizations, in order to prove that 
(a1, one , Oy) — ((a4, sas Qi); (Q;41, ce a) 


is true for any integers a1,...,@, and any 1 <i<n.) Now it is easy to 
see that 7; = uj;z for 1 <j <n—1 and Zz, = y are the components of a 
solution for 

a1, +--+ + Ann = (A1,.--,4n), 


which is precisely what we intended to prove. 


2. We have x = 7 (mod 9) © « = 9p +7 and = 1 (mod 11) 6 = 11q+1 
for some integers p and q. ‘Thus we obtain the equation 


9p +7=1lq+1<9p—1lq = —6. 


By the method described above, after finding the solution p = 3, q = 3 
we must have p = 34+ 11t and q = 3+ 9¢t for integer t, which gives the 
solutions x = 34+ 99t, t € Z, for the initial system of congruences. 
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Actually, in the same way, we can prove that for 71,r9,™m1,m2 € Z, 
with positive and relatively prime integers m, and mo, the system of 
congruences 

x=T,(mod mj), £ =r2 (mod m2) 


always has solutions in integers, and all its solutions are congruent mod- 
ulo m Mz. 


Indeed, we need have x = 713 + mip = r2 + maq, for some p,q € Z, thus 
mip — M2g = 72 — 71; 


therefore, if (po,qo) is a solution of this equation (since (m1,m2) = 1, 
such a solution does exist), we get 


P=Potmeal, q=qtmifl, 
with t € Z. Consequently 
L=Tr1+Miptmmat, tEZ 


are all the solutions of the system. 
(We can also compute x as © = r2+Me2qo+m1mgat.) Clearly, all solutions 
are congruent modulo m mg. 


. If x =1 (mod 3), = 2 (mod 5), x = 3 (mod 7), we must have 


x£=14+3p=2+4+5¢=3+%r 


for some integers p, g, and r. From 3p — 5q = 1 we get, as before, 
p=2+5s and q=1+3s, hence x = 7+ 15s, s € Z. Now 


I+f?7r=7+158 6 7r-—15s=4 
yields r= 7+ 15t and s= 34 7t, t € Z, leading to 
x= 952+ 105t 


with ¢t € Z. 


In a similar manner we can (inductively) prove the Chinese Remain- 
der Theorem: if mj1,...,%M%mn are integers such that any two of them are 
relatively prime, and 7r1,...,7n are any integers, then the system con- 
sisting of the congruences x = r; (mod m,;), 1 < 7 < n has solutions, 
and all solutions are congruent modulo m,---mn. Indeed, for n = 1 
there is nothing to prove, and the case n = 2 was solved at the end of 
the previous solution. If the theorem is true for n — 1, the system 


x=r;(modm;), 1<j<n-1 
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has solutions of the form x = x9 + tm) ---™Mn_1, t € Z. So, the solutions 
for the system of n congruences are actually those of the system formed 
only by two congruences, namely 


£ = Lo (mod mM, ---My_1) and x =r, (mod m,). 


But the case of two congruences is proved, thus (also keeping in mind 
that m,---Mn_-1 and my are relatively prime in the conditions of the 
theorem) the system has solutions, and they are all congruent modulo 
(my +++ Mn—1)Mn = M1 +°°Mn- 


4. This is exactly like in the problem previously solved as an example, about 
the common solutions of the complex equations z™” = 1 and z” = 1. So, 
if we have z™” = x” = e, and we consider integers u and v such that 
(m,n) = um-+ vn, we get 


a (m,n) — pumtoun _ (2™)* (x)? = 


The converse is evident. In the problem solved above the group G is spe- 
cialized to C* — the multiplicative group of nonzero complex numbers. 
Note however that the result remains true in noncommutative groups, 
too, since the powers of the same element always commute. 


5. If k and n are not relatively prime, then they have a common prime 
divisor; let it be p. By Cauchy’s theorem, since p divides the order n 
of the group, there exists in G an element g of order p, thus g # e and 
g” = e (e being the identity element of G). But if g? = e and p divides 
k we also have g* = e, hence we get f(g) =e = f(e) for g #e, that is, f 
is not injective. Thus we proved by contraposition that if f is bijective, 
then n and k must be relatively prime. 


Conversely, assume (n,k) = 1. As we know, there exist integers p and 
q such that pn + qk = 1. Remember that, by Lagrange’s theorem, we 
have u” = e for every u € G. Thus, for a given y € G, we get 


yay ray rr a= =F"; 


which shows that f is surjective. But, since G is a finite set, being 
surjective is equivalent for f (and actually for any function defined on 
G with values in G) to being injective (and, therefore, bijective), so, the 
proof is done. 


6. a) It is easy to see that, for g € G, the set 


C(g) ={z€G| gz = zg} 
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formed with the elements of G that commute with g is a subgroup of G 
(called the centralizer of g in G). 
(If h,k € C(g) we have gh = hg and gk = kg, hence 


g(hk) = (gh)k = (hg)k = h(gk) = h(kg) = (hk)g = hk € C(g). 


Also gh = hg implies h~1g = gh™! by obvious multiplications with the 
inverse h~! of h, thus h-! € G.) 


Now we have (m,n) = am-+ bn for some integers a and b and the 
hypothesis tells us that y™ € C(x) and y” € C(z). In conclusion, 


ymn) = ge = (y™)2(y")? 


belongs to C(x), too, that is, y°™”) commutes with x, too. 


b) We are given that (xy)* = x*y* is true for all z,y € G, and for 
k € {n,n+1,n+2}. We then have (for arbitrary, but fixed for the 
moment x,y € G) 


ert tytt = (ay)? = (ay)"(ay) = x y"ay, 

hence, by simplifying with x” to the left and with y to the right, we get 
cy Sy" x. 

Similarly, from (zy) = gy’ > and (77) 
cyt! — y™+ly,. Now we see that z commutes with y” and with y 
because n and n+ 1 are relatively prime the result from the first part 
applies to yield that x commutes with y("t)) = y, therefore zy = yz is 
true for all x,y € G. 


= gnrteynt2 we get 


n+1. 
y] 


n+1 n+1,n+1 n+2 


Note that we can rephrase this part in the following form: if x and y 
are elements of a group G satisfying, for some integer n, the equalities 
(xy)* = a*y* fork € {n,n+1,n+2}, then ry = yz. 


. This is a little bit more complicated. We denote by End(G) the set of 


group endomorphisms of G (hence the hypothesis says that f,, and fy, 
belong to End(G)) and first prove the following: 


Lemma. (i) If, for some integers p and q, we have fy, frg € End(G), 
then fp—pq also belongs to End(G). In particular, if f, ¢ End(G), then 
fi-g € End(G), too. 

(ii) If fp € End(G) and f_p € End(G), then any two elements of the 
set fr(G) = {g? | g € G} commute. Moreover, every element of f,(G) is 
central, that is, it commutes with every element of G. 

(iii) If fp, f-p € End(G) and fy, f-¢ € End(G), then frp+ig € G for all 
k,l € Z. In particular, it follows that fp) € End(G). 
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(iv) If fo, fy € End(G), then fg € End(G). 
(v) If fo € End(G), then G is Abelian. 
Proof. (i) We have 


P%yPt — (ay)Pt = ((ay)P)4 = (aPyP)4 = a? (yPaP)t YP 
= a? ((ysr)?)?1y? = a (yo)™PyP, 
by simplifying with x? to the left and with y? to the right, we get 
gPI-PyPI-P — (yq)PI-P 


Now we take inverses in both sides and (using (uv)~+ = v~tu*) we get 


(yar — yp PI gP Pa 


for all x and y in G, meaning that fpg—p is an endomorphism of G. The 
second part follows for p = 1, since f; surely is an endomorphism of G. 
(ii) We know now that (ry)? = «Py? and (ry)? =a Py ? for all x,y € 
G. The second relation also gives (by taking the inverses) (xy)? = y?a?, 
thus we have x?y? = y?x? and the first claim is proved. For the second, 
we have 


cyPax) = (rye)? = aPyPa-? = oP Py? = yP 


(using the fact that powers with exponent p commute with each other), 
therefore xy? = y?x for all x and y in G. 


(iii) From the previous part we know that g? and g? commute with every 
element of G, for any g € G. Thus 


(xy)*P*" = (xy)? (wy)? = (xP y?)*(aty")’ 
20) a) Sarr eee 
after rearranging the factors x?, 77, y? and y?. The second part follows, 


of course, from our main theorem (that is, from the fact that (p,q) can 
be expressed in the form kp + lq, for some integers k and 1). 


(iv) Clearly, if (vy)? = xPy? and (ry)? = r%y!% for every x and y in G, 
then we also have 


(xy)P? = ((ary)?)? = (aPy?)? = ahtyhs 


for all z,y € G. 


(v) This is well-known. Indeed, if we simplify with x to the left and with 
y to the right in (xy)? = 2*y? & zyxry = xxyy we get precisely yx = xy. 
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Now we solve the problem. The hypothesis gives us f,, and fn to be 
endomorphisms of G. Part (i) of the lemma says that fi_m € End(G), 
and then, by part (iv), fm—m2 = fm(i-m) € End(G), too. On the other 
hand, fn2 = fmm € End(G), hence f;_ 2 € End(G), and, finally 


fm2—m = fa—m)—(1—m) (14m) € End(G) 
by applying part (i) again (for p= 1—m,q=1+m, and pqg=1—™m?’). 


Thus if fm is an endomorphism, f,, 2 and f,,2_,,, are also endomor- 
phisms of G. Similarly, because f, is an endomorphism, the same is true 
for fy —n2 and f,2_,. So, we can apply part (iii), for p = m? — m and 
qg=n* —n. It follows that fo = t(m2—m,n2—n) is also an endomorphism, 
and part (v) of the lemma justifies the commutativity of G. The proof 
is now complete. 


This is problem D proposed by Michiel Vermeulen in Nieuw Archief 
voor Wiskunde 1/2006 with the solution of R. Bos in the same magazine 
3/2006. The original statement of the problem is modified — it is more 
like the theorem proved in the solution. In the same mentioned solution 
it is also proven that if the greatest common divisor of m(m — 1) and 
n(n —1) is greater than 2, then there exists a noncommutative group G 
such that fm and f, are endomorphisms of G. 


. If d = (m,n), we have m = dm, and n = dny, where m; and nj, are 


relatively prime integers; in that case [m,n] = mn/(m,n) = dmyn1. 
For relatively prime m, and nj, there exist integers wu and v such that 
um, +vn, = 1. Note that, by hypothesis, x = y™ = y?™ and x = 2, 
We then have 


um y+uni um UNL _ (go ake (yo ye 


L= 2 = 


= (am (gy? om a (zty?)jamin = plm,n] 


for t = z“y” € G. Of course, we can also have [m,n] = —dm,n, (if m 
and n have opposite signs), but this is not a problem, since if it happens 
we can choose t = z “y~”. Also, the result is trivially true if m = 0 or 
n= 0. 


. Let a and d be the first term, respectively the common difference of the 


progression; so a and d are relatively prime nonnegative integers. When 
d = 0, we have to prove that if a@ is an mth power, and also an nth 
power, then a is an [m,n]th power, too. This is clear for a = 0 and for 
a = 1, while if a > 2 it is a consequence of the fundamental theorem of 
arithmetic. Indeed, since a is an mth power, the exponents of the primes 
from the factorization of a must be all multiples of m; similarly, because 
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a is an nth power, these exponents must be multiples of n, too. But, 
as multiples of m and n, the exponents have to be multiples of [m,n], 
and this means that a is an [m,n]th power. Also, for d = 1 the result is 
obvious, since in this case the progression contains all but finitely many 
nonnegative integers. 


Further let d > 2, and let p, gq, b, and c be nonnegative integers such 
that a+ pd = b™ and a+ qd = cc”. In the ring of residue classes Z/dZ 
this means that 

a=b™ and @=c" 


(we denote by @ the residue class of x modulo d). 


Note that (a, d) = 1 implies that a is invertible in Z/dZ, hence these can 
actually be considered as equalities in the (commutative) group U(Z/dZ) 
of invertible elements of Z/dZ. By the result of the previous problem, 
there exists t € U(Z/nZ) such that 


a= timn), 


that is 
tr] _ gi rd 


for some integer r. We can choose the representative t to be a big enough 
integer in order to ensure that r is a positive integer, thus making the 
[m, n]th power t!™"l a term of the arithmetic progression (a + kd)z>0, 
and finishing the proof. The reader is invited to prove that the result of 
this problem remains true even if we drop the condition (a,d) = 1. (See 
also problem 21 in the chapter Arithmetic and Geometric Progressions. ) 


10. Solution I. Let 


m=nqd TT 
nm=171q¢G2+71T2 
ry = 7293 + 3 
Tk-2 = Tk-19k + Tk 
Yk-1 = TRIk+1 
be the equations resulting from applying the Euclidean algorithm to m 
and n, so that d = (m,n) = rx. We have 
27 — J = 272") — 1) 427-1 
= (2% —1)aT1 (gma) 4... 49741) 497-1 
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thus the remainder of 2” —1 when divided by 2” —1 is 2"! —1. Similarly, 
when we divide 2” — 1 by 2”! — 1 we get the remainder 2’? — 1, and so 
on, meaning that the Euclidean algorithm for 2” — 1 and 2” —1 has the 
form 


i (2” — 1)Q, +2" —] 
2” —-l1= (23 — 1)Q2 + 2” —1 
272 —1 = (2 —1)Q3 4+ 2 — 1 
Qre-2 _] = (27-1 _1)Q, +2" —1 
27-1 — 1 = (2 — 1)Qga1 
for some integers Q1,...,Qx41 (that do not matter for our proof). Thus 


the greatest common divisor of 2” — 1 and 2” —1 is 2" —1 = 2(™™) _ 1, 
as claimed. 


Solution IT. As in the first solution, we use the fact that if x and y are 
positive integers such that zx is divisible by y, then 2” — 1 is divisible by 
24 — 1. More precisely, if x = yz, we have 


27 — 1 = (2%)? —1 = (2¥ — 1)(24-) 4+ D062) Ae iar OY 441), 


Thus, if d = (m,n), because d | m and d|n, we also have that 2¢ — 1 
divides both 2™ — 1 and 2” — 1. Further, there exist positive integers s 
and t such that sm — tn = d, hence 


OU OP oe) tes ae EO Ne ee OOOO ee 
SA ae ne 1), 
Now, the equality 
(Oa Oe eat 7) 


as OE _ 122 OR) ae gn(t—2) le ayes qn ae 1) sit od =f. 


shows that any divisor of 2” — 1 and 2” — 1 also divides 2% — 1, and we 
can conclude that 24— 1 = (2 —1,2"—1). 


One sees that nothing changes in either of the above solutions if we 
replace 2 by some a > 2. Thus, for any positive integers a > 2, m, and 
n we have (a™ —1,a"—1) = a'™” — 1. 


We say that n is representable if there are nonnegative integers x and 
y such that n = ax + by (and non-representable if such x and y do not 
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exist). As we have seen, VN = ab—a-—b is the greatest non-representable 
integer. So the numbers that are not representable are among 0,1,..., NV. 
Let n € {0,1,...,N}; we see immediately that n and N — n cannot 
be both representable, since if they were, their sum N would also be 
representable — but we know that it isn’t. 


Now suppose n is not representable. Nevertheless, there must be some 
y € {0,1,...,a—1} such that n — by is a multiple of a, say n — by = ax 
with integer x. Because n = ax + by, y = 0, and n is non-representable, 
we necessarily have x < —1, or r+1 <0. So, 


N—n=ab—a-—b—-az—by=—(4+1)a+(a—1—y)b 


is representable, as —(x + 1) > O anda—1-—y>0. 


In conclusion, for any n € {0,1,...,N}, precisely one of n and N — n is 
representable. This shows that the number of non-representable integers 
is half the cardinality of {0,1,...,N}, that is, 


(N +1)/2 = (a—1)(b— 1)/2. 


Clearly, S must be infinite, since all multiples nz, n € N* of an element 
x € S must bein S, too. Actually, a standard inductive argument shows 
that, if 71,...,%p) € S, and nj,...,Np € N*, then nz, +--+ + Nyy also 
belongs to S. Since for every element of S all its multiples are in S, 
the set M = {m € N* | 3 ko € N* suchthat kmeS, Vk > ko} 
is nonempty. Being a subset of the set of positive integers, it has a 
minimum element, let it be d. So, for d we have kd € S for all positive 
integers k > ko (for a certain ko), and if some d; € N* also has the 
property that kd, € S for all k > ky, then d; > d. (Note that d does not 
necessarily belong to S.) 


Now let x be an arbitrary element of S, and let 6 = (d, x) be the greatest 
common divisor of d and xz. Also, let q > kp be such that (q,x) = 1 (we 
can always choose such q, for example of the form 1+ tz, for sufficiently 
big t). We thus have qd € S, and (qd,x) = 6, since q and x have no 
common factors (other than 1). Because qd/é and 2/6 are relatively 
prime we know (by the Frobenius problem for two numbers) that every 
big enough positive integer can be expressed as n1(qd/6)+n2(x/6d), with 
n, and ng nonnegative integers. It follows that all but finitely many 
multiples of 6 can be expressed as n1(qd) + nox, where nj,n2 € N, 
hence, as noticed in the beginning (and because qd and z are in S), they 
belong to S. This means that 6 is a member of M and, consequently, 
6 >d. On the other hand, 6 is a divisor of d, therefore 6 < d. So, finally, 


A6 


13. 
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we get 6 = d, thus we have d = (d, zx), that is, d is a divisor of x — and 
this is for any x € S. 


Summarizing, we see that we obtained 
{kd|k>ko} CSC {kd| k € N*}, 


which is exactly what we intended to prove: S consists of all multiples 
of d, possibly with finitely many exceptions. As we said before, d does 
not necessarily belong to S; for example, S can consist of 


6,10, 12, 16, 18, 20,22,24,... 


(here d = 2 and S contains all multiples 2k of 2, with k > 8, and also 
its multiples 6,10,12). If, however, d € S, then S is, of course, formed 
with precisely all positive multiples of d. 


The example above also shows that S is not necessarily a set of the form 
{kd | k > ko}, but rather the union of such a set with a finite set of 
multiples of d smaller than kod. 


The number g(aj,...,@n) is called the Frobenius number of the set 
{aj,...,@n}, and its existence was proved for n = 2 (as we have seen, 
at the end of nineteenth century Sylvester showed that g(aj,a2) = 
a1a2 — ay — ag; by the way, the fact that in this case the number of 
positive integers non-representable as x1a1 + X2a2, with 71,22 > O is 
(a; — 1)(azg — 1)/2 — see problem 11 — was also proved by Sylvester). 
For n > 2 there are no formulae for g(a1,...,@n), although various 
(more or less efficient) algorithms for computing it are known. However, 
to prove that g(a1,...,@,,) exists is a much easier task — achievable, for 
example, by an inductive approach. 


Assume thus that g(bi,...,6,-1) exists for any positive relatively prime 
integers 61,...,bn—1, and let a,,...,a, be positive relatively prime in- 
tegers. Let d = (aj,...,@n—1), so that (a;/d,...,a@n—1/d) = 1, and 
(d,an) = 1, too. Let x be a positive integer such that 

a1 An—1 


z>dg(<,..., 7 ) + (d= Van. 


Because d and ay are relatively prime, one of the numbers x, r—an,..., 
x — (d — 1)ay is a multiple of d, so there exist integers y and rn € 
{0,1,...,d—1} such that 


x= yd+ LnAn. 


Now we have 


yd = 2 — 2pOq > 2 — (d— 1)an, > dg (> ==), 


ae 
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hence there exist nonnegative integers 71,...,2%n—1 such that 
a1 An—1 
y — a rg + wee + £n—1—— <— yd = 71a] + wl Fae Cae Eo Poe, 


therefore, any x > dg(aj/d,...,@n—1/d)+(d—1)a,y can be represented as 
£101 +:--+2nGn, where 71,...,2n are nonnegative integers — showing 
that g(ai,...,@n) exists and is at most dg(a;/d,...,@n—1/d)+(d—1)an. 


Suppose 2abc — ab — ac — bc = xbc + yac + zab, with integers zx, y, z > 0. 
Since a(2bc—b—c—yc— zb) = bc(x+1) and a is relatively prime to b and 
c (thus to bc), we have that a divides x + 1, hence x + 1 > a; similarly, 
y+12>b6andz+1>c, therefore 


2abc = (x + 1)be+ (y+ l)ac+ (z+ 1)ab > 3abc, 


which is impossible. 


Now let w be an integer greater than 2abc — ab — ac — bc. Because 
c(a—1)(b—1) >0 S abe —ac— bec+c> 0, 


we also have 
2abe — ab — ac — be > abc — ab —c, 


hence w > (ab)c—ab—c. Further, ab and c are relatively prime, thus, by 
the Frobenius problem for the numbers ab and c, there exist nonnegative 
integers t and z such that 


w =te+ zab. 


Moreover, we know that in this representation z can be chosen to be at 
most c— 1 (see the proof). Then 


tc = w — zab > 2abc — ab — ac — bc — (c — 1)ab = abc — ac — be, 


that is, t > ab—a—b. Also, a and b are relatively prime, hence (applying 
the result of the Frobenius problem once again, for a and b) there are 
nonnegative integers x and y such that t = xb + ya. It follows that 


w =tc+ zab = (4b+ ya)c+ zab = xbc + yac + zab, 


where x, y, and z are nonnegative integers, and the proof is complete. 


This was problem 3 from the first day of the twenty-fourth International 
Mathematical Olympiad, held in 1983, in France. 


48 
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15. Let r = a/b with positive integers a and b such that (a,b) = 1. Ifa = 1, 


then we are done, so we assume a > 1. Then we can find positive integers 
£1, and y; such that ay; — bx, = 1, or 


LY 1 


sd 
6b yy by 


Moreover, we know that we can choose x; to be less than a, and yj 
less than 6. Since x; and y, are relatively prime, there exist positive 
relatively prime integers x2 and y2 such that x1 > 2, y1 > ye, and 

D1 “2 1 


142 —y122 = 1S — - — = —. 
H a Yi = =Y2 Y1Y2 


Further, since (x2, y2) = 1, let x3 < xq and y3 < y2 be such that 


%2 £3 1 
roy3 — yot3 = Lo — - — = —. 
Y2 %Y3 Y2Yy3 


In general, suppose we found 
A=%>X1>+++>AXn-1 and b=y>Yy>--: > Yn-1 
such that (7;,y;) =1,0<j<n-—1, and 


a ce , 0O<j<n-2. 
Yj -Yjtl YjYj+1 
Then there are positive relatively prime integers x, and y, such that 
Lat Seas ie > es and 
In—-1 In _ 1 


Ln—1Yn — Yn—-10n = 1 S&S — = . 
Yn-1 Yn Yn—19Yn 


Of course, this procedure cannot go on indefinitely. 

Because 2p > Z1 > --- is a decreasing sequence of positive integers, there 
must be some s such that x, = 1. The same happens for the decreasing 
sequence yo > yj > ---, but note that all fractions z;/y,; are less than 
1, since they also form a decreasing sequence, with the first term less 
than 1: 


(just observe that the difference between each fraction and the next one 
is positive). So, we always have z; < y;, hence when we come to z, = 1, 
we still have y, > 1. 
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Now, by adding all equalities 


ea ee 0257, 
Yj -Yj+1 YiYj+1 
we get 
a 1 1 Le 1 1 1 
Ses ee A eae ee ee ei es 
b YoY¥l Ys-1Us Ys YoY¥l Ys—1Y¥s Ys 


This is the required expression for a/b, since 
youl > Yy1y2 > °°: > Ys—1Ys > Ys > I. 


For example, if we start with r = 7/15, we first have 7-13 — 15-6 = 1, 


hence 
ee / 


15 13 15-13 
Continuing the procedure we get 


©. od ‘ 1 ee ae eee ee 
15 15-13 13-11 11-9 9-7 #7-5 =#5-3~ 3 


which was actually easy to guess for someone who knew the identity 


n 
ee 
 (25-DQi+Y MFT 


Note that we can apply the method described above to fractions greater 
than 1, too. For instance, by the same procedure we get 


22 21 i i ‘ 1 = 

17 17-7 7-4 4-107” 
thus the xs and ys arrive to be 1 at the same moment. Try to see what 
happens if you apply the same procedure to other rational numbers 
greater than 1! 


The expression of a positive rational number as the sum of distinct frac- 
tions with numerator 1 and denominator greater than 1 is known as 
the Egyptian fraction decomposition of the initial number, and it exists 
for any positive rational number (as the name indicates, the Egyptians 
used such decompositions to work with fractions). We only proved the 
existence of such an expression for rational numbers less than 1. Try 
to prove it in the general case! (To begin, try to write 22/17 in this 


00 


Chapter 2 


form.) Of course, such an expression of a rational number is far from 
being unique. It is enough to notice that an equality like 


1 1 1 


ree er ere 


allows us to get more and more expressions of the same form. 
For instance 
fg et ea 1 ae eee 1 n 1 
2 3S 6 2 8 Tan BB Te AB 1806" 
and so on. We also invite the reader to find other approaches for proving 
the existence (and non-uniqueness) of the Egyptian fractions decompo- 
sition of a given positive rational number (there are plenty of them). 
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Squares 


It is perhaps useless to say that the perfect squares are those positive 
integers n which can be expressed as n = k* where k is an integer. It also 
might seem useless to ask why they are called squares because everybody 
knows what “squaring” means. However, before the algebraic operation of 
squaring was even defined, the “square” was only a geometrical figure. It is 
not hard to see that n points can be neatly arranged in a figure resembling a 
square only when n is a perfect square. 

This might seem like pure coincidence as well, but the reader probably 
knows that the numbers n which can be expressed as 


— k(k + 1) 
2 
with k € Z are called triangular numbers, while the numbers n which can be 
expressed as 
k(3k + 1) 
fe ec ee 
2 
with k € Z are called pentagonal numbers for the same reason. By the way, 
pentagonal numbers, which seem like the perfect candidates for those kind 
of numbers without any important property are in fact extremely important 
in the theory of partitions. Euler discovered an important recurrence for the 
sequence p(n) involving pentagonal numbers. We recall that the function p 
counts the number of ways in which a positive integer can be expressed as a 
sum of positive integers, without taking order into account. 

The quadratic world is vast and a chapter named Squares should be longer 
than a book. But we only want to make a brief presentation of the most 
important facts from number theory about squares and related concepts and 
problems. 

Quadratic Residues. There are many simple properties of the sequence 


1,4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, ... 
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of the perfect squares which pop up immediately even at first glance. One of 
the most common is the fact that the last digit of the perfect squares repeats 
periodically. This obviously follows from the fact that 


n* = (n+ 10)? (mod 10). 


It is a trick frequently used by many students that the last digit of a perfect 
square belongs to the sequence 0,1,4,5,6,9. But what is in fact this last 
digit? Of course, the remainder n? (mod 10). And what is so special about 
this number 10? Despite the fact that we have chosen it to be the number of 
digits we use, nothing. So, we should try to extend this idea to other numbers 
besides 10. 

Before taking the big step to the general case, the reader should know 
about some very simple, but not less important particular small cases. Every 
integer is either of the form 3k or of the form 3k +1, for some integer k. 
Obviously, we have 

(3k)? = 9k? = 0 (mod 3) 


and 
(3k +1)? = 9k? +6k+1=1 (mod 3), 


so the only possible remainders are 0 and 1. Similarly, every integer is either 
even, or odd, so 


(2k)? = 4k? = 0 (mod 4) 


and 
(2k +1)? = 4k? + 4k +1 =1 (mod 4), 


so, in the case of division by 4, the only possible remainders are again only 0 
and 1. 

Let us consider an arbitrary odd prime number p. The number r € Z is 
said to be a quadratic residue modulo p if and only if there is a positive integer 
k such that 

k* = r (mod p). 
Otherwise, it is called a quadratic nonresidue modulo p. It is apparent that all 


perfect squares are always quadratic residues. In particular, so are 0 and 1. 
For a fixed p, we define the function 


—}):Z—- {-1,0,1 

(5) 200 

called the Legendre symbol. By definition, (z) is equal to 0 if p | x, 1 if p 
does not divide x but x is a quadratic residue modulo p, and —1 if z is a 
quadratic nonresidue mod p. The following are the most important and most 
useful properties of the Legendre symbol. 
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@ =q°r (mod p), Va € Z. 


LG el la 


3. The Quadratic Reciprocity Law: 


We will not prove these properties, but, at least, we will try to make the 
reader familiar with the concepts required for their proofs. The set 


TD aM 


of nonzero residues mod p has the property that there is an element g € Le 
such that 


(ee en ae 


Of course, we are working in Z, which means that we consider a = b whenever 
p | a— 0. Such elements are called generators and the number of them is 
é(p—1), where ¢ is Euler’s totient function. This function counts the number 
of positive integers not exceeding n which are relatively prime to it. In this 
case, the set of quadratic residues from Z, is 


1 Len. 0 wach tes 


while the set of quadratic nonresidues mod p from Z> is 


10:0" G°sacor | 


Now we can see that properties 1 and 2 are immediate. Property 3 is harder 
to prove (although there are 6 proofs by Gauss!) and property 4 requires 
some work. An important consequence that we haven’t mentioned so far is 
the fact that the number of quadratic residues mod p, as well as the number 
of quadratic nonresidues mod p is po for every odd prime p. 

Pell’s Equation. In general, a diophantine equation of the form 


az* — by? = 1 
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where a and 6 are fixed integer parameters is said to be Pell-type equation. 
This kind of equation does not always have a solution, but in the case it has 
at least one, then there are infinitely many other solutions. The simplest and 
most important is called in fact Pell’s equation: 


x” — dy” = 1, 


where d > 0 is not a perfect square. An important theorem in number theory 
states that this equation is always solvable and has infinitely many solutions. 

Again, we skip the proof, but we mention that the most important step. 
in solving this equation is finding the fundamental solution (9, yo), i.e, the 
smallest solution different from (1,0). All other solutions (z,, yn) are given by 


(xo - yovd) =Int+ UnvV d. 


A similar yet still very important Pell-type equation is the negative Pell equa- 
tion: 
ag? — dy* = —1. 


This equation does not always have solutions. Of course, it is a Pell-type 
equation because it is the same thing as 


dy? —x7?=1 


and hence, in the case it has at least one solution, there are infinitely many 
others. A very useful property is the fact that the negative Pell equation 


a? — py* = -1 


where p = 1 (mod 4) is a prime always has a solution. 

Representations with sums of squares. There are a few natural ques- 
tions that arise about numbers which can be expressed as sum of squares. 
Which numbers can be expressed as the sum of two squares? Which numbers 
can be expressed as the sum of three squares? Can we say for sure that every 
positive integer is the sum of at most x squares? Let us state three important 
results from number theory which answer these questions. 

1. A positive integer can be expressed as the sum of two squares if and 
only if every prime number of the form 4k + 3 in its prime factorization has 
an even exponent (maybe 0). 

2. A positive integer can be expressed as the sum of three squares if and 
only if it is not of the form 4* (81 + 7), with natural numbers k and | (Gauss 
did this one, too). 

3. The four-square theorem. Every nonnegative integer is the sum of (at 
most) four squares. (See the last problem from the first chapter. This is also 
called Lagrange’s theorem. ) 
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The proofs are entirely elementary (or at least one proof for each statement 
since there are also non-elementary proofs) but quite hard. We say only a few 
things about the first since it occurs in lots of situations. A simple, but 
important thing is that if p = 3 (mod 4) is a prime number and p | a? + 6?, 
then p | a and p | b. It is easy to see that this implies the “only if” part of 
the first statement. But why is it true? If p divides either a or b, then it also 
divides the other, so we only have to prove that the case when p does not 
divide both a and b is impossible. Since p = 3 (mod 4), — is odd. We have 


= =i 
a* = —b* (mod p) > (a2)? = (—b2) "2 (mod p) => a?! = —b?~! (mod p) 


which is false since we know by Fermat’s little theorem that 
aP-* = oP! =1 (mod p) 


and the proof is complete. The “if” part is much harder. Still, it can be re- 
duced a lot by using the well-known Diophantus-Brahmagupta-Fibonacci iden- 
tity (a particular case of the Lagrange identity): 


(a* + b*) (2? + y*) = (ax + by)? + (ay — ba)’. 
Now we can see that it is enough to prove that every prime number 
p = 1 (mod 4) 


can be expressed as the sum of two perfect squares, which is not so easy. The 
shortest proof requires some knowledge of the ring Z[i] — but we present an 
elementary proof in the first chapter. 

Let us see now some applications of the previous results. First, a warm-up 
combining inequalities and number theory. 

Problem. Prove that 22"+? + gmt+2 4 1, where 0 < m < 2n are integers, 
is a perfect square if and only if m= n. 

Solution. Clearly, ifm =n then 


g2nt2 he gmtr2 ve Cas. ate 1)": 
Suppose now that 27°72 4+ 2™+24.1 = 7?. Ifm <n, then 
(Qenrye = g2nt2 4 gmte2 ot ee (ert 4 ge 


thus 
OEE 2 pee Ore, 


which is impossible. So, suppose that m > n and m < 2n. Clearly, x is odd 
and because 2+? | (x — 1)(x + 1), one of the numbers z —1 and z+lisa 
multiple of 2”t+, thus, because m > 2n — m+ 2, it follows that 


gmt+l _9 > g2n—m+3 ae) ee g2n—m+1 _9 > g2n—m+1 4 2, 
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which in turn implies that 
(x = 1)(x ate 1) > Desh (oeks =. 2) > ia ala ate Ly, 


which contradicts (x — 1)(x +1) = 2™+2(2?"-™ + 1). This shows that m = n. 
We continue with a beautiful application of the four-square theorem and 
a special case of the famous Waring problem. 
Problem. Prove that for any positive integer n, the equation 


N= Ti +rg+... + LS. 


has solutions in integers. 
Solution. Let us observe that 


(a ~ b)* + (a +b)* = 2(a* + bt + 6070"). 


This implies the identity 


4 2 
»y. (a; —aj)* + (a; +.4;)* =O (yo) : 


l<i<j<4 i=1 


Thus, using the four-square theorem, we deduce that for all n > 0, 6n? is 
the sum of 12 fourth-powers. Now, using again the four-squares theorem, we 
conclude that any multiple of 6 is the sum of 48 fourth-powers. It remains to 
observe that any positive integer is of the form 6k +r with 0 < r < 5, and 
any 0 <r< 5 is the sum of at most 5 fourth powers. 

Problem. Prove that the set {17,27,...,n7} of the first n nonzero squares 
can be partitioned into three subsets having the same sum of elements if and 
only if n is of one of the forms 9k, 9k — 1, or 9k — 5, with k > 2 a positive 
integer. 

Solution. Suppose first that a partition as required by the problem exists; 
then, of course, the sum of elements in each class of the partition must be 


(17+ 27 4.---+4+n7)/3 = n(n +1)(2n +4 1)/18, 


hence n(n + 1)(2n + 1) must be divisible by 9. As no two of the three factors 
n,nr+1, and 2n+1 can be simultaneously divisible by 3, it follows that one 
of them must be divisible by 9. That is, one of n, n+ 1, and 2n+1 is divisible 
by 9, meaning that n has one of the forms 9k, 9k —1, 9k — 5, with k a positive 
integer. To prove that k is at least 2, we need to show that none of the sets 


|e cg al SM a ae = al ORS 8 care ae’ a 


can be partitioned as requested by the problem. This is obvious for the third 
set because if this was possible the sum in each subset would be 10 — but one 
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subset must contain 47 = 16. If the set {17,27,...,97} could be partitioned, 
the sum of the elements in each subset would be 95. As one of the classes of the 
partition must contain 64, in that class, there would be a few squares adding to 
31 — but it’s easy to see that this cannot happen. The same reasoning shows 
that the second set cannot be partitioned as required (the sum of elements in 
each subset has to be 68 and one subset must contain 49). 

Now, for the converse, let P(n) be the statement of the problem, asserting 
that the set of the first n nonzero squares can be partitioned into three subsets 
with the same sum of elements. The partition 


LGA): (i 2)", 524, ee 18)" } 
= {(n+1)*, (n+ 6)*,(n+9)*, (n+ 10)*, (n+ 14)’, (n + 17)?} 
U {(n + 2)*, (n+ 5)*, (n +7)”, (n + 12)”, (n + 15)’, (n + 16)?} 
U{(n + 3)’, (n + 4)?, (n + 8)?, (n + 11)?, (n + 13)?, (n + 18)7} 
shows that each set of 18 consecutive squares can be partitioned into 
three subsets with the same sum of elements, therefore the implication 
P(n) => P(n+ 18) follows easily. In order to finish the proof, we only need 


to prove that P(13), P(17), P(18), P(22), P(26), P(27) are true. And they are 
indeed, because we can exhibit the partitions: 


{17,...,137} = {17, 3, 5?, 67, 97, 117} U {2?, 107, 137} U {4?, 77, 87, 127}; 
{17,...,177} = {17, 27, 137, 147, 157} U {37, 47, 57, 167, 177} 
WH6e2%°- 8°, 9-107, 11. os 
{17,..., 187} = (17,67, 97, 107, 147, 177} U {27, 57, 77, 127, 157, 167} 
i348. 1. 137.18"). 
fs ceo al 148-6 1304710" 20-1 
Wl eB? 728" 0 10° 117.99 14 15-16") 
Cy Ar s18*. 21> 22° 
{17,..., 26} = {17, 47, 147, 20?, 217, 227, 237 
UO" Be 67.77, 6r 11 10187 15°16" 177.1810" | 
137.9", 107; 247 257,267): 
(i e53 00 Pet 37, 4 10 20 26527) 
WO 72 0F ll 12" 3°, 16, 1 e820 21") 
U {87, 107, 147, 19°, 22°, 237, 2471. 


And thus we are done. 
The following problem is more challenging than the solution seems to indicate. 
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Problem. Let a,b be integers such that a - 2” + b is a perfect square for 
all positive integers n. Prove that a = 0. 

Solution. Clearly, a > 0, otherwise a-2"+b becomes negative for large n. 
Suppose that a > 0 and let x, be a nonnegative integer such that 22 = a-2"-+0. 
Observe that 


l2n42 — 22n| = |\V4a-2" + b-— V4a- 2” + 40] 
es) a 
V4a-2"+6+4 V4a- 2" + 4b 


for large enough n. Thus there is an n such that %n42 = 2%, which implies 
b = 4b, thus b = 0. But for a > 0, a- 2” cannot be a square for all n (just 
look at the exponent of 2 in its factorization) — which is a contradiction, and 
a = 0 remains the only possibility (with b being a square). 

We end this theoretical part with two more difficult problems. 

Problem. Prove that for all n > 1, there are n consecutive positive 
integers, none of which can be written as a? + 2b? for a,b € Z. 

Solution. Using Dirichlet’s theorem, we can find an infinite sequence 
(Pn)n>1 Of prime numbers of the form 8k + 7. From the Chinese Remainder 
Theorem, there exists a positive integer x such that x +% = p; (mod p?) for 
1<i<n. We claim that none of the numbers + 1,2+2,...,2 +n can be 
written as a? + 2b? for a,b € Z. Suppose that 1 <i<nand2+i=a? + 20?. 
Then p; | a* + 267. If p; (mod b), then —2 = (ab—')? (mod p;), where b~! is 


<1 


the inverse of b modulo p;. Thus | —— }] = 1, which implies 
i 
ae 2 
ts Si, 
_p-l pe-l, 
that is > + -+—— js even, which contradicts the fact that p; = 7 (mod 8). 


Thus p; | b and so p; | a. But then p? | z + i, which is absurd. 

Finally, a very difficult example of use of the Pell equation, created by 
Gabriel Dospinescu. 

Problem. Is there a polynomial f in two variables with integer coefficients 
such that 


{f(m,n) | m,n € Z}N {1,2,3,...} = {22" | n > 1}, 


where tp = (1+ v2)" + 1 - v2)", 


2 
Solution. ‘The answer is positive. Let us consider 


10. 6 Galen OG) aa 
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If m,n € Z, then we clearly have 


f(m,n) > 02> (m? — 2n?)? © |m? — 2n?| = 1. 


It is not difficult to show that the solutions of the last equation are given by 


My — MeV2 = (1 — V2)*, 


which implies that 


{f(m,n) | m,n € ZO {1,2,...$={f(mez, ng) | & > 1} 


= {mp |k > 1} = {apr | k > 1}. 


Proposed Problems 


le: 


10. 


Prove that the successor of the product of four positive integers is a 
perfect square. 


. In what case are m* +n and n* +m, m,n > 1 both squares? 


. A student writes a 9-digit number in which each digit from 1 to 9 occurs 


exactly once. Prove that the student can erase at most 7 digits such that 
the number obtained is a perfect square. 


. Can it happen that a number of the form 111...111 is the sum of two 


squares? 


. Prove that there are infinitely many pairs of perfect squares which can 


be written using the same digits. 


. A student writes all numbers 17, 2?,...,99? in a line on a blackboard. Is 


the big number obtained a perfect square or not? 


. Prove that a number is a perfect square iff the number of its positive 


divisors is odd. 


. If n is a positive integer and d(n) is the number of positive divisors of 


n, prove that n@”) is a perfect square. 


. Which positive integers can be expressed as the difference of two perfect 


squares? 


Prove that if two positive integers can be expressed as the difference of 
two perfect squares, then their product also has this property. 
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Prove that every positive integer can be expressed as 
417427 +...4n? 
for some n. 


Prove that there are infinitely many n such that 
n?+1 {nl 
A positive integer n will be called strong if it has the property that p | n 


implies p* | n for every prime p. Prove that there are infinitely many 
pairs of consecutive integers both being strong numbers. 


Prove that for every n > 0, there is a prime number 
p < 2006n4 
such that —n is a nonquadratic residue mod p. 


The numbers a1, a2,...,@2092 are such that the number 
ay tag +...+ A509 


is a perfect square for every n > 0. What is the smallest number of null 
terms in the sequence? 


Prove that all but finitely many positive integers can be expressed as the 
sum of different perfect squares. 


Is it possible to find 100 positive integers not exceeding 25,000 such that 
all pairwise sums are different? 


Find all squares that are written in base ten with a few sixes and one 
four. 


For which positive integers n can the set {1,2,...,2n} be partitioned 
into n two element subsets so that the sum of the two members in each 
set is a perfect square? 


Let n > 1 be anatural number. Prove that the set {17,27,...,n7} of the 
first n perfect squares can be partitioned into four subsets each having 
the same sum of elements if and only if n is either of the form n = 8k—1, 
or of the form n = 8k, k > 2 being a positive integer. 


Is there a polynomial P(X, Y,Z) in three variables with integer coeffi- 
cients such that the set of the values P(x, y,z), for positive integers z, 
y, and z is exactly the set of the non-square positive integers? 


Find all arithmetic progressions (@n)n>1 such that a; + ---+ an is a 
square for all n. 
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Solutions 


1. For every n, we have 
n(n+1)(n+2)(n+3)+1 = (n? + 3n) (n? +3n42)4+1 = (n? +3n4+ 1) 


2. Never. Suppose, without loss of generality, that m > n. In this case, 
m<m+in<m+m<(m+i1)’, 
hence m? + n is not a perfect square. 


3. (Bogdan Enescu) Suppose that this is not possible. If 6 occurs after 1, 
then we can pick the number 16. So 6 occurs before 1. If 4 occurs after 
6, then we can pick 64, hence 4 is before 6. If 9 occurs after 4, we can 
take 49, hence 9 is before 4. Now we know the order 9-4-6-1. We can 
pick now 961, which is a contradiction. 


4. Since the last two digits are 1, 
111...111 = 11 = 3 (mod 4). 


Such numbers cannot be expressed as the sum of two perfect squares 
since the only possible remainders when a perfect square is divided by 4 
are 0 and 1. 


5. Note that 256 and 625 is a good pair. By adding the same (even) number 
of Os at the end of these numbers generates infinitely many such pairs. 


6. The idea here is to use the sum of digits. But we must be careful, because 
the sum of digits of this number is not 


1749274 ..,4 99? 


since most of these terms are not digits! However, our number is con- 
gruent mod 9 to this sum (which is congruent to 6 mod 9) because every 
number is congruent mod 9 with its sum of digits. Hence our number is 
a multiple of 3, but not a multiple of 9, so it is not a perfect square. 
7. Let 
R=O, Do sade 


It is well-known that the number of positive divisors of n is 


d(n) = (a1 + 1) (ag +1)... (ax +1). 
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This number is odd iff all a; + 1 are odd or all a; are even, i.e., n is a 
perfect square. Another way to put it is to group all divisors of n in pairs 
like {d, mh. If n is a perfect square, then the middle pair is (./n, /n), 
so there is exactly one repetition, hence d(n) is odd. If n is not a perfect 
square, there are no repetitions, hence d(n) is even. 


. If n is perfect square, then it is obvious. If n is not a perfect square, 


then we have seen at the previous problem that d(n) is even, hence n@”) 


is a perfect square. 


. All positive integers except those of the form 4k + 2. Because 0 and 1 


are the only possible remainders when a perfect square is divided by 4, 
it is easy to see that the difference of two perfect squares is not of the 
form 4k + 2. Conversely, every positive integer is either odd, or of the 
form 4k. We have | 


(kK+1)*-—k? =2k41 


and 
(k +1)? — (k — 1)? = 4k, 


hence our solution is complete. 


The problem follows immediately from the previous one. Another solu- 
tion is to use a simple identity: 


(a? — b*) (c? — d*) = (ac + bd)? — (ad + bc)’. 


This result is due to Erdos. Let us call any positive integer with the 


desired property good. We prove that if n is good, then n-+ 4 is also 


good. Let 
n=t174+2°+...4 


Because of the identity 
(k +1)? —(k4 2)? — (k+3)? + (k+4)? =4, 
we have 
nt4s41°+27+...447 4 (k4+1)* — (k42)° —(k4+3)° 4+ (k +4), 


hence n+ 4 is good. Now we only have to prove that 0, 1, 2, 3, 4, 
are good, which is easily checked. We leave this as an exercise for our 
readers. 
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13. 


14. 


15. 


As we have stated in this chapter, the negative Pell equation 
x? — By" =-—1 
has infinitely many solutions. For large enough xz and y, x > 2y and 
x +1 = 5y* | (2y)! | al, 
SO we are done. 


We present a solution using Pell’s equation, though it is not the only 
possible solution. All we have to do is think about the Pell equation 


az? ~ 8y* = 1, 


which solves the problem since x? and 8y? are always strong. 


(Adrian Zahariuc) Take the largest nonnegative integer a such that 
N =4n— (4a? +1)” >0. 


By straightforward calculations, N < 2006n3/¢. 
Since N > 0 and N = 3 (mod 4), there is a prime divisor p = 3 (mod 4) 
of N. We claim p has the desired property. Of course, 


p<N < 2006n3/4. 
Suppose, by way of contradiction, that there is a k € Z such that 
p|k? +n => p| 4k? +4n = 4k? + (4a? +1)" +.N = p | 4k? + (4a? +1)”, 


and since p = 3 (mod 4), p| 2k and p | 4a? + 1 which is impossible since 
p = 3 (mod 4). 


(Gabriel Dospinescu) The answer is 66. This can obviously be achieved 
by 66 Os and 1936 ls. Now let aj < ag < ... < ag be the nonzero 
members of the sequence. Hence a? +... + a; is always perfect square. 
We claim that k is a perfect square, which is enough to solve the problem. 
For every prime number p > ax, we have (p,a;) = 1 for all a;, hence 


af +...+ ab" =k (mod p) 


which means that k is a quadratic residue modulo p for every large 
enough prime p. Let 


k = 2"m7qig2..-g,u € {0, 1} 
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and g1,q2,--.-,q@¢ odd primes. Suppose that t > 1. For p > ax, we have 


Berea Pre 


ol Oo aie al Oo) ee es a (2) (2) | 


q1 dt 
Taking p = 1 (mod 8), we assure that 


ole) 
Pp 71 dt 
If r is a quadratic nonresidue modulo qj, if we take p such that 


p =r (mod q) and p= 1 (mod q) 


for 1 > 2, then it is clear that () = —], which leads to a contradiction. 


The existence of such p is guaranteed by the Chinese Remainder Theorem 
and Dirichlet’s Theorem. Hence t = 0. It is easy to see that u = 0 as 
well. Hence k = m? and the proof is complete. 


Solution I. (Radu Todor, IMO 2000 Shortlist) Take a positive integer 
N such that 


N=a?+ and 2N=C?4+a@ 


and a, b, c, d are relatively prime (for example, we could take N = 29). 
For any positive integer m, consider its representation as sum of different 


powers of 2: 
n= S- jh 


Grouping the even and the odd powers we get 


m= > +25 4%. 


Now, we have 


4Nm = S~ (2% +a)" + S~ (atte)" +S (24 tHe)" +S (2% +a)" 


sO we managed to express 4Nm as the sum of some different even perfect 
squares. 


Take an arbitrary positive integer 


n> K:=1°+(2N+4+1)?4 (2-2N41)?4+...4+ (QQN(4N — 2) +1). 
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Letn=4Nq+r,0<r<4N. Because 
r= 1°+(2N+1)?+(2-2N+1)?+...4+(2N(r—1)+1)* := M (mod 4N), 


we can write n = 4Nk+ M, but 4Nk is the sum of some different even 
perfect squares and M is the sum of some different odd perfect squares, 
so we are done because all n > K have the desired property. 


Solution II. We use the following: 


Lemma. Suppose (@n)n>1 is a sequence of positive integers with the 
properties: 


i) There exist positive integers p, q, and s such that p < q and each 
integer in the interval [p,q] is a sum of distinct terms of the sequence 
(Qn)n>1 aMONg ay,..., Qs. 


ii) For the above presumed p, q, and s, we have 
Astt S As41 +°°° + Qs4t-1 +9 —P 


for each integer t > 1 (for t = 1, this means as4; < q —p, that is, the 
sum from the right is considered empty). 


Then each integer at least equal to p is the sum of a few distinct terms 
of the sequence (@p,)n>1. 


Proof. We show that each integer from the interval [p,q +as41 +---+ 
As4t| is a sum of distinct terms of the sequence (a,)n>1 with indices at 
most equal to s + t; we prove this assertion by inducting on t. 


For t = 0 hypothesis i) says that this is true. Assume the claim is true for 
t—1 and prove it for t > 1. If x is an integer from the interval [p, gt+as41+ 
---+@544], two possibilities occur: x can be from [p, q+as41+: --+@s5+4t-1], 
and in this case, the induction hypothesis solves the problem; or, x can 
be in the interval [q+ @541 +--+ +@s4t-1,9+@s41 +°+:+454¢], in which 
case, X— as44 belongs to [¢+ 541 +++++@s4t-1 — Qs4t,9+@Gs41 +++ + 
ds4t-1]. But, because of the hypothesis ii), this interval is included in 
[p,d +@s41 +---+4544-1], hence, by the induction hypothesis, x — as44 
is a sum of some terms of (ap,)n>1 with indices at most equal to s+t—1, 
which ends the proof. 


One can note that the following variant of the above lemma holds: if 
(Qn)n>1 is a sequence of positive integers having the property i) from the 
lemma, and property ii’) as41 <q—p and an41 < 2a, for alln > 5 +1, 
then each positive integer at least equal to p is the sum of some distinct 
terms of the sequence (@n)n>1. Indeed, the new hypothesis ii’) allows 
us to show that ii) holds too, by an easy induction on ¢ (the reader will 
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surely be able to do that). In this form it was proved by Richert in 1949. 
We use these results to show that every positive integer at least equal to 
129 is the sum of some distinct squares. In order to do that, we first let 
the reader verify that every positive integer from the interval [129, 298] 
can be represented as the sum of a few distinct squares among 17,... , 127. 
For example, 129 = 107+57+2?, and 298 = 12?+107+77+27+17. Thus 
we apply the lemma for the sequence (an)n>1 of the squares (an = n’, 
for all n > 1), with p = 129, q = 298, and s = 12. We prefer to use 
the theorem of Richert instead of the lemma, namely we still have to 
observe that a@s41 = ai3 = 169 = 298 — 129 = q—p, and that the 
inequality an41 < 2an © (n+ 1)? < 2n? holds for all n > 3 (we only 
need it for n > 12). According to our lemma, any integer greater than or 
equal to 129 is the sum of a few distinct squares, which we intended to 
prove. Actually, Sprague proved in 1948 that the only positive integers 
which are not sums of distinct squares, are 2, 3, 6, 7, 8, 11, 12, 15, 18, 
19, 22, 23, 24, 27, 28, 31, 32, 33, 43, 44, 47, 48, 60, 67, 72, 76, 92, 96, 
108, 112, and 128 (sequence A001422 in Sloane’s On-Line Encyclopedia 
of Integer Sequences). 


By the way, the lemma can be improved to the following result: 


Lemma. Suppose (Gn)n>1 is a sequence of positive integers with the 
properties: 


i) There exist positive integers p, gq, and s such that p < q and each 
integer in the interval [p,q] is a sum of distinct terms of the sequence 
(Qn )n>1 AMON ay1,..., As. 


ii) For these p, g, and s we have 
As4t SQs4i +++ + Qs4i-1 + 9 —D 


for each integer t > 1. 
iii) (aj + +++ +a5)/2 <4. 
iv) The sequence (@n)n>1 has infinitely many odd terms. 


Then for any integer k, there are infinitely many m such that 
RS ao es Say 


for a suitable choice of the plus/minus signs. 


Proof. As we have already seen, any integer > p is a sum of a few 
distinct terms of the sequence (an)n>1. Also note that hypothesis iii) 
immediately implies that 


Qj) +°-:-+aAm 


5 S qt as41 +++ + Am 
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for all m > s. 


Clearly, it suffices to prove the lemma for nonnegative integers k (for 
negative k, we only change the signs in the representation of —k). For 
infinitely many (large enough) m, a; +---+@m has the same parity as 
k (this is due to hypothesis iv)) and is sufficiently large for 


Qi, ++-::+Qm—k 


> 
9 <-p 


to hold. Therefore (a1 + ---+@m —k)/2 is a positive integer at least 
equal to p, and less than | 


a1 +++ + am 


9 <qt+aQs41 +++: +m; 


according to what we just proved, this number is the sum of some terms 
of the sequence (a@n)n>1, with indices not exceeding m: 


aj+:--+an—k 


with 1 < 271 <--- <1; <m. This offers the representation 
k=ayt+---+4m — 2(a;, paeeaee), 


as intended, and finishes the proof of the lemma. 


In order to apply this improved lemma, to the sequence of squares (and 
to conclude that any integer k has infinitely many representations of the 
form k = +17 +--- +m) we must change the value of q to 325, for 
the inequality iii) to be true (as an equality). Fortunately, this does not 
affect the truth of i) and ii), with the same s = 12, as the reader can check 
(perhaps with the help of a computer). However, this is not the most 
clever proof of this result for the sequence of squares (see problem 11). 
Instead, the reader might like to try to use the lemma for the sequence 
of perfect powers (with exponent at least 2), starting a; = 1, a2 = 4, 
ag = 8, a4 = 9, a5 = 16, ag = 25, a7 = 27, ag = 32, ag = 36, aio = 49, 
and so on. He/she could show that this sequence satisfies the hypotheses 
of the improved lemma with p = 24, gq = 56, s = 7. Thus, every integer 
k has infinitely many expressions of the form k = +1+4+8+9+---. As 
a final hint, note that ani1 < 2a, holds for this sequence, too, starting 
with n = 2. 


(IMO 2001 Shortlist) Yes, it is possible. We show that for every prime 
p, there are p such numbers not exceeding 2p*. This is enough since 
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2-101? < 25,000. Let k denote the remainder when k is divided by p. 
We claim that the numbers 


2kp +k?, k=1,2,...,p, 
have the desired property. Suppose that 
2ap + a2 + 2bp + b2 = 2cp + c2 + 2dp + a2, 
with a,b,c,d € {1,2,...,p}. Then 
2p(a + b) + (a? + 6) = 2p(e+d) + (2 + a) 
hence a+b=c+d and 
a2+b2 = c2+4+d?2 > a?+b? =c* +d? (mod p). 


From these, it is easy to conclude that {a,b} = {c,d}, hence our solution 
is complete. 


Such a square cannot have the last two digits 66 or 46, because in that 
case it would be divisible by 2, but not by 4 (impossible for a square). 
Thus it must be a number of the form N = 6...64. Because the number 
formed by the last four digits is 6664 = 8 - 833 is divisible by 8, but not 
by 16, so is N 7f it has at least four digits (therefore it is not a square). 
We remain with 664 and 64, of which, of course, only 64 is a perfect 
square — and this is the answer to our problem. 


(Problem 1768, proposed by G. R. A. 20 Problem Solving Group, Math- 
ematics Magazine 2/2007, solved by John Christopher in the same mag- 
azine, 2/2008) The answer is: for all n € {4,7,8,9} U {12, 13,...} and 
the idea is to use induction. Suppose, for the moment, that we found 
partitions as required for all 12 < n < 29. Let m > 30 be given and 
assume that for all 12 <1 < m-—1, the set {1,2,...,21} admits such a 
partition; we prove that {1,2,...,2m} has such a partition, too. 


Consider the unique positive integer k such that 


y) 2 2 
K+ 0 eam < @k+9) 


(thus, we frame 4m between two consecutive odd squares). 
From m > 30, k > 4 follows, and this implies k > 1/2 + 2/2, thus 
2k? — 2k — 7/2 > 12, yielding 


7 


= 2k* — 2k— = > 12, 


y) 2 
(2k +1)? —2m > (ak+1)2- PEST 
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thus (2k + 1)? —2m—1> 12. On the other hand, the first inequality 
from above implies (2k+1)*-—2m—1 < (2k+1)*—2m < 2m. Of course, 
(2k +1)* —2m—1 is an even number, hence, according to the induction 
hypothesis, the set {1,2,...,(2k +1)? —2m-—1} can be partitioned into 
two element subsets with the sum of elements in each subset a perfect 
square. Also, the set {(2k + 1)? — 2m, (2k +1)? —2m+1,...,2m} can 
be partitioned like this by putting together in each set the elements that 
sum to (2k+1)? (the first and the last, the second and the second to last, 
and so on). This shows that the set {1,2,...,2m} has such a partition, 
too, and finishes the proof of the inductive step. In order to completely 
solve the problem one has to see that partitions as the problem statement 
requires are not possible for n € {1,2,3,5,6, 10,11} and to provide such 
partitions for n € {4,7,8,9} U {12, 18,..., 29}. 


We prove the impossibility of finding a partition only for n = 11; for 
smaller values we proceed analogously, and, in principle, the proofs are 
simpler. So, suppose there exists a partition of {1,2,...,22} into two 
element subsets with sum of elements in every subset a perfect square. 
Then 18 must be in the same class of the partition with 7 (because if 18 
sums with another number from {1,2,...,22} to a perfect square, that 
Square must be 25; for 36, 18 would be needed as the other summand, 
and 49 is already too large). Similarly, because 7 is already taken, it 
cannot be together with 9, therefore 9 must be in the same class as 16. 
Then 20 must be together with 5 (it cannot be with 16 anymore). Now 
11 could be in the same class with either 5 or 14, but 5 is already taken; 
so, 11 is with 14, and 2 remains without a partner. 


We will not show all partitions for n < 30 that the reader is invited 


to find by himself or herself (because they exist!); we only provide one 
example, namely: 


{1,2,...,26} = {1, 24} U {2,14} U {3, 22} U {4, 21} U {5, 20} 
U {6,19} U {7, 18} U {8, 17} U {9, 16} U {10, 15} 
U {11, 25} U {12, 13} U {23, 26}. 


Let us denote by P(n) the statement: the set {17,27,...,n7} of the first 
n perfect squares can be partitioned into four subsets, each of which 
has the same sum of elements; first, we prove that, if P(n) holds, then 
necessarily n is of the form 8k — 1 or 8k, with k > 2 a natural number. 


Indeed, suppose P(n) is true; then, evidently, the sum of the first n 
squares must be divisible by 4, which means that n(n + 1)(2n + 1)/24 is 
a natural number. 

Consequently 8 is a divisor of the product n(n +1)(2n+1); but the last 
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factor of this product is always odd, and n,n + 1 are relatively prime 
numbers, so we have either 8 | n, or 8 | (n+ 1), as stated. This means 
that n is either of the form 8k or of the form 8k — 1, but we still have to 
prove that k must be at least 2. Suppose k = 1; this means the sets 


iF OF cage OM. 11752 nag | 


could be partitioned as in the problem statement. Then, for the first set, 
the sum of the elements of any partition’s subset should be 35, which 
is impossible (since one of the subsets contains the number 49); for the 
second one, the sum of the elements of any partition’s subset should be 
51, which is also impossible, because of the number 87 = 64. Therefore, 
k > 2 follows in either case. 


Now we demonstrate the sufficiency of the conditions n = 8k or n = 
8k —1, k EN, k > 2 with the following induction schema: first, observe 
that if P(n) is true, then P(n + 32) also holds true. The partition 
{(n+1)*,(n+2)?,...,(n+32)*} 
= {(n+1)?, (n +7)’, (n+ 12)?, (n + 14)?, 
(n + 20)”, (n + 22)?, (n + 25)?, (n + 31)7} 
U {(n + 2), (n +8)", (n + 11)’, (n + 13)°, 
(n + 19)?, (n + 21)?, (n + 26)?, (n + 32)7} 
U {(n + 3)”, (n+ 5)”, (n + 10)?, (n + 16)”, 
(n + 18)?, (n + 24)?, (n + 27)?, (n + 29)7} 
U {(n + 4)’, (n+ 6)’, (n+ 9)?, (n+ 15)?, 
(n +17)”, (n + 23)", (n + 28)?, (n + 30)?} 
shows how a set of 32 consecutive squares can be partitioned in four 
classes, each one having the same sum of elements. Thus, if we have 
the required partition for the set {17,2?,...,n7}, it is easy to obtain 
a partition for {17,27,...,n?,(n + 1)?,...,(n + 32)?} with the same 
property. 
Now, in order to finish the proof, it would be enough to prove that P(15), 
P(16), P(23), P(24), P(31), P(32), P(39), P(40) are true; and they are 
true, because of the partitions 
GPP? ong to Ved 7 87, 14-4070. 157} 
W437 67, 117, 12°) U4 4" 5° 10", 13°}; 
£17 Os nec ko} 1178, 916-427 a 87 ge} 
W437 25> 12° 14" Pt 7, 10°, 15° 
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fF x, 22 D8 AB 10719" 10" D1 4 2-8" 90 937) 
U {47 57, 92,117, 157, 177, 18} 
i467, 7° 127, 142, 16", 207}: 
PDF dt OA ee te Be 1084, 1b 16-20 dea 00> 987) 
Wht P? 8" 11 ee 10%, 21 16.8" 0, 12°18", 04" 
VID ieee SBI" had 123" Ao 14794" 9" 1} 
U {57, 67, 107, 157, 167, 197, 217, 227, 267} 
WT 12? 137 17-18-27 530) 
182,907,111, 207. 237-25-, 98") 
and, of course, 
(PSD? cng BO" St I ye 14 20,207 2501} 
i427 8°11 1372190 21°. 26- 32-3 
(3° 257.107 167, 18", 24°. 977.997 | 
U {47, 67, 9°, 157, 177, 237, 287, 307}; 
finally, we have 
{170 tO 87. 11152. 16-107. 27" 8", aoa | 
U {27, 57, 207, 297, 307, 387, 39°} 
37 67,7197, 13", 14°. 17. 21. 20 937-967-380. 33"! 
U {4?, 97, 107, 187, 247, 257, 317, 347, 367} 
and 
{17,27,...,407} = {17, 67, 187, 207, 32°, 347, 357, 37°} 
U {27, 77, 147, 157, 167, 287, 30°, 397, 40°} 
U {37, 47,57, 97, 137, 21°, 227, 277, 297 367, 387} 
U {87, 107, 117, 12°, 177, 19°, 237, 247, 25°, 267, 317, 33°}, 


finishing the proof. 


Solution I. (mathmanman, AoPS forum) Yes, there is. In this first 
solution we use the fact that the positive integer n is not a perfect 
square if and only if the Pell equation u? — nv? = 1 has a nontrivial 
solution (with u and v positive integers). We consider the three variable 
polynomial 

PSHM a7? a1) 47, 
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If n is not a perfect square, let (u,v) be a solution in positive integers of 
the equation u? — nv? = 1, and we clearly have P(u,v,n) =n, thus any 
non-square is a value of the polynomial. On the other hand, if m is a 
square, and P(x, y, z) = m, we surely have |x? — zy? — 1| > 1 (otherwise 
we would get x? — zy* —1=0 and m = P(z,y,z) = z, hence the Pell 
equation x2? — my? = 1 would have a nontrivial solution and m could not 


be a square). But in that case 
(z|0" _ zy? _ 1|)? < P(E, 2) < (ala? * zy? - 1| ae 1)", 


which contradicts the fact that P(x, y, z) =m is a square. 


Solution II. (v_-Enhance, AoPS forum) The second solution uses the 
fact that the positive integer n is not a perfect square if and only if it is 
of the form a? + b for positive integers a and b with 1 < b < 2a. Now let 


Q = (1 — 2015(Z — 1)(Z — 2))((X +Y -1)° +2¥ + Z—2) 


and note that for positive integers z, y and z > 2, Q(z, y, z) is negative. 
We have 


Q(z, y, 1) a (e@+y—1)°+2y-1 and Q(x, y, 2) (e+y—1)? 4+ 2y 


and both these values are (strictly) between (x + y — 1)? and (4+ y)?, 
for positive integers x and y. That is, no value of @ can be a square. 
On the other hand, we have 


2a—b+1 b+1 ; 
a ee ae | — 
a ( 5 PAG. aX +b 
for odd 6, and 


2a—b+2 6b 9 
Se — 
a ( 5 15? a“ +b 


for even b, showing that every value that is not a square is attained by Q. 
We know that for any positive integer n, there exists a positive integer 
6b, such that aj +:---+a, = b2. Also, because (@n)n>1 is an arithmetic 


progression, there are A and B (namely A = d/2 and B = a, — d/2, 
where d is the common difference of the progression) such that 


a, +++ +a, = An?+Bn 


for all n > 1. Thus we get An? + Bn = 02 for all positive integers n, 
hence 


2An+A+B8B 
lim (bp41 — b,) = &ka-E = VA 
a = noo ./A(n+1)2?+ B(n+1)+VJVAn?+ Bn 
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We found that the sequence with general term 6,1; — by, has a finite 
limit and we know that it only consists of integers. It follows that, 
necessarily, this sequence is eventually constant (all terms, except finitely 
many of them are equal to the limit, which has to be an integer, too), 
therefore there exists a positive integer N such that 6,41 — by = VA for 
alln > N. We get bn = by + (n—N)VA = Cn+D (with C = VA 
and D = by — NVA), yielding An? + Bn = C?n? + 2CDn + D? for 
every n > N. Because we obtained two polynomials whose values are 
equal for infinitely many values of the indeterminate, their coefficients 
must be respectively equal, that is, we get A = C?, B = 2CD, and 
D? = 0. Finally, A = C?, with integer C, and B = 0, meaning that, for 
the original progression, a; = C* and d = 2C?, with integer C. 


Conversely, one sees that with these initial conditions, 
a, +++» +an = (nC)? 


is a perfect square for every positive integer n. Basically, only the pro- 
gression consisting of all odd positive integers has the required property. 
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Digital Sums 


For each positive integer A = Gj]@2...Gy, denote by 
S(A) =aj+agqt...+QAn 


the digital sum of A. We will establish the following properties of the digital 
sum function. For all positive integers A,B, we have 


S(A+ B) < S(A) + S(B), (1) 
S(A-B) < S(A-B). (2) 


By filling in with zeros, we can assume, without loss of generality, that A and 
B have the same number of digits. Let us denote 


A=4@j{Q2...Gn, B= b1b2... bn. 


We will use the adding algorithm, 


a1a2...Qan 
+ b1bo... bn, 
CoC 1C2...Cn 
We have » 
S(A) + S(B) — S(A+B) = ) (ax + bg — ce) (3) 
k=1 


If @n + bn < 9, then an + bp — cn = 0. If an + by, > 10, then 
An + by — Cyn = 10. 


Further, an—1 + bn—1 —Cn—1 cannot be less than —1. In conclusion, the digital 
sum of A+ B diminishes with 9, whenever we have a; + b, > 10. 
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By induction, 
S(Ay + Ag +...+An) < S(Ai) + S(Ag) +... + S(An) 


and for every positive integer n, S(nA) < nS(A). 
Now, we are in position to prove the inequality (2). In this sense, 


S(AB) = S[(10"~1a, + 10°~7ag +... + 10an_1 + an) B) 
= §$(10°-'a,B + 10"-7agB+...+10an—1B + anB) 
< §(10"- 1a, B) + $(10"-2a2B) +... + $(10an_1B) + S(anB) 
= §(a,B) + S(agB) +...+ S(an_1B) + S(anB) 
< a,S(B) + a2S(B) +...+@n-15(B) + anS(B) 
= (aj +ag+...+an)S(B) = S(A)S(B). 


One of the most important arithmetical properties of the digital sum func- 
tion S is the fact that S(n) =n (mod 9) for all n. Why is this so? Let 


n=ago+10a; + 107a2 at cara te 10" ax. 


In this case, 


n—S(n) = (ao + 10a, + 107a2 +... + 10*a,) — (ap +01 +... + ax) 


= 9a; + 99a; +... + (10 - 1) ax, 


which is a multiple of 9, therefore our property is true. 

Another curiosity about the digital sum, which is frequently used in math- 
ematical competitions, is the following: 

Proposition. If N < 10* —1, then 


5 ((10*-1) N) = 9&, 
Suppose, without loss of generality, that 10 does not divide N. Let 
N = bybo... bg, 


where some of the leading digits might be zero. It is more convenient and 
easier to compute a difference rather than a product: 


S ( (108 = 1) N) = S$ (1081 _ N) — $(bjby...b,.00..-00 — Biba... by) 
k digits 


—S Ge pale = DO = 0)O= bh) 00 = bea) 0 = bx) — 9k, 
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so the proof of the proposition is complete. 

Example 1. Evaluate S(1) —$(2)+.5(3) —$(4)+...+.$(2013) — $(2014). 

Solution. This is more like a joke. Just note that S(2N +1) = S(2N)+1 
for every natural number N (since the last digit of 2N is at most 8, hence 
there are no carries when we add 2N with 1); thus, of course, the sum is 
S(1) + 1006 — $(2014) = 1000. 

Example 2. Find a natural number N such that s(N) = 1996s(3N). 

Solution. We are not asked to find all such numbers, therefore we will 
just guess that, for numbers of the form N = 3...36, S(N) is big, while S(3N) 
is small. (Note that 3N = 10...08, with the same number of Os as the number 
of 3s in N.) If k is the numbers of 3s, the equation reads 3k + 6 = 1996 - 9, 
whence k = 5986. 

Example 3. (Russian Olympiad) Let N be a positive integer with 


S(N) = 100 and $(44N) = 800. 


Find S(3N). 

Solution. Let us examine the proof of S(AB) < S(A)S(B) in the partic- 
ular case of S(44N), taking into account the given facts about it and S(NV). 
Namely, we have: 


800 = S(44N) = S(40N + 4N) < S(40N) + S(4N) = S(4N) + S(4N) 
< 2S(4N) < 2-45(N) = 8S(N) = 800. 


Of course, this means that all inequalities must, in fact, be equalities. In 
particular, we have S(4N) = 4S(N), which can hold if and only if N has all 
digits at most equal to 2 in order that there is no carry when we multiply 4 to 
N. But in that case, for the same reason, S$(3N) = 3S(N), thus $(3N) = 300 
is the required answer. 

Example 4. (Russian Olympiad) Does there exist a positive integer N 
such that S(N) = 1000 and S(N*) = 1000000? 

Solution. Yes, there exists such an integer; in fact, for every positive 
integer s, one can find a number N having the properties S(N) = s and 
S(N?) = s*. We want again to have equality in some inequality of the type 
S(AB) < S(A)S(B) (this time for A = B = N), hence we look for a number 
N with digits as small as possible, that is, a number formed with Os and Is 
only. A moment of thinking shows that we can take 


s—l . 
N= Se 107° 
1=0 


(which is, indeed, a number with 2° digits, of which s are 1s). We clearly have 
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S(N) = s and we can compute 


s—l 
N?=S > 107" +2 S- 102° +2", 
41=0 


0<k<l<s—1 


Due to the uniqueness of the representation in base 2, all the exponents of 10 
that appear in the above formula are distinct, therefore 


s(s — 1) 


.2= 8? 
2 4 


S(N $) =s-l+ 
exactly what we intended to show. 
Example 5. Find all positive integers N such that 


N + S(N) — S(S(N)) = 2014. 


Solution. Time to use N = S(N) (mod 9)! So, if N is a solution, and 
r is the remainder of N (and S(NV)) divided by 9, we must have r+r—r= 
2014 (mod 9), hence r = 7. Also we clearly have S(x) < x for every natural 
number z, therefore S(S(N)) — S(N) < 0 and N < 2014. Because N has 
at most four digits, and S(N) = 7 (mod 9), S(N) can only be one of the 
numbers 7, 16, 25,34. We obtain the solutions 2014 and 1996 (S(N) = 16 and 
S(N) = 34 don’t yield solutions of the original equation. ) 

Example 6. Let N = Cael. Cie be the decimal representation of the 
natural number NV. Prove that 


n—1l 
S(kN) = )_ S(kei) 
=0 


for either k = 2 or k= 5. 
Solution. We have 


n—l1 
N= Ss” 10°c;. 
1=0 


We consider kc; = 10a; + b;, where a; and b; are base-10 digits, for each 
0<21<n-—l, and we compute 
n—1l . 
kN = 5 —10°(10aj+0;) = 10"an_1 +10" *(an—2+bn—1) +.» -+10(ag+b1) +o. 
i=0 
Now, for k = 2, we have a; € {0,1} and b; € {0,2,4,6,8} for all 2, and for 
k = 5, we have a; € {0,1,2,3,4} and 6; € {0,5} for all 2. In both cases we see 
that no a;_1 + 6; can exceed 9, hence the sum of digits of S(kN) is 
n—1 n—1 
S(KN) = an—1+ (Gn—2+bn—1) +... + (a0 +01) +00 = > (ai +bi) = 5 S(kei), 
i=0 i=0 
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which is what we wanted to prove. 
Example 7. Find the smallest positive integer N such that 


S(N) — S(5N) = 2013. 


Solution. Let N = G,_1...CjCo, and, as in the previous problem, let 
oc; = 10a; + b;, with a; and b; being digits. Note that any a; can be 0, 1, 2, 
3, or 4, and any 0; is either 0 or 5. By the result that we just proved, the 
equation from the problem can be written as 


ae | n—1 n—1 n—1 
A ~S (a; + b;) = 2013 & Soa; 45° = 2013. 
1=0 1=1 1=0 4=0 


In order to minimize N we have to minimize n (the number of digits), therefore 
we must have most of the a,;s equal to 4. Also, we must have as many as 


possible of the b;s equal to 0, and the c;s as small as possible (therefore they 
n—1 


must be 8s). Also, because S a; has to be 1 modulo 4, we see that a 2 must 


appear in N. The mart is thus N = 28...8 with 503 digits of 8. 
Example 8. Prove that if N has n digits and $((10°-! + 1)N) = S(N), 
then N = 10” — 1. 
Solution. Let N = G,_1...Co as above; then 


(10”-'+1)N =cy_1...c90...0 + G1... - ©, 


where the first summand ends in n—1 zeros. Clearly the given equality cannot 
hold if co + Cn_1 < 9 (that is, if there isn’t a carry when we add the digit co 
of the first term with c,_; from the second), and one can easily see that the 
equality doesn’t hold when c; 4 9 (that is, when the addition of the digits of 
immediately greater order doesn’t provide a carry). So, we can assume that 
Co +Cn—1 > 9 and, say cj =... =c,y = 9, for some 1<k<n-1. 
Ifk+1<n-1, 


(10"—+ + 1)N aid 6, | Ch2(Ce+1 + 1)0 sass O(co ae Cy esa 10)en—2 .6CQ5 
and the equality $((10° 1+ 1)N) = S(N) yields cn_1 +... +cK +c = 9, 
which is impossible as long as we know that co + cn_1 > 10. Thusk =n-1 
is necessary (i.e., all digits of N from c, to cn_1 are 9s), in which case, 


(10"-* + 1)N = 10...0(co + Cn—1 — 10)en_2... C0, 


with n — 1 0s. Clearly now S((10"-! + 1)N) = S(N) implies co = 9, finishing 
the proof. 
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By the way, this result immediately solves the well-known problem that 
asks for those positive integers N with property that 


S(N) = S(2N) =... = S(N?). 


Using the fact that S$((10" — 1)xz)) = 9n for all z < 10” —1, we see that every 
number N of the form N = 10” — 1 works. Conversely, if S(kN) = S(N) 
for all 1 < k < N, we can consider k = 10%! 4+ 1 (with n the number of 
digits of N) and conclude that N = 10” — 1. Note that we can choose this 
k because N has at n digits, and, obviously, it cannot be 10°~-!. Thus, the 
solutions to the problem are the numbers consisting of only nines (in their 
base-10 representation, of course). 

Example 9. Show that we can find (for any given positive integer n) 
some natural numbers aj,...,@,, such that S(a,) < S(ag) <... < S(a,) and 
S(a;) = P(aj41) for i = 1,2,...,n, where an; = a; and P(N) denotes the 
product of the digits of the natural number NV. 

Solution. We will search for numbers of the form a; = 2...21...1 with 
k,; digits of 2 and 1; digits of 1, for all 1 <7<n. We want the k;s and [;s to 
fulfill the conditions 


2ky +1, < 2khot+lg <...< 2k, +l, 


and 2k; + 1; = 2*+1 for 1 < i< n. Thus, actually, the question is: can 
we find n positive integers kj,...,k, such that ky < ... < ky < ky and 
Qkit1 > 2k, <> Qht+1-1 > k, for all 1 <i <n? (Of course, kn41 = ki, and the 
second series of inequalities ensures that, once the k; chosen, we can define 
l; = 2*i+1 — 2k;.) 

The answer is yes, and we proceed as follows. Because im (27-12) = o, 


we can pick k» large enough such that the difference 2"2—! — kg is sufficiently 
large in order that between kp and 2*2~!, there are at least n — 1 distinct 
integers (for example, we ask this difference to be larger than 2n, which is 
achievable). Next, we choose n — 1 such integers, so we choose arbitrarily 
kg <... < kn < ky satisfying ko < kg < ... < kn < ky < 271. So, the 
inequalities from the first set are fulfilled, and the first inequality from the 
second set is also verified. For 2 < z1< n, we have a ae ki, 
according to the well-known inequality 2*—! > x (for positive integers x), and 
this is what we wanted to prove. 

For example, take n = 3 and ko = 5, in order to have 2*2-! — ky = 12, 
a difference large enough to make us able to choose k3 = 7 and ki = 10 
(for example) such that we have kz < kz < ky < Qk2-1 Then define 1, = 
Qke — 2k, = 12, lo = 2*3 — 2ke = 118, and I3 = 2"! — 2k3 = 1010. Then pick 
a, consisting of 10 digits of 2 and 12 digits of 1, ag formed with 5 digits of 2 
and 118 digits of 1, and a3 with 7 digits of 2 and 1010 digits of 1. 
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Example 10. (Yiu Tung Poon, Mathematics Magazine 4/2007, solved in 
4/2008; but the problem also appears in the book from 2004 Experimentation 
in Mathematics. Computational Paths to Discovery by Jonathan Borwein, 
David Bailey, Roland Girgensohn; the problem with g(n) — the number of 
digits of n that are greater than 4 — in place of o(n) was proposed by Eugene 
Levine in the College Mathematics Journal from November 1988 and was also 
proposed by Doug Bowman and Tad White as problem 6609 in The American 
Mathematical Monthly from October, 1989) Let o(.V) be the number of odd 
digits of the positive integer N. Prove that 


Solution I. For positive integers n and j, let f(n,j) be 1 if [2"/109—+] 
is odd, and let it be 0 otherwise; in other words, f(n,7) is the remainder of 
[2”/10)—*] when divided by 2 (by [x], we denote the integral part of the real 
number x). Note that f(n,7) is 1 precisely when the jth digit of 2”, counted 
from the right, is odd. This is why 


= CO CO ha 5) 
AM = ry Aad) 


n=1 n=1j=1 


Interchanging the order of summation further yields 


The equality used after interchanging the summation order is justified by the 
fact that f(n,7) (actually being [2"/109—'] modulo 2) is given by 


f(n, Jj) = Fred 9 ae _ a| _ cae 


(where, for the last equality, we used the general identity |[{x]/p] = [x/p] for 
real x and positive integer p). Thus, the partial sum of the inner series is 
telescoping like 


US 73 2 1 gn-1 1 gm 7 1 
aa cee oe an | 109-1 9n—1 } 493-1] ]) 29m | 199-1 loi |? 
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therefore it sums to 1/107! — [1/107—*] (which is, in fact, 0 for 7 = 1, and 
1/109-+ for 7 > 2). The proof is now complete. 

Solution IT. It is very easy to see that, for every positive integer N, 0(2N) 
equals the number of digits of N that are greater than 4 — this number will be 
further denoted by g(N). (Each such digit of N produces, by multiplication 
with 2, an odd digit in 2N.) Then it is again pretty easy to prove that 
25(N) — S(2N) = 9g(N) for all N. Indeed, every digit of N which is greater 
than 4 increases the expression 25(N) —S(2N) by 9. To put it more formally, 
let 

N = CK-1--- C0, 


and let 2c; = 10a; + bj, with 0 < a;,6;,c; < 9, forO<<71<k-—1. We have 


k-1 k-1 
2N =25 10° = > (10a; + ;)10° 
1=0 4=0 


= an_110* + (ap_2 + be_1)10* 1 +... + (ap + b1)10 4 bo, 


and, because a;_1 + }; is never greater than 9 (a; can only be 0 or 1, and ); is 
always an even digit), we have 


k-1 k-1 k-1 
S(2N) = 3 ay + 2 bs = 4 (10a; + b:) —9 5 a; = 25(N) — 9g(N). 
1=0 1=0 


The last equality follows from the simple observation that a; is 0 or 1, according 
to whether c; < 4, or c; > 4. 


Now we get the desired result by observing that the partial sums of the 
series to evaluate telescope: 


<0(2") g( e SO), Oy. 2 ,_ SQ”) 
ie ae -3o(F2-% ~ glo gm 
n=1 n=1 ae 
and by using the well-known fact that dim S(N)/N = 0 (Why?). 
=+00 
Note that this solution is the one that put the problem here. The sum of 


digits appears somehow unexpectedly. Maybe if the problem had been stated 
in the slightly more general form: 


n=1 


it would have suggested the use of the sum of digits (and also the formula 
used for telescoping — if someone would have thought about this type of 
summation). The reader can now easily prove this generalization, or extend 
the problem to other bases. 
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Proposed Problems 


1. 


2 


10. 


11. 


12. 


13. 


14. 


If n and 3n have the same digital sum, prove that n is divisible by 9. 


Let n be a three-digit number. Prove that S(91n) > S(n). Find all 
three-digit numbers n such that S(91n) = 5. 


. Let N be a positive integer with the property that in its decimal rep- 


resentation, each digit is less than the next digit to its right. Find the 
digital sum of 9N. 


. Find the digital sum of the number 9 x 99 x 9999 x... x (107 — 1). 


. Prove that there exist an infinite number of positive integers which are 


divisible by their digital sum and whose decimal representation does not 
contain zero. 


. Let n be a 1998-digit integer, divisible by 9. Denote by z its digital sum, 


by y the digital sum of x, and by z the digital sum of y. Find z. 


. A student writes all positive integers from 1 to 111 in some arbitrary 


order. Is it possible that the obtained number is a perfect square? 


. A student has 10 blue cards with the digits 0,1,2,...,9 and 9 red cards 


with the sign ‘+’ on each of them. Using all blue cards and some of the 
red cards, can he write an expression with the result 100? 


. Prove that there exist infinitely many numbers n for which 


SB"; Sse"). 


Let S' be the set of those positive integers which consist only of 0s and 
exactly 1988 1s. Prove that there is some n € N which does not divide 
any element of S. 


Prove that for each positive integer n, we can find a multiple of 2” having 
only the digits 1 and 2. 


Prove that there exists a multiple of 57°°° whose decimal representation 
does not contain zero. 


Let a and £ be two integers obtained by permutations of the digits of 
the number 1234567. Prove that if a divides 6, then a = #. 


Consider the number N = 999...99 (999 digits). Find the value of n 
for which 9” | N and 9"+1 4 N. 
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18 


19. 


20. 


21. 


22, 
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a) The digits of a given integer are permuted to obtain a new number. 
Prove that the sum of the given number with the new number cannot 
be equal to 999...99 (1999 digits). 


b) The digits of a given integer are permuted to obtain a new number. 
Prove that if the sum of the given number with the new number is equal 
to 1020 then the given number is divisible by 10. 


Are there 19 different positive integers with the same sum of digits, which 
add up to 1999? 


Find all n > 2 such that S(n) = S(2n) = S(3n) =... = S(n?). 


Let n be a fixed positive integer. Denote by f(n) the smallest k for 
which one can find a set X CN of cardinality n with the property that 


s(X) = 


for all nonempty subsets Y of X. Prove that Cilgn < f(n) < Colgn 
for some constants C and C». 


Is there a power of 2 such that we can rearrange its digits in order to 
obtain another (different) power of 2? 


(Laurentiu Panaitopol, Romanian TST) Let a and 6 be real numbers 
with a > 0. Show that [an + b] has the same sum of digits for infinitely 
many values of n, where [2] is the integer part of the real number z. 


(Laurentiu Panaitopol, Romanian TST, 1983) Prove that the statement: 
“There exist natural n-digit numbers such that the sum of digits of such 
a number equals the product of those digits” is true for infinitely many 
n and is false for infinitely many n. 


For a natural number N we denote by a(NV) and b(V) the number of its 
decimal digits that are equal to 4,5,6, and 7,8,9 respectively. Also, let 
c(N) be the number of digits of 3 and 6 that appear in maximal sequences 
of one of the forms 3...3c, with c € {4,5,6,7,8,9}, or 3...36...6c 
with c € {7,8,9}. Note that maximal means that to the left of the 
first 3 in the decimal representation of N there isn’t another 3 and 
also note that the 6s are counted for both a(N) and c(N). Finally, 
let d(N) = 9(a(N) + 2b(N) + c(N)). 


Thus we have, for instance, a(334591333668) = 4, (334591333668) = 2, 
and ¢(334591333668) = 7 (hence d(334591333668) = 135). 
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Evaluate 


n=1 


23. (J. O. Shallit, The American Mathematical Monthly, Problem 6490, 
1/1984, solved in 7/1985) a) Let m > 2 be a positive integer. Prove 
that 


b) Let 6 > 2 an integer, and let S,(m) be the sum of digits of n written 
in base b. Show that 


— S,(n) 6b 
» Wi mares eat Ye al 


n=1 


(By [x], we denote the integer part of z.) 


Solutions 
1. We have n = S(n) = S(3n) = 3n (mod 9), thus 9 | 2n and so 9 | n. 
2. We will use the known inequality: 
S(mn) < S(m)S(n). 
If n = abc, then 1001n = abcabc, and further, 
2S5(n) = $(1001n) = $(11-91n) < S(11)S(91n) = 25(91n). 


For the last part, n = 91n(mod9Q), so S(n) = S(91n)(mod9). But we 
have: S(n) < S(91n) < 5, thus S(n) = 5. Finally, n = 122 and n = 221. 


3. Denote N = @j@2...G, with aj < ag <... < ay. Let us write the 
equality 9N = 10N — JN, as: 


ay a2 ae An 0 — 
ay es QAn—1 an = 
9N= a, (ag-—a,) ... (Qn—@n-1—1) (10— an) 


and see that 
S(9N) = 0a ;+(a2 — ay,)+. : +(aQn-1 — An—2)+(an =a = 1)+(10 — An) ; 


hence S(9N) = 9. 
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4. (USAMO 1992) Let us denote 


Qm =9 x 99 x 9999 x... x (107 — 1), 


for m = 1,2,...,n. By induction, a, has k = 2™+! — 1 digits. Then 
Qn-1 < 107° —1 and, due to the lemma from the beginning of this 
chapter, its digital sum will be 9-2”. 


. We prove, by induction on n, that 3"+! | 103"-" — 1. 


Indeed, if 103° * —1 = 3741 -a, then 
10°” —1=(10°" 8 —1 = (10% — 1)(10?"" +10" +1) 


= 3"t1q(1073""" +108" +1). 


The number 1023" + 10°” +1 is divisible by 3, because the sum of 
its digits is equal to 3. In conclusion, the numbers of the form 999... 99 
(3°! digits) are solutions of the problem. 


. First, z is a multiple of 9. We have z < 1998 -9 = 17982, therefore 


y<14+74+94949=35532<249=11, 


so z = 9. 


. The answer is negative. Suppose, by way of contradiction, it is a perfect 


square xz”. The digital sum of this number is 
S(a7) =1424+...4+(1+141) = S(1) 4+ $(2)+...4+ $(111), 
but S(n) =n (mod 9), hence 
a? =142+4+...4+111 = 111-56 (mod 9) 


which means that 3 | x7 > 3 | x, but 9} x, a contradiction. 


. The answer is negative and the idea is very similar to the one in the 


previous problem. In the given expression, each digit from 0 to 9 occurs 
exactly once, hence the sum of these numbers, s, should be congruent 
mod 9 with the sum of the digital sums of these numbers, which is 
0+1+4+2+4+...+9 = 45, a multiple of 9. Hence, 9 | s, so it cannot be 
100. 


. (Kvant) Let us suppose, by way of contradiction, that there exists no 


such that 
SB") SS")... Vn one: 
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11. 


Then $(3"*!) > $(3") + 9 and by induction, 
S(3™t™) > $(3") + 9m, 
for all positive integers m. On the other hand, 
S(g~T™) < Oleg 3T™ + 1), 


sO 
$(3"°) + 9m < 9(Ig 3™T™ 4+ 1), 


for any m € N, which is a contradiction. 


(Tournament of Towns) The problem actually comes from a more general 
result regarding the digital sum: 


Lemma 1. Any multiple of 11...11, has digital sum at least k. 
= 
We will use the extremal principle. Suppose, by way of contradiction, 
that the statement is false and take M to be the smallest multiple of 
a such that S(M) < k, where a = 11...11. Note that S(ia) = tk for 
k 

i = 1,2,...,9. So M > 10a > 10*. Therefore, M = Q1a2...Qp, with 
p>k+1and a, #0. Take the number N = M —10?-*a. Obviously, N 
is a multiple of a. We will try to prove that S(N) < k. In this way, we 
would contradict the minimality of M and the proof would be complete. 
But this is not hard at all since if az41 < 9, we have S(N) = S(M) <k 
and if ax41 = 9, we have S(N) < S(M) <k. 


Therefore, we can choose n = 10/989 — 1. 


We will find by induction such a multiple of 2” having n digits. Let us 
assume that 
a1a2...-An = 2 “, 


with a; € {1,2}, 1<i<n. Define 

b=lajag...a, and c= 2aja2...an. 
It follows that: 

b=2"(a+5") and c=2"(a+2-5”), 


so 2"! | b if a is odd and 2”*! | c if a is even. Now the conclusion 
follows by induction. 
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13. 


14. 


15. 
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We will prove by induction that for any integer n > 1, there exists a 
n-digit multiple of 5” whose decimal representation contains only digits 
the 1, 2, 3, 4, and 5. Let us suppose that 


Q1Q2...a€,=—5”" -a, 


with a; € {1,2,3,4,5}, 1<i<n. Define 


Pi = KO G95, 0,, 1 ok SO, 


We have: 
Le = 5" (k- 2" +a), 


so take k such that 5 | k-2”+a. This is always possible, because dividing 
the numbers 2” +a, 2-2" +a, 3-2” +a, 4-2” +a, 5-2"”+a by 5, the 
obtained remainders are different. 


The problem which requires to prove that 5” has a n-digit multiple con- 
sisting only of the digits 1, 2, 3, 4, and 5 was given in the Romanian 
National Olympiad in 2005 and it is also quite classical. Another (simi- 
lar) way to solve it is to prove that all n-digit numbers with digits 1, 2, 3, 
4 and 5 give different residues when divided by 5”. However, concerning 
the initial problem, a more general statement can be proved, namely, 
that every positive integer which is not divisible by 10 has a multiple 
which consists only of nonzero digits, but what is most interesting is 
the fact that, in order to prove it, one needs to prove the result first for 
powers of 2 and powers of 5 (so the given problem) and then extend it 
to the general case. 


We see that a = 1(mod 9), 6 = 1(mod 9), because they have the digital 
sum equal to 1+2+3+4+4+5+4+6+4+7 = 28. Ifa =9k+1 and 6 = 9p +1, 
then 

B=ma=>  9p+1=m(9k + 1), 


so 9| m-—1. It follows m = 1, thus a = B. 


999 999 
We have N = (94+ 1)999 -1= ( be Jo thus n = 2. 
k=1 


a) If @j@2...@j999 is the given number, then the obtained number is 
999...99 — a1a2...Q@1999 = (9 = az)(9 — az) a as (9 a, 4999). 
In particular, 


aj +ag+...+ ajg999 = (9 — a1) + (9 — ag) +... + (9 — aig99), 
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hence 
2(a1 +9 be. 1999 ) = 9- 1999, 


which is impossible. 


b) Let b1b2...b2009 be the given number. If beg99 4 0, then 
1070 _ bib... bo000 = (9 — b1) -- - (9 — b1999)(10 — beo00) 
is the obtained number. In particular, 
bi + bo +...+ beo90 = (9 — 61) +... + (9 — big99) + (10 — baoo0), 


hence 
2(b, +bo+...+ b2000) = 9-1999 + 10, 


which is a contradiction. 


(Russia) The answer is negative. Suppose, by way of contradiction, that 
there are nj < ng <... < nig such that 


S(ny) = S(n2) = i S(n19) = k; 


and 
Ny tneat...+nig = 1999. 


We have 
1999 = nj tnot...tnig = S(n1)+S(n2)+...+S(nig) = 19k (mod 9), 
so k = 1 (mod 9). On the other hand, 

19n, < ny tneat...+nig = 1999 => n, < 100, 
so s(n) < 18, ie., kK < 18. Hence, k € {1,10}. If k = 1, then all n; are 
powers of 10, but there are only 4 different powers of 10 not exceeding 


1999, which is a contradiction. Hence k = 10. The first 20 numbers with 
the digital sum equal to 10 are 


19,28,..., 91,109, 118, 127,..., 190, 208. 


The sum of the first 19 ones is 1990 and the difference between the 19th 
and the 20th is 18, so the sum is either 1990, or at least 2008, but never 
1999. 
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17. Due to the lemma at the beginning of this chapter, all n = 10* — 1 have 


18. 


the desired property. Let us prove that these are the only ones. Let 
mr = CiCQ...Ck 


Since n cannot be a power of 10, 10*-! +1 <n, so 
Cy +cot...+c, = S(n) = $((10*? +1)n) 


— 3 (C1 C2 RE a C1)+co+. Ce Sa a5 (C162 ieee =r C1) = S(n+c}). 


The first digit of n + c, will be c, (impossible) unless cy = cg =... = 
Ch_-1 = 9. From S(n) = S(2n), we deduce cz, = 9. Hence n = 10* — 1. 


(Titu Andreescu and Gabriel Dospinescu, USAMO 2005) We will prove 
that 


lg(n +1)| < f(n) < 9g ae ri 1 | 


which is enough to establish our claim. Let / be the smallest integer such 
that 

n(n +1) 

a 

Consider the set X = {j(10'-—1): 1 < j < n}. By the previous 
inequality and the statement about the digital sum of the multiples of 
numbers consisting only of 9s, it follows that 


s(o)-2 


for all nonempty subsets Y of X, so f(n) < 91 and the RHS is proved. 
Let m be the largest integer such that n > 10 — 1. We will use the 
following well-known lemma: 


10°’-1> 


Lemma. Any set M = {aj,@2,...,@m} has a nonempty subset whose 
sum of elements is divisible by m. 


Consider the sums aj, a] + @2,..., @1 tag+...+dm. If one of them is 
a multiple of m, then we are done. Otherwise, two of them congruent 
mod m, say the ith and the jth. Then m | aj41 + ai4g +... +4; so we 
are done. 


Hence, our set S has a subset whose sum of elements, N, is divisible by 
10” —1=9-11...11. 
ae 
™m 


Recall the lemma we used to solve problem 10. It follows that S(N) >m 
and the LHS is also proved. 
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21. 


No, there isn’t. 

Suppose that we have 2" = @,...a, and 2” = Go(1)---Ga(k), With a a 
permutation of 1,...,k. Assume that 2” < 2”; because 2™ and 2” both 
have k digits, we actually have 10*-! < 2” < 2” < 10*, implying that 
gn-m — 27/2™ < 10*/10*—-! = 10, therefore n — m < 3. 

On the other hand, we have 2” = $(2) = S(2”) = 2” (mod 9), thus 
2”-™ = 1 (mod 9), which, evidently, is impossible for 1 << n-—m < 3. 
So, the answer is, indeed, negative. 


We have, for positive integers k, 


? 


a a a 


10°—b 10*+a—b 10° +a—b 10° +a—b 
eS SS a a ee < 
a 


implying that, for n, = [(10*+a—b)/a], we have 10° < ang+b < 10*+a; 
consequently, 10” < [ang + 6] < 10" + a for any k. This means that 
every integer part [an; + 6] is equal to one of the (finitely many) natural 
numbers in the interval [10",10* + a]. Note that the sequence (nx)x>1 
is eventually strictly increasing. We conclude that there exists some J 
(that does not depend on k), with 0 < 7 < [a], and there are infinitely 
many values of k such that [an,+b] = 10*+ for any of these ks (and the 
corresponding values of nz, are mutually distinct). Thus, for infinitely 
many (large enough) values of k we have S({an, + 6]) = 1+ S(j), and 
this is what we intended to prove. 


For numbers of the form N = 2...21...1 with k 2s and 2" — 2k 1s, we 
have S(N) = P(N) = 2* (where S(N) and P(N) are respectively the 
sum and product of the digits of N). Such a number has 2" — k digits, 
and the numbers 2* — k, k > 1, form a strictly increasing sequence. 
Therefore the statement from the problem is true for infinitely many n, 
namely for those of the form n = 2* — k. 


Further we show that the statement is false for numbers of the form 
n = (2-3-...-9)*, with k a sufficiently large (we will see in the end 


‘exactly how large) natural number. Suppose that we have a natural 


number N with n = (2-3-...-9)* digits such that S(N) = P(N), and 
suppose that N has precisely x; digits equal to i, for 1 <2 < 9 (clearly, 
0 cannot be a digit of such a number). Thus S(N) = P(N) can be 
rewritten as 


21+ 249+ 343 +...4+ 929 = 272 «37% -...- 979, 
and, of course, we also have 71 + 72 +...+2%9 =n, therefore, 


Ma Bot 2944 occ Sto =H] 27 288 ea 9. 
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From here, we conclude that 272 - 373 -...-979 >n = 2%.3%...,. gk 
yielding that x; > k for at least one i from 2 to 9. This means that 7* 


divides 272 .3%3....-979, and, because it also divides n, from the above 
equation, we obtain that i” divides xo + 273 +...+ 829. Consequently, 


28 <i® < ag 4+ 2034+... + 829 < 8(rg +23 +...+ 29), 


that is, 
toa+...+¢2%9 2 2 s. 


On the other hand, 
9(2-3...-9)*¥ =9n = O(a, +294+...4+29) > 21 + 2ag4+...4+ 929 
— 92.3%. . gto > gt2t...tt9 > 92" 8 
and this represents a contradiction if it happens that we have 
dees || Or meee) 
And indeed, it happens because this is equivalent to 
2*-3 > logs 9 + klogs(2-3-...-9) 


and Jim 2k-3 /k = oo, hence the inequality 27" > > 9(2-3-...-9)* is 


true fore all & starting from a threshold. This means that the —e 
that there are numbers with n digits such that the sum and product of 
their digits are equal leads to a contradiction for all n = (2-3-...-9)¥, 
with k satisfying gu" > 9(2-3-...-9)*, and the solution ends here. 


The idea is that d(N) = 3S(N) — S(3N), therefore 
— d(3") 3,9(3”) — $(3"*1) >> Ge ae) 


3n 3n an 7 3n+1 
_ 4 (5(3) _ $a") 
a 2 am+1] 


As jim S(N)/N = 0, we have 


 d(3 S(3)§ (3771 
» o = im 3 (FY - a ’) = (3) =3 


For proving d(NV) = 3S(N) — S(3N), let 


k-1 
N= Ss c,10’, 
1=0 
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where c; € {0,1,...,9} are the decimal digits of N. For every 0 <i < 
k — 1, let 3c; = 10a; + b;, with a; = 0 for c; € {0, 1, 2, 3}, a; = 1 if 
c, € {4,5,6}, and a; = 2 if c; € {7,8,9}, and with }; € {0,1,..., 9}. 


k-1 
Evidently, we have 3s(N) = 10 dW a; + y b;, and 
k-1 
3N = S_ (10a; + b;)10° 
I= 


= a,—110* + (a@x~—2 + by—1)10*~? +...+ (ao + 61)10 + bo. 


If we have aj;_1 +b; < 10 for all 1 <i < k—1, one can easily check the 
formula, since 


k-1 
3s(N) — 8(3N) =9)_ aj = 9(a(N) + 20(N)), 


t=1 


since a; = 1 when c; € {4,5,6} and a; = 2 for a; € {7,8,9}. In this 
case, c(N) = 0. Indeed, one sees (after a careful, but quick examination) 
that the sequences (appearing in the decimal representation of N’) of the 
form 3...3c, with c > 4 and 3...36...6c, with c > 7 are the only ones 
that can produce some a;_; + 5; at least equal to 10. 


Because 3-3...3c = 10...0(3c— 10), when c € {4,5,6}, the part of 
3S(N) — S(3N ) earespenanns to such a sequence appearing in the dec- 
imal representation of N is 3(3p + c) — (8c — 9) = 9(p + 1), p being the 
number of 3s. Also, a sequence 3...3c with c € {7,8,9} contributes to 
3S(N) — sd with 3(3p + c) — (3c — 18) = 9(p + 2) (the product is 
now 3-3...3c = 10...01(3c — 20)). 


Finally, we have (for c € {7,8,9}) 
hence the contribution of such a sequence to 3S(N) — S(3N) is 
3(3p + 6q + c) — (3c — 18) = 9(p + 2q¢ 4+ 2), 


where p is, like before, the number of 3s in the sequence, and q is the 
number of 6s. (We see that each digit of 6 has to be counted two times: 
once in a(n), as being one of the digits 4,5,6, and once in c(n), as being 
part of the sequence.) Putting all these facts together, we have the proof 
of the formula 3S(N) — S(3N) = d(n), and the solution is complete. 
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For example, 
35'(334591333668) — $(3 - 334591333668) = 3-54 — 27 = 185 = 9-15 
= 9(a(334591333668) + 26(334591333668) + c(334591333668)). 


23. a) For some positive integer k, we have 


km—1 k—-1 (j+1)m-1 : k-1 
eed Le wey-Lie-ass) 
ee el) a go, Wd) oe Ne Oa lm 
k-1 y 
— 2. ro 
therefore 
Pe m[n/m] _ - mo > [n/m| 
er n(n + 1) = n(n +1) n(n + 1) 
km-1 k-1 4 
~ dX n(n + 1) eat 


has limit Inm when k tends to infinity (in order to see that, just use the 
convergence of the sequence (14+ 1/2+...+1/n—Inn)n>1 to the Euler- 
Mascheroni constant, 7). The required result follows now by observing 
that 0 < n— m|[n/m] < m for all n, which immediately leads to the 
conclusion that the sequence of partial sums is Cauchy. 


b) We have 
Sin) =n— 0-9. [F] = 0-05> (F-[F) 
= 0-055 (nH LF) 
therefore 
vay ODL aery Le Lp) 
= OD ee ey ODE gent 
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Interchanging the order of summation is allowed, because the terms are 
positive. ‘Then we used the result from the first part of the problem, and 
finally, we used 


Me 


K 
3 im, 2 fa gare (1—q)? (1 —q)?’ 


a 
| 


1 
for |q| < 1 (in our case, g = 1/0). 
By the way, the relation 


CO 

Sp(n) =n — (b—1) S Fa 
k=1 
(which is an easy exercise for the reader to prove) immediately proves 
one of the simplest properties of the sum of digits, namely Sp(n) 
n (mod (b—1)). (In the case b = 10, mainly discussed by us, S(n) 
n (mod 9).) Also, putting this together with |x + y] > [x]+ [y], one gets 
a simple proof for Sy(m+n) < Sp(m)+ S,(n) for all positive integers m, 
n, and b > 2. 
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Arithmetic and Geometric 
Progressions 


Can you say in what way the following sequences are related 
2D. 0s: Vy TENT, 2023. 26s es. 


3,7, 11, 15, 19, 23, 27, 31, 35, ...? 


It can be easily seen that in both sequences, each term, starting with the 
second, is obtained from the previous term by adding the same constant (3, 
respectively 4). In general, a sequence of real numbers of the form 


a,at+d,a+2d,...,a+nd,... 


is called an arithmetic progression. In some cases, the first term is denoted by 
a; and d is called the (common) difference. The general term of an arithmetic 
progression (Gn)n>1 is given by the formula 


An =ay+(n—A)djn > 1. 
A sequence of real numbers of the form 
b, bg, bq*, ..., bg”, ... 


is called a geometric progression. In general, the first term is denoted by b; and 
q is called the (common) ratio. The general term of a geometric progression 
(bn )n>1 is given by 

05 = big’ tin > 1. 


Denote by S;,, the sum of the first n terms of the progression, 


Sn = 61 + bp +... + bn. 
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We have 
Sn =b) tbig+...tbig™ 1 =bi(1+qt+...t+q™) 


so, in case g #1, 

ieee a eee 

a= 

The reader might be confused because so far we have only considered infinite 
sequences when talking about arithmetic and geometric progressions. In fact, 
they may be very well finite — any finite subsequence of consecutive elements 
of an infinite arithmetic or geometric progression is a finite arithmetic or geo- 
metric progression. It is not hard to guess why they are called arithmetic and 
geometric progressions: because every member of the sequence is the arith- 
metic respectively geometric mean of its two neighbors. This way, we may 
also define harmonic progressions and sometimes even quadratic progressions. 

Problem. Prove that if the real numbers a, 6, and c form an arithmetic 
progression, then the same is true for the triples 

(a) a* — be, b? — ac, c? — ab; 

(b) b? +bc+c*, a* +ac+c?, a* + ab +b’. 

Is the converse true? 

Solution. Note that three numbers x, y, and z form an arithmetic pro- 
gression if and only if y—x = z-—y © 2y = x +2 (or we can say that y is 
the arithmetic mean of xz and z). So, for part (a), we have to prove that if 
2b =a+c, then 2y = «+z, with z = a? — be, y = b* — ac, and z = c? — ab. 
But we have 


n = 6 


a+z2—2y =a’? —bc4+ c — ab — 2b? + 2ac 
= (a+c)* — 4b? — (ab + bc — 2b’) 
= (a+c—2b)(a+c+ 2b) —(a+c— 2b)b 
= (a+c-—2b)(a+b+c), 


hence the implication a+ c— 2b=0>2+2z-2y = 0 is clear. We also see 
that the reverse implication holds if we make the supplementary hypothesis 
that a+b+c+#0. Thus if a, b, and c are real numbers with nonzero sum, such 
that « = a? — be, y = b* — ac, and z = c* — ab form an arithmetic progression, 
then a, b, and c also form an arithmetic progression. 

The reader will surely be able to handle part (b), which is actually very 
similar to part (a). Note that the above factorization of x + z — 2y can be 
obtained by treating the expression a* — bc + c* — ab — 2b? + 2ac as a second 
degree trinomial in, say, indeterminate a, and with b and c as parameters. 
Since the corresponding quadratic equation 


a* — (b— 2c)a + c* — be — 2b? = 0 
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has roots 2b — c and —b —c, the factorization of the trinomial follows. 
Problem. Prove that there are infinitely many triples of perfect squares 
in arithmetic progression (that is, squares that are consecutive terms of an 
arithmetic progression). 
Solution. We have the identity 


(a* — 2ab — b*)? + (a? + 2ab — 67)? = 2(a? + 67)? 


from which we see that, for any a and b (we will consider them integers) the 
squares (a? —2ab—b*)*, (a?+b)?, and (a*+2ab—b?)? form an arithmetic pro- 
gression. For instance, with a = 7 and b = 4, one gets the squares 23° (= 529), 
657 (= 4225), and 89? (= 7921), which are in arithmetic progression. 

Let us now consider some less trivial matters about arithmetic and geo- 
metric progressions. here are many hard questions in number theory and 
combinatorial number theory about arithmetic progressions. Let us now state 
some very important results about arithmetic progressions. 

Dirichlet’s Theorem. For any pair of relatively prime positive integers 
a and d, the arithmetic progression a+ nd contains infinitely many prime 
numbers. 

The proof is quite difficult and not elementary. There are, however, ele- 
mentary proofs for several particular cases such as a = 1 ora = —1. This 
theorem is one of the greatest achievements in number theory and its proof is 
considered the act of birth of analytic number theory. 

Related to arithmetic progressions containing prime numbers, it has re- 
cently been proved that the set of prime numbers contains arbitrarily long 
arithmetic progressions. This is one of the very few if not the only hard con- 
jecture about the additive structure of prime numbers that has been proved. 

Van der Waerden’s Theorem. For all positive integers k and r, there 
1s a number N such that whenever the first N natural nonzero numbers are 
colored with r colors, there is a monochromatic arithmetic progression of length 
k. The smallest such number N is usually denoted W(k,r). 

Unlike the previous one, this theorem is entirely elementary and not very 
hard to prove. Van der Waerden’s theorem can also be formulated with an r- 
coloring of the set of positive integers instead of the first N positive integers, 
but it is not hard to see that these are equivalent. Probably many readers 
would like to know if every infinite set of positive upper density contains 
arbitrarily long arithmetic progressions because it is obvious that our theorem 
follows directly from this fact. Well, it is true, but much harder to prove than 
Van der Waerden’s theorem. This is known as Szemeredi’s theorem because 
he was the one to prove the cases k = 4 and finally k > 4 after Roth gave an 
analytical proof of the case k = 3. 

Observe that Van der Waerden’s theorem implies that if N = AUB where 
A and B are disjoint and A has no arithmetic progression with at least three 
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terms, then B contains arbitrarily long arithmetic progressions. So, it is nat- 
ural to ask whether it is true that B always contains an infinite arithmetic 
progression. ‘The answer turns out to be negative. 

Problem. Show that there exists a partition with two classes of the set 
of positive integers such that the first class contains no three numbers in 
arithmetic progression, while the second class contains no infinite arithmetic 
progression. 

Solution. Observe that any infinite arithmetic progression of positive 
integers is determined by the first two terms, thus there are only countably 
many infinite arithmetic progressions of positive integers. Let A,, Ao,... be 
an enumeration of them. It is immediate to construct by induction a sequence 
(bn )n>1 Such that b, € Ay and b, +b; # 26; for all 1 < 7,7 < n—1 (essentially 
because A,, is infinite and the set of numbers of the form 2b; — 6; with 1 < 
1,j <n-—1 is finite). Thus we can put in the first class the numbers (bn )n>1 
and in the second class all the other positive integers and we obtain a partition 
with the desired properties. 

Very often it is useful to think of the infinite progression (an + b)n>1 as 
the set of positive integers satisfying k = b(mod a). This is obvious, but it 
makes life easier in many problems, including the following famous one, due 
to Poélya: 

Problem. Show that in any infinite arithmetic progression of integers, 
there are infinitely many terms having precisely the same set of prime divisors. 

Solution. Let (an+b)n>1 be this progression and let d = gcd(a,b). Write 
a = du, b = dv with gcd(u,v) = 1. Clearly, it is enough to prove the same 
result for the progression (un + v)n>1, that is to find infinitely many numbers 
k = v(mod u), all having the same prime divisors. This is not difficult, 
because if v 4 1, one can consider k = y'tsel%) for s > 1, while if v = 1, we 
can take k = (1+ wu)® for s > 1. 

The same idea is used in the more challenging problem that follows. 

Problem. Let (an)n>1 be an infinite arithmetic progression of positive 
integers. Prove that the sequence 


1 1 1 1 


ay’ a2" a3’ a4? 
contains arbitrarily long arithmetic progressions. 
Solution. Let a, = an+b. We may clearly assume that gced(a,b) = 1. 
Let us search for an arithmetic progression of length N of the form 


a+b 2a+b Na+b 
(a+ b)(2a+b)...(Na+ b)’ (a+b)...(Na+ b)’’ (a+b)...(Na+b) 
N 


1 
Now, we try to find N such that - i+ b)isat f for all 
ow, we try to fin such tha ja +b LLci+ ) is a term of (@n)n>1 for a 
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1<j< WN. This comes down to 


]] (ai+ 5) = (mod a). 
1<iZj<Nn 


But I] (ai + b) = bY! = b (mod a) if N = 2 (mod y(a)). Because there 
1<iZj<N 
are infinitely many N satisfying the last condition, the problem is solved. 
We end this theoretical part with a beautiful problem given in the Roma- 
nian Team Selection Test in 1999. 
Problem. Prove that for all n > 3, there are n positive integers 
Q1,@2,...,Q@, in arithmetic progression and n positive integers 61, bo,..., bn 
in geometric progression such that 


by < ay < bg < ag <... < dyn < an. 


1\k 
Solution. Define B; = ( + =] and observe that for k > 2, we have 


k 
B,>1+-—. 
m™m 


Also, for k < n, 


k —] —1)(n-2) 1 
B,<1+—+ ED, oy OES 2) + 
m m m 3! 
n(n—1)...(n—k+1) 1] 1 
ore ee 
Thus, if m > n?, we have 
1 k+1 
[2 ee ces vera 
m 


1 
Define then A, = 1+ lt 
that 


for 1 < k <n; then the previous remarks show 


B, < Ay < Bo < Ag <...< Bn < An. 


It is now enough to consider ay = m” Ax, by = Mm” By. 


Proposed Problems 


1. Let a, 6, and c be real numbers such that a+ 6, a+c and 6+ € are 
nonzero, and such that a?, 6”, and c? form an arithmetic progression. 


Prove that 
a b C 


b+c’ atc at+b 
also form an arithmetic progression. Is the converse true? 
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11. 


Le: 


13. 
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Prove that the nonzero real numbers 20, %1,...,2%n form a (finite) geo- 
metric progression if and only if 


(9 +--+ + p—1)(@1 + +++ + tq) = (oti + +++ + Err)”, 


Prove that the nonzero real numbers a,b,c form (in a certain order) a 
geometric progression if and only if 


abc(a® + b® +c?) = a°b?® + abc? + b'c?. 


. Let (an)n>1 be an arithmetic progression and let (bn)n>1 be a geometric 


progression, both with positive terms, and such that a; = b;, and ag = 
by. Prove that a, < b, for all n > 1. 


Prove that the numbers /2, J/3 and V5 do not belong to the same 
arithmetic progression. 


Prove that n distinct real numbers form an arithmetic progression if and 
only if the number of different distances between them is n — 1. 


Prove that if the prime numbers p; < po <... < p12, pi > 13 form an 
arithmetic progression of difference d, then d > 2000. 


Are there sets A C N which contain arbitrarily long arithmetic progres- 
sions but do not contain infinite arithmetic progressions? 


Prove that in every infinite arithmetic progression of positive integers a 
number exists whose decimal representation contains the digit 9. 


Let a1, @2,...,@n, be an arithmetic progression such that 2 divides a; for 
all i € {1,2,...,n—1}, but n does not divide ay. Prove that n = p’ for 
a prime number p and a positive integer tf. 


Are there (a) arbitrarily long, (b) infinite arithmetic progressions, all of 
their terms having the same sum of digits? 


Prove that no matter how the set of positive integers is partitioned into 
finitely many arithmetic progressions, one of them has the property that 
its first term is divisible by its common difference. Also prove that the 
sum of the reciprocals of the common differences of these progressions 
equals 1. 


Each of the points of a circle is colored in one of three colors. Prove 
that there is a monochromatic isosceles triangle with all vertices on the 
circle. 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


Let A Cc R*, |A| = n, n > 4 with the property that a,b € A, a > b 
implies a+b€ Aora—be€EA. Prove that the elements of A form an 
arithmetic progression. 


Prove that there is a set A C {1,2,...,40} with 16 elements which does 
not contain 3 elements in arithmetic progression. 


Prove that any arithmetic progression np” +1, n € N, where p is an odd 
prime and k > 1 contains infinitely many prime numbers. 


Let n be an integer with n > 7. Let 1 =a, <ag<...<azy=n-—1 be 
all positive integers less than n and relatively prime to n. If aj, a2,..., az 
form an arithmetic progression, prove that n is either prime or a power 
of 2. 


Consider the sequence a, = 3” — 2”. Prove that the sequence does not 
contain three terms in geometric progression. 


We say that a positive integer n is a power if there are t,s € Z, t,s > 2 
such that n = t®. Are there (a) arbitrarily long, (b) infinite arithmetic 
progressions, all of their terms being powers? 


Let (bn )n>1 be an infinite increasing geometric progression, with nonzero 
terms. Show that there exists an arithmetic progression (G@n)n>1 such 
that (bn )n>1 is a subsequence of (ay)n>1 if and only if the common ratio 
of (bn)n>1 is a positive integer greater than 1. 


Prove that if an infinite arithmetic sequence of nonnegative integers con- 
tains a perfect square and a perfect cube, then it also contains a sixth 
power of some natural number. 


Solutions 


1. 


2 


Find a way (there are many) to prove the identity 


a C b (a+b+c)(a* +c? — 2b7) 


ge Ng ee 
ce aed a+c¢ (a+ b)(a+c)(b+c) 
and the conclusion follows. Note that the converse is true ifa+b+c# 0. 


This is nothing but the equality case in Cauchy-Schwarz’s inequality. 
Namely, we have (for real numbers aj1,...,@n,61,..., bn) 


(aj +--+ +an)(b +--+ +7) > (arbi +--+ anbn)? 
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and the equality 


(ay +--+ + an) (bt +--+ + bn) = (arbi +--+ + anda)” 


holds if and only if aj,...,a, are proportional to 61,..., bn respectively; 
that is, if and only if 

ay a2 _ an 

b, bp bp 
(if by,...,6n are nonzero). In our problem, the equality 


(x9 ap oe y-1) (a4 ag Oe z5) = (aot. +--+ + En=1fn)° 


is therefore equivalent to 


Ly L2 Ln 
es ) 
LO Ly ILn—1 
which means that x9, 21,...,%n form a geometric sequence. 


. Indeed, we have 


abc(a® + b® + c®) — (a3b? + a°c? + b’c?) = (a? — be)(b? — ac)(c? — ab), 


hence the equality from the problem statement is equivalent to either 
a? = be, or b* = ac, or c* = ab. But a* = be means a/b = c/a (that is, 
b,a,c is a three-term geometric progression), and so on. 


. The inequality to prove is 


Qa, + (n — 1)d < bir?! 


where d = ay—Qy, is the common difference of the arithmetic progression, 
and r = bg/b; is the common ratio of the geometric progression. Thus 
we want to show that 


n—1 
ay + (n—1)(a2— a1) < 61 @, #1+(n—1)(@-1) <2" 


for © = ag/a, = bo/b; > O and every positive integer n. This is just one 


of the many forms of Bernoulli’s inequality, and it arises, for example, 
from the identity 


2! _—1—(n—1)(#—-1) = (x1)? (2 ° +22" *4---+(n-3)z+n—2). 
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. Suppose, by way of contradiction, that there are a and r such that 


J/2=ak+r, V3 =al+r, J/5=am+r. Hence, 


v5—-V2__ m—k 
V5-V3 m— 
a contradiction. Indeed, by squaring, we obtain a relation of the form 


J/10 = «+ yV15 with z,y € Q. By squaring again and taking into 
account that V/10, J15 ¢ Q, we easily conclude the desired result. 


EQ, 


. The direct implication is trivial. Now suppose aj < ag <...< Gp aren 


numbers with that property. Because an—a1 > €n—a2 >... > An—An-1, 
we already have n—1 possible differences. Since an_1—a1 > @n_1 —@2 > 
... > An—1 —Gn—2 and they are all strictly smaller than a, — ay, it follows 
that a@n—1 — Qp_-1 = An — Az, OF AE — Ap_1 = An — Gn_1 = constant, hence 
our sequence is an arithmetic progression. 


. Take a prime gq < 12. If q does not divide d, pi, po,..., pg have different 


remainders when divided by q, hence at least one of them is divisible by 
q. But all of them are primes greater than q, which is a contradiction. 
Hence 

2-3-5-7-11 = 2310 | d, 


so d > 2000. 


. Yes, there are. One example is the set of positive integers with an odd 


number of digits. It is clear that this set contains arbitrarily long arith- 
metic progressions because it has arbitrarily long blocks of consecutive 
numbers. On the other hand, it has arbitrarily long gaps, hence it cannot 
contain infinite arithmetic progressions because such sequences cannot 
“leap” over gaps larger than their common difference. 


You can find two more examples in problems 11 and 19 below. 


. Let r be the ratio, let a be the first term, and let d be such that 10¢-! > 


max{r,a}. If b is the largest term of the progression not exceeding 107, 
then it is clear that its first digit is 9. 


A much more challenging question is the following: what is the largest 
possible length of a finite arithmetic progression which does not contain 
such numbers? The answer is 72, but the problem is hard. 


(Baltic Way 2000) Let a, = u+dk. Suppose, by way of contradiction, 
that n is not a prime power. Then there are a,b < n, relatively prime, 
with n = ab. Due to the hypothesis, a |u+ak=>a|uandb|u+bk=> 
b|u,son=ab|u>n|u-+tan, false, i.e., n is a prime power. 
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12. 


Chapter 5 


There are no infinite arithmetic progressions with this property. 
Since the difference between two consecutive terms is constant (hence 
bounded), any infinite arithmetic progression contains numbers which 
begin with arbitrarily many 9s. Therefore, there are numbers with 
arbitrarily large sum of digits, a contradiction. ‘The answer for the 
other question is positive. The key is that $((10* — 1)N) = 9k for 
all N < 10* —1. Let N = @a5... az. Now we have 


(10° —1)N =10*N — N =ajap...a,00...00 — aap... ax 


= aja2... (ax — 1)(9 — ai)(9 — ag)... (9 — ax_1) (10 — ag), 
so S((10* — 1)N) = 9k for all N < 10* — 1, and the proof is complete. 


Let {a; + kd;, k € N}, i = 1,...,n be the n arithmetic progressions. 
Due to the hypothesis, there is an 7 € {1,2,...,n} with 


a; + kd; = djdo...dn => d; | a; 


hence the first part of our problem is solved. 


For the second part, note that the set of positive integers at most equal 
to N can be written as the disjoint union of n sets; set 7 consists of the 
integers from {1,...,.N} that also belong to progression P; = {a;+kd; : 
R= OMe casts 


{Linc I secs VP 


i=1 


The equality of the cardinalities of these sets reads 


rE (Pe4]) 


If we divide by N and pass to the limit for N — oo, we get the desired 
equality 


aa rs 


Alternatively, one can avoid the passage to the limit, if one observes that 

among any d; consecutive positive integers, there is exactly one term 

belonging to progression ?;. Consequently, if we choose N = d,---dhn, 

then among the first N positive integers, there exist precisely N/d; terms 

of the progression ?;, hence the equality of the cardinalities of the above 
mr 


sets becomes N = S N/d;, which is the required relation. 


1=1 
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13. 


14. 


15. 


16. 


The reader will agree (try this as an exercise!) that, starting from 


1 \ce{]1,....N}NP; 


n 
— 


and after performing some computations, one can obtain 


E a n+l 


J di 2 


— 


Such partitions of the set of positive integers are called covers. Covers 
are an important research source in number theory. Interested readers 
are encouraged to read and find out more about them. 


Consider W(3,3) equally distanced points on this circle. By Van der 
Waerden’s ‘Theorem, there are three which determine an isosceles trian- 
gle. 


Let 0 < ay < ag <...< a, be the elements of A. 


Since an tap > An, An —az € A, hence an —ap = An_pZ, OF AR +An—~E = An, 
k=1,2,....n—1. Por2<k<n—-2, agtan_i > 14+ Gn_1 = Qn, 
hence an—1 — az € A, but an_1 —az < An_1 —a2 < An —a2g = An_2, hence 
An—1 — Ak = An—~—1. We deduce that az, — azp_1 = An — An_ 1 for k > 3, 
hence a2,a3,...,@n, form an arithmetic progression. Now it is easy to 
see that the whole sequence is an arithmetic progression. 


Choose A to be the set of all positive integers in that range which contain 
only 1 and 0 in their base-3 representation. It is easy to see that this set 
has the desired property. 


This is a special case of Dirichlet’s theorem. We will prove that for every 
integer n, there is a prime qg such that g = 1 (mod p”). Using this fact for 
n=k,k+1,... successively, we get that the equation x = 1 (mod p*) has 
infinitely many solutions in prime numbers. We begin with a well-known 
result: 


Lemma. If a > 2, then there is a prime q such that q | a? — 1, but q 
does not divide a — 1. 


Proof. Let qg be a prime such that 


2 1 i 

q|A=l+at+a‘t+...ta "= 5 

Clearly, gq | a? —1. Ifqg|a—1<<@a=1 (mod q), we have 
0O=1+a+a*+...+a?' =p(mod q), 
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so gq = p. Consequently, two possibilities arise: either A = p™ for some 
positive integer m, or A has a prime divisor q # p, for which q divides 
a? — 1 and gq does not divide a — 1. 


Assume A = p™ has no prime divisor different from p. Let a—1 = pv, 
(v,p) = 1. Then, 


Pp Dp 
pry = (piv 1P—1= (Plato —1= > (Pahl 


1=0 i=1 


hence the exponent of p in the factorization of p”™v is actually u + 1, 


meaning that m = 1, and A = p — which is impossible for a > 2. (Note 
that here we use the fact that p is odd.) Thus there must exist a prime 
divisor q of A different from p, for which q divides a? — 1 and q does not 
divide a — 1. 

Due to the lemma, there is a prime number gq such that gq | QP" — 1, but 
q does not divide op""" 1. From q | 2°" — 1 and Fermat’s theorem 
(according to which q | 27-! — 1), it follows that q | 2@"9-) — 1. But 
this shows that q = 1 (mod p”), because otherwise, 


n—-1 


—-1>q|2? —-1, 


n—1 


(p",q-1) |p” '= i ae) es 


which is not true. 


Observe however that everything we said in the last paragraph works for 
p = 2, too — except for the words ”due to the lemma”. ‘Thus the result 
can be proved by this method also for p = 2, when we do not need the 
lemma (which is not true in this case, for example if we take a = 2° —1). 


(Laurentiu Panaitopol, IMO 1991) Let d be the common difference of the 
progression. If n is odd, let n = 2/1+-1. Then (J,n) = 1 and (J+1,n) = 1, 
so there is t € {1,2,...,4 —1} such that at4; — a; = 1. That is, d= 1, 
and all numbers smaller than n are relatively prime to it, hence n is a 
prime number. 


Let us consider now the case when n is even. Let n = 2°68 with a > 1, 
and 6 = 1 (mod 2). Note that (6+2,n) = 1 and (6+4,n) = 1 since 2 and 
4 are powers of 2. In fact, if p | G+2™ and p|n with p prime, p cannot 
be 2 since 6 + 2™ is odd, and if p is odd, p|n > p| 6, so p| 2, which 
is false. Moreover, n = 2°%8 > 26 and n> 8 imply 6 < n/2 <n-—4, so 
there are s and t such that a, = 6+2 and a; = 6+4. Thus q —a, = 2, 
and d | 2. Since n is even and greater than 2, n is not a prime andd #1 
follows, hence d = 2, meaning that a; = 2i — 1 for all zi € {1,2,...,k}; 
therefore n has no odd divisor except for 1 (and it is even), so n is a 
power of 2. 
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18. Solution I. (Laurentiu Panaitopol) It is clear that the sequence is 
strictly increasing. 


Lemma. If m <n, then the following double inequality holds: 
Gi ae Oe SO penned a: 
Proof. The first inequality is equivalent to 
BP Gat ao) 2 oS Br ar) 0 
which is true. ‘The second one can be rewritten as 
Cue = pt) (2 32n—m4+1 _ ae 


= ) : gn . gm—l Cee _ Ee) > 0 
and this is true as well, so the lemma is proved. 
Suppose, by way of contradiction, that there are m,n, p € Z™ such that 
a* = QmQy. But from our lemma, 


2n-—-m<p<2n-—-m+l], 


which is a contradiction, and the problem is solved. 


Solution IT. It is well-known that a, is a Mersenne sequence, i.e., 
Q(m,n) = (Am; Gn). Suppose, by way of contradiction, that a, has three 
different terms in geometric progression. 


Lemma. Let n be the smallest positive integer for which there are 
m,p,m<n<_p such that am,an,Qp 18 a geometric progression. Then 
m|n|p. 

Proof. If a,b,c are integers such that b? = ac, then (b,a)* = a(a,c). 
Using this for Q@m,Q@n,@) and keeping in mind the fact that a, is a 
Mersenne sequence, it follows that 


cee ae Am@(m,p) and Ges ae ApQ(m,p): 


Let us look at the first equation. From the minimality of n, it follows 
that (m,n) = n or (m,n) = m = (m,p) hence m | n or n | m and 
since m <n, it follows that m | n. Analogously, n | p from the second 
equation. In conclusion, m | n | p. 


Let n = ma and p= nf, a, 8 > 2. Then we have 
Of. = 2 
Aon = An@agn = 21A2an > Bn 


since don, > a2ay. 
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The answer to the first question is positive, while to the second one the 
answer is negative. Let us first solve (a). Let n be a positive integer. 
Let 2 = py < po <... < pp <n be all prime numbers not exceeding 
n. Let 2 <a, < ao < ag <... < Gy be n pairwise relatively prime 
positive integers. We will prove that there is a positive integer d such 
that d,2d,3d,...,nd are all powers. We will search for a d of the form 


k 
= ] [2% a EN 


i=1 
k . 
For all 7 € {1,2,...,n}, let 7 = II pal ) Due to the Chinese Remainder 
i=1 
Theorem, for all 7 € {1,2,...,k}, there is a; € N such that 
a4, = —a;(j) (mod a;), j =1,...,n. 


Let us now choose , 
d= I] D;' 
i=l 


and observe that jd is a power of exponent a; since 
aj | a; + a4(7) = expy, (dj), i= 1,2,...,k 


Let us now solve (b). Suppose, by way of contradiction, that there are 
a,d € N such that a+ dn is a power for every n € N. Let p >d bea 
prime number. Since (d,p”) = 1, there is n € N such that 


dn = p —a(mod p*) > a+ dn =p (mod p*) > exp, (a+ dn) = 1 


which shows that a + dn cannot be a power, a contradiction. Another 
way to solve (b) is to prove that the set of powers has density 0, hence 
it cannot contain an infinite arithmetic progression, which has positive 
density. 


Suppose 6, = br” with b and r nonzero real numbers, b # 0 and that 
the geometric sequence (bn; )n>1 is a subsequence of the arithmetic pro- 
gression (@n)n>1, where a, = a+ nd for all n > 0, with a and d real 
numbers. Thus we have 

br® =a+nzd 


where nz are nonnegative integers for all k € N. It follows that 


(Nko1 — N~)d = br*(r — 1) 
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for all k and, by dividing side by side two consecutive equalities of this 
type, we get 
fie Uk+2 — beac 
Nk+1 — Nk 
for every k > 0. We conclude, in the first place, that r is a rational 
number, and, second, multiplying these equalities for k from 0 to p— 1 
yields 
Np+1 — Mp = 1? (nr — No) 


for all p > 0. (Thus we obtained that the sequence with general term 
Nk+1 — Nz is a geometric progression with common ratio r.) 


Suppose r = s/t with relatively prime positive integers s and t. The 
above equality reads 


EP (p41 — Np) = 8?(n1 — N09), 


and, consequently, it shows that ¢? is a divisor of n1 — no for every 
nonnegative integer p (because s? and #? are relatively prime). Of course, 
this can happen only if t = 1, leading to the fact that r = s is a natural 
number (greater than 1, by hypothesis). 


Conversely, if b, = br”, with positive integer r, it is clear that the 
geometric progression (b;)n>1 (with common ratio r) is a subsequence 
of the arithmetic progression with general term bn. This problem was 
proposed by Mihai Baluna, for a training camp test (very) many years 
ago. 


Let (a + nd)n>o0 be an arithmetic progression with the first term a and 
the common difference d, a nonnegative integer (if d was negative, then 
a+ nd would also be negative for large enough n) that has two terms 
a+kd = x? anda+lId = y°® a square and a cube, respectively. We 
intend to prove that there also exist nonnegative integers s and z such 
that a+ sd= 2°. 


Note first that, even in the case when the progression is constant (when 
d = 0), the problem is not entirely trivial. Basically, in this case, we 
need to show that if a natural number is both a square and a cube, then 
it is also a sixth power of some natural number. After a moment of 
thinking, the reader will realize that this is a consequence of the unique 
factorization theorem (except for the numbers 0 and 1, for which there 
is nothing to prove). We consider further that d > 1. 


Let 6 = (a, d) be the greatest common divisor of a and d, and let a = day, 
d = dd,, with a; and d, relatively prime positive integers (actually a, 
can be 0). Observe that if 7 is a prime common factor of 6 and dj, 
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then it cannot be a divisor of a; + kd; or of a; + ld, (for otherwise, it 
would be a common divisor of a; and d,). Thus, using the equalities 
a* = 5(ay + kd,) and y® = 6(a; + ld,) and the unique factorization 
theorem, we conclude that the exponent of 7 in the prime factorization 
of 6 is a multiple of 2, and a multiple of 3, too — hence it is divisible by 
6. It follows that 6 can be written in the form 5 = a®°8, with positive 
integers a and Z. Here, a is the product of all prime factors like 7, 
that is, the common factors of 6 and d; (and each such factor has, in 
the factorization of 6, an exponent divisible by 6), while 8 consists of 
those prime factors of 6 that are not factors of d,, therefore 6 and d) are 
relatively prime. Of course a, @ (or both) could be empty products (that 
is, equal to 1). Now it is well-known (and it is not hard to see; use again 
the unique factorization theorem) that if u* divides uv", for integers u 
and v, and positive integer k, then u also divides v. In our case, because 
a® = (a*)? divides x”, it follows that 21 = z/a® is a natural number, 
and x? = B(a, + kdj); similarly, y: = y/a? is a natural number, and 
yi = B(ai + Id). 

Now view the equalities 7? = B(a; + kd,) and y? = B(a; + Id)) as 
equalities in the ring Z/d,Z of the residue classes modulo d, (but, for 
the sake of simplicity of notations, we allow the elements of the quotient 
ring to be named like the corresponding ones from Z). They appear to 
be x? = Bay, and y? = Ba;. Because each of a, and £ is relatively prime 
to d, (as numbers), we conclude that fa, is invertible in Z/d,Z, yielding 
that x, and y; are invertible, too. Raise the equalities 7? = Ba, and 
y? = Ba, to powers with exponents 3 and —2 respectively, then multiply 
the equalities thus obtained (in Z/d,Z) in order to obtain 


(t1y,")° = Bay, or aw, 8) ek = a1, 


Y, 1 and 67! being the inverses of y; and @ respectively, regarded as 
elements (of the multiplicative group of invertible elements) of Z/d,Z. 
Now there is a natural number w such that xr1y, 18-1 = w in Z/d1Z, 
hence the above equality can also be written in the form w®6° = ay (in 
Z/d,Z) which yields an equality of the form B°w® = a; + sd; (in Z), for 
some nonnegative integer s. Finally this implies 


2° = a° B(a, + sdj) = (ay + sd}) =a+sd for z=afw, 


finishing the proof. 

The reader will surely be able to prove in the same manner the general 
fact that if an arithmetic progression contains an mth power (that is, 
a power of a natural number with exponent m), and it contains an nth 
power, then it also has a term that is a [m,n|th power (where [m,n] is 
the least common multiple of positive integers m and n). 
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Complementary Sequences 


Let ao, a1, @2,... be an increasing sequence of nonnegative integers. We 
can define the increasing sequence bo, bi, b2,... of nonnegative integers such 
that 

({an |n EN}, {b, | n € N}) 


is a partition of N. The sequence (b,)nen is called the complementary se- 
quence of the sequence (an,)nen. For example, the complementary sequence of 
nonnegative even integers 0, 2,4,6,8,10,12,... is the sequence of positive odd 
integers 1,3,5,7,9,11,13,15,.... 

We can find the general term of the complementary sequence (b,)nen in 
terms of (@n)nen by the following: 

Proposition 1. For each n,k €N, the following implication holds 


n€ NN [ax — kh, apg. — (kK +1) Sdn =n+k 1. (1) 


Proof. Let k € N. The sequence (bn)ncn must take each value between 
Qk, Ak41 consecutively. Then 


bm+1 — bm = 1, (2) 


for all m € N such that ag < bm < bmi < Qk+1- 
Now let us find m such that az < bm < ap41. Let m be the smallest integer 
for which az < bm. Then if agi. — az > 2, 


bm = ap +1. (3) 
There are k + 1 terms ao, a1,...,a% of (@n)nen which are less than b,,. The 
rest of 
a, +1—(k+1)=a,-—k 
are elements of (bn )nen : 60, b1,-.-,ba,—z—-1- Hence m = ax — k, and from (3), 
we have 


bg, -k =Ak +1 Sb, =mM+k+1. 
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Now the conclusion follows from (2). 

Proposition 2. Let (adn)nen be an increasing sequence of positive integers 
such that (an — N)nen is unbounded, ap = 0, and let (bn)nen be its comple- 
mentary sequence. Then 

b, =n+uy+1, (4) 


where 
Un = max{k Ee Nla,g—k <n}. 


Proof. Let n € N. There exists k € N, k = uy, such that 
Qp—k <n < dpa —(k4+1). (5) 


From proposition 1, b,; =n+k+1 orb, =n+Upy +1. 

Note that the problem of finding the general term of the complementary 
sequence (b,;)nen is to solve the inequality (5). In other words, we must 
determine the greatest integer k so that a, —k < n for given n. Let us consider 
the increasing sequence of nonnegative even integers, a, = 2n, n € N. The 
inequality (5) can be written as 


2k—k<n<2k+2-—(k+1) 
ork<n<k+1,sok=n. Hence u, =n and consequently, 
b, =ntu,+1=> bh, = 2n+1. 


As we have expected, the complementary sequence of nonnegative even num- 
bers is the sequence of nonnegative odd numbers. We just deduced this result 
using the previous propositions. 

One can easily verify that the complementary sequence of odd numbers is 
the sequence of nonnegative even numbers. This result is general; if (bp )nen is 
the complementary sequence of (an)nen, then (@n)nen is the complementary 
sequence of (b,)nen. 

Problem. Find the complementary sequence of the sequence of squares 
of integers, a, =n”, n EN. 

Solution. The inequality (5) can be written as 


k?—-k<n<(k4+1)?—-(kK4+)D)eh—-ken<k4+k 


& (2k —1)? < 4n41 < (2k+1)? 6 2k-1< V4n41< 2k4+1 
2 1+~V/4n+1 
- 2 


ok <kK+1, 


thus 


pe pave’. 
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Now, using (4), we deduce that 


1+ /4 1 


or 
3+ /4n+1 
2 


The following problem was proposed for the IMO 1978. Even from the 
statement, one realizes that it concerns complementary sequences. 

Problem. The set of positive integers is the disjoint union of two se- 
quences f(1) < f(2) <... and g(1) < g(2) <.... Moreover, 


bn =nt| | neN. 


g(n) = f(f(n)) +1 for all n. 


Find f (240). 
Solution. Because f(f(n)) belongs to the first sequence, there are exactly 
n —1 terms of the second sequence smaller than f(f(n)), thus 


f(F(n)) = f(n) +n—-1. 


Now, clearly 1 is not a member of the second sequence, so f(1) = 1 and so 
the first term of the second sequence is 1+ f(f(1)) = 2. Because the second 
sequence does not contain two consecutive numbers, it follows that f(2) = 3. 
But then 


f(3) = f(FQ)) = fQ)+2-1=4, 
f(4) = f(3)+3-1=6, f(6) = f(4) +4-1=9, 


and also, using the same technique, 
f(9) = 14, f(14) = 22, f(22) = 35, f(35) = 56, f(56) = 90, f(90) = 145, 


and finally, 
f(145) = 234, (234) = 378. 


Now, observe that 91 = f(f(35)) + 1 belongs to the second sequence, so 92 
belongs to the first one and f(57) = 92. Therefore 


f (92) = 148 and f(148) = 239. 


Finally, f(239) = 386 and so 387 = 1+ f(f(148)) is a term of the second 
sequence, which implies that f(240) = 388. 

The following example is a famous result due to Beatty. 

Problem. For positive real numbers a, b, the following two assertions are 
equivalent: 
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a) The sequences ([na])n>1 and ([nb])n>1 are complementary; 


1 
b) a and 0 are irrational numbers with — + a= 1. 
a 


Solution. One implication uses a little bit of analysis: let us assume a). 
Then for all N, the number of terms of the sequence [na] which do not exceed 
N plus the number of terms of the sequence [bn] which do not exceed N is 
exactly N. Note however that if ky is defined by 


[Anal <N = (kn + 1)al, 


then there are ky terms of the sequence [na] not exceeding N. Define ry 
similarly for the sequence [bN| and observe that we have kn +rny = N. 
However, the above inequalities imply 


1 1 
kn+rn <(N +1) (= +5) 
a O 
and also 
1 1 
kw try >N (245) — 2. 
a 6 
By dividing these inequalities by N and passing to the limit, we deduce that 
1 1 
ee 
a x b 


Now, this relation shows that in order to prove b), it is sufficient to prove that 

at least one of the numbers a, 6 is irrational. 

Assuming the contrary, we easily see that the two sequences have common 
/ 


terms: ifa = . b= a then [qp’a] = [pq’b], contradicting the fact that the 


two sequences are complementary. Therefore a,b are irrational numbers, and 
the first implication is proved. 


Assume now that b) holds. Let us find the greatest k such that [ka] — k <n. 


We have, by definition of k, the inequalities [ka] < n+k, from where k < ae : 


1 
and |ka+a| >n+k+ 2, which implies k > Lane 1. Therefore, by takin 
a—l 


1 
aol . But 


into account the fact that a is not rational, we can write k = | 


then k+n+1 = [(n+1)b], because b = ae By taking into account the 


“shift” of indices and the theoretical part discussed in the beginning of the 
chapter, we can assert that ((bn]) is the complementary sequence of ([an]). 
This finishes the proof of the other implication. 
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Proposed Problems 


i, 


10. 


11. 


. Prove that the numbers n+ 


. Prove that the numbers N = n+ 


Let us assume that (bn),,-nj is the complementary sequence of the se- 
quence (n + dn),cn- Find in terms of (@n),,cy and (bn),cny the comple- 


mentary sequence of the sequence (n + 20n)neN 


. Find the complementary sequence of the sequence (@n),,¢y given by the 


formula | 
Qn =n? + 3n? + An. 


. Find the complementary sequence of the sequence (an), cn given by 


an =n+ [/nt Vn) . 


1 
. Solve in the set of integers the equation n + vi = | =m?. 


, nEN, cannot be triangular 


3+ /8n4+1 
2 


numbers. (A triangular number is a number of the form t(t+1)/2, where 
t is positive integer. ) 


n + 26 
99 
last two digits 73. In other words, the congruence N = 73(mod 100) is 
impossible. 


, n EN, cannot have the 


. Solve in the set of integers the equation n-+ [logyn] +2=m+2™1. 


. Find the complementary sequence of the sequence an, = n+[./n], n EN. 


10000 


. Find the sum o = S- [/n]. 


n=1 


Let (bn) cy be the complementary sequence of the sequence (an), cn - 
Prove that if a, — b) = 1 for some nonnegative integers k and p, then 
a, =k+p+1andb,=k-+p. 


Let @ = (1+-/5)/2 be the golden ratio, and let a, = [nd] and b, = [nd], 
for positive integers n. Let (fn)n>o be the Fibonacci sequence, defined 
by fo = 0, fi =1, and fn = fn—1t+fn—2 for alln > 2. Prove the following 
properties of the complementary sequences (dp,)n>1 and (bn)n>1: 

(a) Qn + bn = ap, = bg, +1 for all n > 1. 


(b) as, = fn4i —1 and by, = fn4o —1 for even n, while ay, = fn41 and 
bf, = fn+2 for odd n. 
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12. Show that the equation 


irae baa cash 


holds for every nonnegative integer n if and only if ¢ = (1+ V5)/2. 


Solutions 


1. The complementary sequence of the sequence (n+ 2dan),cn_ is 
(Bin /2)) nen . According to the theoretical results, we have b, = n+un+l1, 
where un = max{k|axy<n}. If (0), cy is the complementary se- 
quence of the sequence (n+ 2an),cy, then bf, = n+ Un +1, where 
Un = max {k | 2a, <n}. We have 


n n 
20n SNS OSD ORS FE 


From the definition of u,, the greatest integer with the property that 
n 
ap < =| is equal to Ujp/2], SO Un = Ufn/2]- In conclusion, 


b,, =nt+ Un/2] pole bin /2]- 


2. The complementary sequence (bn),,cn is given by 
b, =nt+ [Wnt 1]. 
Thus, let us determine u, = max {k | a, —k < n}. We have 
ap —k <n kh? + 3k? 4+ 3k <n 
and by adding 1, 
(kK+1P? <nt+1lekti< Wns. 
This is equivalent to k +1 < [¥/n +1], so the greatest number k with 


this property is 
Un = [Vn+1] -1. 


Consequently, 
by =N+Unt+l=nt+ [Vn ll. 
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3. The complementary sequence of the sequence (an), cn is 


4 
/ o 1 
—— Tae we aa l. 
m+ ( oer ; 


We need to find u, = max{k |a,—k<n}. 


We have 
a,~—k<ns [VE + Ve] <n. 


This is equivalent to Vk + Vk <n+1. By adding 1/4, we obtain 


e+ ers. 
2 4 


4 
1 5 | 5 CO 
VES < nt gene ( es 5) 


Thus the greatest integer k which satisfies the previous relation is 


4. 
Un = pe 
a ba 4 2 


SO 


Consequently, 
4 
| 5 1 
_— —_—— 1. 
n=nt+ ( n+ m ; “i 
V4 1 
4. bn, = n+ ae ,n € N is the complementary sequence of the 


sequence of squares. We will prove that 
1+~/4n+1 1 
so the given equation can be written as 
1 2 2 
n+ Vn+ 5 =m © b,-1=m’, 


for n > 1. Obviously, n = 0 is the unique solution of the given equation. 
In order to prove (1), we assume that 


] 4 1 1 
Lt ViBFT 2g c Yaris}, 
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for some positive integer k. Then 


1+ /4 1 
NR ck VinF1< 2-1 


sn<k?-kon<k?-k—-1. 
On the other hand, 


1 1 
kKevntltoevetl on 5 


1 
ant1>B—ktlon> hk, 


which is a contradiction. 


34+ /8n4+1 


5. We prove that 6, =n+ ae is the complementary sequence 


of the sequence of triangular numbers. In this sense, from 
ap~—k<n< agar —(k4+1), 
k(k + 1) 
2 
k(k+1 k+1 2 
(+1) pce (RT IR+2) 
2 2 
> k*—-k<In<k*?+k=> 4k? —4k41<8n41< 4k? 4+4k41 


1+ /&mn+1 
2 


with ay, = , we deduce that 


(k +1) 


>2k-1< VJ8n4+1<2k+1S>k< 
ee 
2 


oe es ga 


. In conclusion, 


sok =| 


yeas | 
ee ee ee eee pty 


n+ 26 
6.0; = 
n=nt 99 
An = 100n + 73. Indeed, 
an —k <n < apy, —(K4+1) > 99K 4+ 73 <n < 99K 4172 


,n € Nis the complementary sequence of the sequence 


ey reas ee 
so k = E al . Finally, 
n+ 26 
— k+1= 
Mek + n+| 99 | 
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7. Let us find the complementary sequence of the sequence a, = n+ 271. 
We have 


an —k <n < Geai —(k +1) = 2*71 <n <2", 
so k = [logy n| +1. Then 


b, =n+k+1=n 4 [logy n] + 2. 
8. With a, = n+ [Vn], we have 
an —k<n< apy, -—(kK4+1)> vie cn< [Vk+1), 


sok =n? + 2n. Finally, b,) =nt+tk+1l=n?4+3n+1. 


9. As we have proved, b, = n+ [,/n] is the complementary sequence of the 
sequence a, = n* + 3n+ 1. Let us consider the sum 


10000 
S= So (n+ [vn)) 
n=1 
or 
S = b) +bo+...+ bi0000. 
Then 
10000 10000 
S= S > (n+ [vn]) = 50,005,000+ S~ [Vn]. 
n=1 n=1 
SO 


S = 50,005,000 + o. 


Because 10100 = bi0000 and 10099 = a99, We have 


(a; tag +...+ag9) + (br +b2+...+b10000) = 1+24+3+...+ 10100, 


or 
(aj +a2+...+4ag99) + S = 51,010,050. 
Hence 
99 
S = 51,010,050 — San 
n=1 


99 
= 51,010,050 — $ °(n? + 3n + 1) — 50,005,000 = 661,750. 


n=1 
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We can give also a direct proof, without using the theory of comple- 
mentary sequences. In order to express the integral part, we write for 
positive integers k, 


[Vn] =kek<Vn<k+1ek’ <n<(k+1) 


or 
[Jn] =keone {k*,k°+1,k7+2,...,k° + 2k}. 


“ | v'10000| 


Taking into account that all terms lying on the same line are equal and 
by using the sum symbol, we deduce that 


6 = 32 (> [vera] | + [v0000 


or successively 


5 = 100457 i = 100+ 4 (2k + 1) 


k=1 \p=0 
99 99 99 

= 100+ 5 °(2k? +k) =100+2S °K + Sok. 
k=1 k=] k=1 


Now, with the formulas 
Ww 
i k — 
> >? : 


we have in particular, 
99 9 
Sk? = 328,350, Sk = 4950. 
k=] 
Thus 
o = 100+ 2- 328,350 + 4950 = 661,750. 
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10. Let us define the sets 


11. 


A= {0958132455 0;+; B = {bo, b1,..., bp}. 


According to the definition of the complementary sequences, the sets A 
and B are disjoint. Because 


O<ag<ajy<...< ay 


and 
0O< bo <b, <...< bp =a, —1, 


it follows that 
AUBC (OG 2eacsas ie ys 


The reverse inclusion is also true. Indeed, if g € {0,1,2,...,a,—1}, 
then there exists a; or 6; such that 


q=a, or gq=5)j. 
The sequences (@n),cy and (bn),cn are increasing, so from 
a= qld, or b =qSaxy—1= by, 
it follows that 1 < k, respectively 7 < p. In any case, q € AUB, so 
AWB S30. 12 cca 
Thus 
(a9 tay +...+ax~) + (bo tdi +... +bp) =O+1 424... + ay. 


There are k + p+ 2 terms in the left hand of the previous equality, so 
we have the first k + p+ 2 nonnegative integers. It follows that 


(ag t+ait+...tax) + (bo +b1+...+b)) =04+1424+...4+(k+pt+1). 


By comparing with the above relation, it follows that a, = k+p+1 and 
consequently, bp = k + p. 


Indeed, (@n)n>1 and (bp )n>1 are complementary sequences, by Beatty’s 
theorem (because ¢ and ¢? are irrational numbers and 1/¢ + 1/¢? = 1, 
as ¢ satisfies the quadratic equation ¢* = ¢+ 1). 

(a) We have to prove that [nd] + [n¢?] = |[nd7]¢] = |[nd]¢?] + 1 for 
every positive integer n. First note that we have [n¢*] < ndé* < [nd?]+1 
(the first inequality from the definition of the greatest integer function 
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could be an equality, but not in the case of an irrational number, like 
nd”), thus 


2 
n— 3 a mS <n 
and, since 0 < 1/¢? < 1, we get 
alee 


Also, we have 1/¢* = 1 — 1/¢, hence the above relation becomes 


in $7] — ne n= 14> ng? — [BEI] 1 =n -1 


? ge 
(we used [x+p] = [x]+p7 for real x and integer p, and [—x] = —[z]—1 when 
x is not an integer). But here we can replace [n¢*] = [n¢+n] = [nd]+n, 


and thus obtain 


ee ao 


Finally, because ¢ = 1+ 1/¢, we have [nd] = n+ [n/¢], therefore (by 
replacing here n with [n¢?]) 


; » fing 
'ind*|¢]] = [nd )+ |e : | = Ind4] + Ind 


as required. 


For the second equality, observe that we can prove 


eg] 


in the exact same way as we proved above the formula |[n¢*]/¢?] = n—1. 
Replacing here 1/¢ = ¢ — 1 yields [[n@]¢] = [nd] + n — 1, hence 


[Ind] $*] = [Ind] + [n¢]] = [[n¢]¢] + [nd] = 2[nd] +n - 1. 


On the other hand, as we already proved, 


[[2¢°]4] = [n¢7] + [nd] = [nd + n] + [ng] = 2[nd] + n = [[ng]¢*] +1, 


and the first part is solved. 


(b) We have ; 
n-k(e-(2)) 
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12; 


thus, for example, 
i 2m 1 1 2m+1 1 
“on = Und = 75 ( 8" — gon) 4] = [Ze (8 - Goer) 
ie aoe 1 1 1 1 
= Fe (« ae a | 7 ‘5 e 7 simi ) 
1 1 1 
= fom4i + “a5 gamti 1 Fm—1 = fam4i — I. 
The last integer part is —1 because the expression inside it can be eval- 
uated: 
1 1 1 \  1+¢@ 1 
3/5 g2mtl a g2m—1 _ — pamt1y/5 a gam 


(since 1+ ¢? =2+6= 6V5), and 0 <1/¢?™ <1. 


The reader will surely be able to solve similarly all the other cases. ‘The 
formula b; = an +7 can also be used for calculating b, with the help of 
Gn, (or vice versa) when the index n is a term of the Fibonacci sequence. 


Part (a) is problem 11238 proposed by Aviezri S. Fraenkel in The Amer- 
ican Mathematical Monthly, 7/2006, and solved by Reiner Martin in the 
same magazine, number 7/2008. Part (b) is a problem from a Romanian 
TST, back in the year 1982. 


Let a = (V5 — 1)/2. We first prove that 
[(n + 1)a] + [([na] + 1)a] =n 
for every nonnegative integer n. Note that a? = 1 — a and let p = [na’; 
we have two possibilities. 
First, when p < na < (n+ 1l)a < p+1, we have [(n + 1)a] = p as well, 
hence we need to prove 
(p+ leal=n-pen-p<(ptla<n-p+l 
> (n—-p)ja<(p+1)—(p+l)a<(n-—p+l)a 
&(n+lha<pt+l<(n+2)a. 


Here the left inequality is true as assumed, and the right inequality is 
true because if it wasn’t, we would have p < na < (n+ 2)a < p+1, 
which would imply 1 = (p+ 1) —p > (n+ 2)a—na = 2a = V5 — 1, 
which is false. 

The second case is p< na < p+1< (n+1)a < p+2, and now we have 
to show that 


(p+ la]=n-—p-1lsSn-p-1<(pt+tla<n-p 
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&(n-—p—la<(p+1)—-(pt+la< (n-p)a 
ena<p+li<(n+1)a, 


which is clear. 


Now, for the problem, assume first that @ = (1+/5)/2, that is, dé = 1/a. 
The equality that we proved is, in terms of ¢: 


All that one has to do in order to get the equation required by the 
problem statement is to evaluate the second term from the right hand 
side using the same equality with |[n/¢] in place of n; then do the same 
with the last term (with n replaced by |[n/d] in the equation where we 
already have made this replacement once), and so on. 


Conversely, suppose that the equation given in the problem statement 
holds for any nonnegative integer n. For n = 0, we see that ¢ > 0 is 
necessary. By comparing with the same equation where n is replaced by 
In/d], we get that 


also holds for all nonnegative integers n. If we divide this equation by n 
and pass to the limit for n — oo, we obtain 


therefore ¢ = (1+/5) /2 follows (since we know that it must be positive), 
finishing our proof. 


This is problem 16551, proposed by Marcel Celaya and Frank Ruskey 
in The American Mathematical Monthly, 6/2012, and solved by O. P. 
Lossers, in 6/2014. 


Remark. Our solution is slightly different from O. P. Lossers’ solution, 
which uses the fact that 


s) +4 _ Leal 


? ¢? 
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thus reducing the crucial (for this problem) equality 


Pel] » BEES 


eg |. p ? ge 


This can be proved immediately by using 1/¢% = 1 — 1/¢, but the in- 
teresting fact for us is that it can be obtained also by a simple counting 
argument. Namely, if we consider again the sequences with general terms 
Qn = [nd] and by, = [nd?] (from the previous problem), then [(n + 1)/¢] 
and [(n + 1)/¢*] represent the number of terms of the complementary 
sequences (Gn)n>1 and (bp )n>1 respectively that are not greater than n; 
of course, the sum of these two numbers is n. The reader is invited to 
prove the facts mentioned in this remark. 


Finally, let us say yet that sequences (Gn)n>1 and (bn)n>1 are called the 
Wythoff sequences; their first few terms are 1,3,4,6,8,9,11,12,14,... 
and 2,5, 7, 10,13, 15,18, 20, 23,..., respectively. 
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Quadratic Functions and 
Quadratic Equations 


A quadratic function defined on the reals is a map f : R > R of the form 
f(z) =az*+br+c 


for a,b,c € R and a # 0. The graph of this function is called a parabola. 
Observe that 


f(a) — fy) =ale-v) (2+u42), 


thus ; 
f(x)=fy)er=y o rty=—-. 


Therefore, x = 7 is a symmetry axis of the parabola associated to f. The 
previous formula also shows that if a > 0, then f is decreasing on (—oo, | 


and increasing on [—s, 00). If x1, 22 are the roots of the equation f(x) = 0, 


Cc ee 
then 2; + x9 = —— and 2122 = -, which are called Viéte’s formulas. Observe 


that they follow fron the fact that f(x) = a(x—21)(%—22). This last formula 
also shows that if a > 0 and z, and 22 are real, then f is negative between 
the roots and positive outside the interval determined by its roots. 

Even though all of these results may seem very elementary, they do have 
surprising applications. We present some of them, with different ideas, but all 
boiling down to quadratic equations or functions. The first problem appeared 
in the Romanian National Mathematical Olympiad in 1994: 

Problem. Let a,b,c, A,B,C be positive real numbers such that the equa- 
tions ax? — bx +c =0 and Az? — Br + C = 0 have real solutions. Prove that 
for any u between the roots of the first equation and for any U between the 
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roots of the second equation, we have the inequality 


(au + AU) (< if =] < Cor 


Solution. Of course, from Viéte’s relations it follows that both equations 
have positive real roots. Let 


f(z) =az?-—be+c and F(x) = Ax*— Br+C. 


By the previous observations and the hypothesis of the problem, we know that 
f(u) <0 and F(U) < 0. This can be also written in the form au + = < b and 
AU + & < B. Therefore 


c C 
b+ B>(au+ AU) + (£45) , 
By combining the last inequality and the AM-GM inequality, we obtain im- 
mediately the desired estimation. 

The next problem is an adaptation of a Vietnamese problem. It is not 
immediate, but the argument should be known, since it appears in many 
problems of this type. 

Problem. Prove that there exist integers a, b,c,d greater than 2007 such 
that 

a? +b? +c? 4d? = abed+ 6. 


Solution. Let us find a solution with small values of a,b,c,d and then 
see how to produce larger solutions. One can easily check that (a,b,c,d) = 
(1,2, 2,3) is a solution of the equation. The idea is to consider this equation 
as a quadratic equation in a (or b, c, d) and to use Viéte’s relations in order 
to obtain new solutions. Indeed, considering the given relation as a quadratic 
equation in a, we find that if (a, b, c,d) is a solution, then so is (bcd — a, b,c, d) 
and also any permutation of the variables, since the equation is symmetric. 
Thus (2, 2,3, 11) is also a solution of the equation and applying the argument 
again, we find the solution (2,3,11,64). Now, if2 <a<b<c< dare 
components of a solution, then b < c < d < bcd —a is another solution. The 
last inequality follows easily because bcd — d = d(bc— 1) > 3d > a. Thus 
we can always create a solution whose smallest component is greater than 
the smallest component of a previous solution. In particular, we can find a 
solution whose smallest component is greater than 2007. 

Problem. Let P be a polynomial with real coefficients such that P(x) > 0 
for all c > 0. Prove that there exist polynomials Q,R with nonnegative 
coefficients such that 

Q(X) 


P(X) = Hx 
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Solution. Here, the essential argument is that every polynomial with real 
coefficients can be factored as a product of linear and quadratic polynomials 
with real coefficients. Call a polynomial good if it can be written as P(X) = 
seat where P,@ have nonnegative coefficients. It is clear that the product of 
two good polynomials is good. Thus, it is enough to prove that P is a product 
of good polynomials. Because P(x) > 0 for all x > 0, so any linear factor 
of P must be of the form X +a with a > 0, thus any linear factor of P is 
good. Consider now a quadratic factor of P, which has no real zeros. It can 
be written as X? — 2aX + b?, with a? < b*. If a < 0, this factor is good, 
so assume that a > 0. We will prove that it is still a good polynomial. The 
following identity proves to be very useful: 


2n—1 
(X? + b7)?" — (2aX)?” = (X? — 2aX +?) S > (X? + 0?)*(2aX)?2-* 7. 
k=0 


It shows that the problem reduces to proving the existence of a number n such 


that sia 
2n a 

4” | — 

(T) >" (e) 


2 2 
Because ( ") is the largest among the binomial coefficients ( ; and be- 
n 


an /2n 2n 4” 
cause ) ( " = 4” it follows that ( > Thus it is enough to 
k=0 


nj) —~ 2n4+1. 
b2\" 
prove the existence of n such that (5) > 2n+1, which is clear because 
b2\" 
(=) 
lim = 
noo 2n+1]1 


This shows that all factors of P are good, so P is also good. 

The use of quadratic equations is not clear from the statement of the 
following problem. 

Problem. Find all positive rational numbers z, y, z such that 


1 1 1 
L+-, Uy =; on as 
Yy z 4 bs 


are all integers. 


1 1 1 
Solution. Let us puta=x+-,b=y+-,c=z+-. Then 
y Z x 


1 1 eee 
LS SS EEE 
b—y ab—1—bax’ 
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hence, 


a-—Zz 1 | 
———_ + = =c > (be — 1)2” ee af 6: 
bolabe tye Mee Ua" + (a—b +c abe)x + ab 0 


Clearly, if be = 1 then b = c = 1 and so a = 1, which is impossible. The 
discriminant of the quadratic equation is 


A = (abe —a—b-—c)? —4. 


Because x € Q, A is asquare. This cannot happen unless |abc — a — b—c| = 2. 
Now, because 


abe —a—b—c=a(be—1) —b—c> be—-1—b-c> -2, 


the relation abc — a — 6 —c = —2 implies bc = 1, a contradiction. 

Similarly, we cannot have abe = a+6+c+2 unless one of a,b,c is 1 or 2. 
If a = 1, we obtain (b — 1)(c — 1) = 4, thus (6,c) = (8,3) or (2,5). If a = 2, 
then (2b — 1)(2c — 1) = 9, thus (,c) is (2,2) or (1,5) or (5,1). Finally, the 


triples are 
1 3 1 2 1 
= ee mee Te | — — 1,1,1 
(x,y, 2) ee 7 € 9 if =. 3, 5) ( y) y) ) 


and similarly for a = 2, b= 1, c= 5 and permutations. 


Proposed Problems 


1. Let k be a nonzero integer, and define \ = k + Vk? — 1. Prove that for 


every integer n, A” + ii is an even integer. 


2. We say that the equations x7 +ar+b = 0 and x7+cxr+d = O are friends 
if they have real and separated roots. More precisely, if we denote by 
£1 < 2X2 and x3 < 24 the roots of the first, respectively of the second 
equation, then 


U1.<%3<%2<%q OY %1]E<K 4X1, <%q < X29. 
Prove that the equation 
9 a+c b+d 
—— ]=0 
1 ile ( 5 )e+ ( 5 


has real roots and it is friends with each of the first two equations. 
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3. For real numbers a, 6 denote 
M(a, B) = {x € R| c? +axr + B = 0}. 
Let a,b,c be integers. Prove that if 
M(a,b) U M(b, c) U M(c, a) = 9, 
thena=b=c. 
4. For real numbers a, {,~y denote 
M(a, B,y) = {x €R| ax* + Be +7 =O}. 
Let a,b,c be nonzero real numbers. Prove that if 
M(a, b,c) 1 M(b, c,a)N M(c, a,b) 4 0, 


then the set 
M(a, b,c) UM(b, c, a) UM (ce, a, b) 


has three or four elements. 
5. Let a,b,c be nonzero real numbers such that 
33(a® + b° + c®) < 31(a? + b° +c)’. 
Prove that we can find a cyclic permutation a, §,~y of a, b,c such that 


{ce €R|az?+ Brt+y=0}=90. 


6. Let a,b,m,n be real numbers such that 
m? +n? —a(m+n)+2b=0. 
Prove that (m+n-+a)* > 8(mn +). 


7. Let n be a positive integer. Denote by F,, the set of all quadratic func- 
tions f : R > R satisfying the relation 


FF) = FF(2)) = --- = FF (m)). 


a) Prove that F,, = @ for all n > 5. 
b) Determine F4. 
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. Let a,6b,c,d be real numbers such that ad > 0 and let x9 be a real root 


of the third degree equation 


axr® + br? +cr +-d=0. 


c? — Abd 


P that xo < 
rove that x9 < qed 


. Let a,b,c be real numbers, a ~ 0. Prove that if a and 4a + 3b + 2c have 


the same sign, then the quadratic equation ax? + bx +c = 0 cannot have 
both roots in the interval (1, 2). 


Let a,b,c be real numbers and let f : R — R be a quadratic function 
with integer coefficients such that 


|f(k)| < ak? +bk+c4+1, 

for all integers k. Prove that b? — 4ac < 9a’. 

Let a, b,c,d be real numbers and f : R > R be the function given by 
f(x) = ax? + bz? + ca 4d. 


Prove that if 
f(2) + #(5) < 7 < f(3) + f(A), 


then there exist two real numbers u and v such that 
utv=7 and f(u)+f(v) = 7. 


Let g,h: R > R be two quadratic functions and let f : R > R be such 
that fog =h. Prove that there exist two real numbers m, n and an 
unbounded interval J such that f(y) = my-+n, for all y € I. 


Let us denote by Q the set of all quadratic functions. Prove that if a 
function f : R > R satisfies the implication: 


gEe€Q=> fogEQ, 
then f(x) = mz +n, for some real numbers m,n. 


Let f,g : R — R be two quadratic functions such that if g(x) is an 
integer, then f(x) is an integer as well. Prove that there exist two 
integers m and n such that f(x) = mg(xz) +n, for all real numbers z. 


Find all functions f : [0,0co) — [0,co) which satisfy the relation 
f(x’ +2) <a f(z) + f(z), 


for all nonnegative real numbers z. 
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16. Let f be a quadratic function such that 


O<f(-1I)<1, O<f()<1, O< fd) <1. 
Prove that f(z) < 4 for all real numbers x € [—1, 1]. 


17. Let x € [0,1], y € [1,2], z € [2,3] be real numbers. Prove that: 
; ag py ts? Say yz = 2 < 7, 


then find the equality cases. 


18. Let a,b, c be positive integers such that b > a*+c?. Prove that the roots 
of the quadratic equation az” + bx + c = 0 are irrational. 


19. Let a,b, x,y be real numbers, x,y > 0, x ~ y. Prove that if the equality 
a? ae y” a a(x”! oa y™*) ate b(2”-? sit af 2) 
holds for n = k and n= k +1, then it holds for all integers n. 


20. Let a > 2 be rational. Prove that any integer solution of the equation 
eae =3)c21=0 


is the cube of an integer. 


Solutions 


1 
1. Let 2} = k+Vk2-—1 and wo = k — Vk? —1 = —————-.. Then 
1 2 ba JRO 


£122 = 1 and 71 + Lp = 2k. We need to show that xz} + x5 is an even 
integer for all integers n. First, observe that > +25 = 2)" +25”, 
thus it is enough to assume that n is positive. The relations 21272 = 1 
and x1 + 22 = 2k show that 21,22 are roots of the quadratic equation 
¢* —2kx +1=0. Multiplying by x” gives 2"t+? = 2ka"*! — x”, thus if 
Qn = 2+ 25, we have an42 = 2kan+1 — Qn, which shows that a, is an 
even integer for all n (by induction). 


2. Denote 
f(z) =2*+ax+b, g(x) =2?+cr4+d 


and 
h(a) = 5(f(2) + 9(2)). 
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If 21,22 and 23,24 are the solutions of the equation f(x) = 0, respec- 
tively g(x) = 0, with x1 < x3 < 42 < x4, then 


f(z) = 2? +ax+b= (x — 21)(x — 22) 


g(x) = 2? +cx+d = (x — 23)(x — 24). 
Note that 


h(x) = 5 [(e-m)(e— 42) + (© - 23)(0 - 24)], 


hence ; i 
h(x1) = 59(1) = 5(21 — 23)(t1 — £4) > 0 


h(x) = 592) = 5 (02 — ©3)(x2 — x4) < 0, 


and, similarly, 


hts) = 5F(as) = 50s — #1)(e — 42) <0 


“W(wa) = Sf (4) = 5(a— 21) (4 — 42) > 0. 
Because h(x1) > 0, h(a2) < 0, and h(x4) > 0 it follows that h has two 
distinct real roots y; € (21, £2), and ye € (2,24); since 41 < y, < %2 < 
yo, h and f are friends. Yet, because h(z,) > 0, h(x3) < 0, and h(x4) > 0 
we see that y, € (11,23), and yo € (x3, 24), thus yy < 43 < Yo < “4, 
that is, h is also friends with g. 


. Clearly, 


M(a,b) = M(b,c) = M(c, a) = 9, 
so the equations 
et+axrt+b=0, 2?+br+c=0, 2? +cr+a=0 
have no real solutions. We impose the conditions 
a? < 4b, b*? < 4c, c? < 4a, 


so a,b,c >1.Ifa=1, then c? <4 c=1 and similarly, b = 1. 
If a,b,c > 2, then 
Z b4 8 


a 7 7 ? 
7 ge <4° >a <3 
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and similarly for b and c. Hence a,b,c € {2,3}. If a = 3, then 
9< 4b b>— = b=3 


and further, c = 3. If a = 2, then c* < 8, so c = 2 and analogously, 
b= 2. 


In conclusion, a = b= c € {1, 2, 3}. 


4. Suppose 
QMeEe M(a, b, c) (ri) M(b, C, a) () Me, a, b); 


then 
aa? ++ba+c=0, ba*+cat+a=0, ca* +aa+b=0 
and, by addition, 
(at+b+c)\(a?+a+1)=0Sat+b+c=0. 
Now we see that 1 € M(a,b,c)NM(b, c,a)NM(c, a, b), and using Viéte’s 
relations, 


M(a, b,c) = ib-} , M(b,c,a) = ihe) , M(c, a,b) = {1,2}. 


We cannot have a= b=c (asa+b+c=0 would givea=b=c=0), 
but it is possible for two of the three numbers to be equal. For instance, 
the conditions a = b anda+b+c=0 easily yield 


1 
M(a, b, c) U M(b, C, a) U M(c, a, b) = 1 —2, -5} 
and the same follows when a = c or b= c. Otherwise we surely have 


es, Va, cage ea, 
b C a 


c 6a 
If we assume, for example, that -— = 5 then a? = be and 
a 


) 2 
(—b-—c)? =be > BU +be+e° =0>5 (b+ = += =0, 


which is possible only for b = c = 0 (but this is not allowed). In conclu- 
sion, when a, 6, and c are mutually distinct 

bc 

c’a 


has four elements (and it has three when two of a, b, and c are equal). 


M(a, b,c) UM(b,c,a) U M(c, a,b) = 1 - 
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5. Assuming the contrary, we obtain 


a’ > Abc, b? > Aca, c? > dab. 
Thus 
a® + b° + c® > 64(a7b? + b°c? + c8a®) = 32[(a? +b? +c)? — (a® +b° + c*)] 


or 
2 
a® + b° + c® > ie (a° +b? + o, 


which contradicts the hypothesis. 


. Let us define the quadratic equation 


f(z) = 2? —ax+b4+ (4 —m)(x2 —n) = 227 —-(mt+nt+a)zr+mn+b. 
According to the hypotheses, 


f(m) + f(n) = 9, 


so the equation f(x) = 0 has real solutions (if not, it results in f(x) > 0 
for all reals x). Consequently, 


A =(m+n-+a)* — 8(mn+b) > 0. 


There is another way to prove the inequality that involves a small com- 
putation. Namely, replacing 2b by a(m +n) — m? — n? and performing 
the computations, the inequality boils down to 


5(m? +n?) + a? > 6mn +t 2a(m +n), 


or 3(m* +n?) > 6mn and 2(m* +n?) +a? > (m+n)? +a? > 2a(m+n). 
This proves the desired inequality. However, it is very important to have 
understood this type of argument using quadratic functions, because a 
very large class of inequalities can be proved using this technique. For 
instance, prove the Cauchy-Schwarz inequality using quadratic functions. 


. The first question is clear because f(f(X)) is a nonzero polynomial of 


degree 4, so it cannot have more than 4 distinct pre-images. Now, let 


a= f(fC)) = FUF(2)) = FUF(3)) = FFA) 


and let yi, y2 be the solutions of the quadratic equation f(y) = a. Thus 


f(1), F(2), F(3), F(4) € tyr, yt. 
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Ifi~ 74k, then the equality f(z) = f(7) = f(&) is impossible. 
Consequently, we must have 


f(1) = f(4) and f(2) = f(3). 
If f(x) = az? + br +c, then ~=144=243, sO 


f(z) = ax? — 5ax+c, 


for some a # 0 and c. 


From f(f(1)) = f(f(2)) and f(1) # f(2), we deduce 


10a —9 


f(1)+ f(2) =-5 > -1l0a+2c=-5>c= ; 


In conclusion, 7 
10a — 5 


f(z) = ax* — 5ax + 
8. Let us define the quadratic function 
f(x) = (arp + b)x? + cx +d, 


b 
under the assumption x9 4 ——. The equation f(x) = 0 has real solutions 
a 


because f (x9) = 0, so 


9 9 c? — Abd 
A =c’ —4d(axp + b) > 0 => 29 - 4ad < c* — 4bd > 20 < laa 
The case to = —b/a is trivial. Indeed, the inequality boils down to 


or > 0, which is clear. 


9. Assuming that that the roots 71, r2 of the equation ax* + bx+c=0 lie 
in (1,2), then 


(x1 — 1)(a2 — 2) + (a2 — 1)(x1 — 2) <0 
C b 
=> 2xy x2 — 3(t1 +22) +4 <0 2-— — 3: (-2) +4<0 
2c + 36+ 4a 
BR ee 


0, 


a contradiction. 
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The conclusion is clear if b? — 4ac < 0, so assume the contrary. Let 
£1 < £2 be the real solutions of the quadratic equation ax” +br+c= 0. 
For any k € ZN |x1, x2], we have 


\f(k)| < ak? + bk +c+1<15 [f(k)| <1. 


f(k) is an integer, so f(k) = 0. Hence the interval |x, 22] contains at 
most two integers. We deduce that 


jvy — £2| <3 > (a1 — 22)? <9 > (x1 +. 20)? — 42122 < 9 


b 2 
an (-2) tA ee OR = Gen 
a a 


The function g: R > R, given by the law 
g(x) = fla) + f(7—2)-7 
is a quadratic function (possibly linear). From the inequalities 
g(2) = f(2) + f(5)-7<0 , g(3) = f(8)+ f(4) -7> 0, 
it follows that there exists u € (2,3) for which 
g(u) =O flu) + f(7—u) =7. 


Hence it suffices to take v = 7 — u. 


Denote 
g(x) =az*+br+c, h(x) =a'2?+Ua4+d, 
SO 
flax? +be+c)=a'a?+a4d. 
For x = 0, c = —b/a, we deduce 
fel=e, fl)=a 5h -+e, 
= b b b ‘ 
| ae es 
” a ot ae 


With b’ = mb, a’ = ma, we derive 
f(ax? + br +c) = m(ax? + bx +c) +n, 


where n = c’ — mc. The case b = 0 is similar. 
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13. 


14. 


15. 


Let a,b,c € R be such that f(x?) = ax* + bx + ¢, for all real numbers z. 
By taking x = 1 and x = —1, we deduce that 6 = 0, so f(x?) = ax? +¢ 
for every real number 7. It follows that f(y) = ay+c for all real numbers 
y € [0, 00). Similarly, f(y) = a’y +c’ for all y € (—o, 0], so 

ayt+c, y € (—0o,0] 


fy) = ay+c, y€|0,00) 


Further, the application x > f(z* + x) is a quadratic function. But 
; az*+ax+c, 2x € (—o0,—1]U (0,00) 
f(a*+2)= 
aa? t+a’e+c', x e€[-1,0 
soa=a’ and c=C, hence the conclusion follows. 


By replacing g by some function of the form g(A +2), we can assume 
that 
g(z) =pz*+s, f(x) =az*+brt+c. 


[k— es 
For any integer k > s, g ( — is an integer, thus f ( - "| 
Pp 


is an integer. ‘Then 


oF) (VF) 


a b 
= — + —_____________—_ € @, 
p (Wk+1-—s+Vk-s),./p 


a 
for every integer k > s. Because jim a, = — and ay € Z for all k > s, 
—0o Pp 


we have ay, = © for all sufficiently large k, thus b = 0 and : EZ. 
The problem is now solved. 


The function g : [0,00) — [0, 00), given by the formula g(x) = x* + z is 
invertible and also increasing. The given relation can be written as 


flg(z)) < # < g(f(z)). 


By replacing first x with g~'(z) and from the monotony of g, we obtain 
that 


f(g(x)) <2 => f(z) <9 (2) 
g fa) se fe) eo"): 


= —-1++/1+42 
Saat, Sane 


Hence 


f(z) = 9 (2) 
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ic Wiha = yay gehave 
Jh(—1)[| < 1/2, [A(O)[| < 1/2, |AC)| < 1/2. 
We use the representation 
n(x) = "Yaa — 1) + Dae +1) + n(0)(1 — 2%) 


17. 


Indeed, the application 


l= (a —1)+ me ax + 1) + h(0)(1 — x?) 


is a quadratic function which coincides with the quadratic function h at 
x=0,2=-1,2=1. Then 


a(z) =“), (e —1)+ ie (« + 1) + h(0)(1 — 2?) 
< —|x|(l1—2)+ +7 lol +2) +50-2%) 


_ cs 
2 ~ 8 
SO . 4 
< eilteee 
Denote 
f(z,y,z) =a? +y? 4+ 2* — zy — yz — 22. 
We have 


fGy2) S2" = et yera ty = ey, 
so f is a quadratic function in z. It attains its minimum at 


Fé [pa 


a Mi 


Consequently, 
f(@,y,2) < f(x,y, 2) < f(x,y, 3) 
>? +y*— xy —2r—-2y+4< f(z,y,z) <2*+y? — zy — 32 —3y49. 


Now, the quadratic function in z, 


ores a? —(y43)r+y2 —3y49 
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attains its minimum at 


so for all x € [0,1], we have 
d(x) < o(0) = y* — 3y +9 <7. 
The other side of the inequality is similar. 
18. If the given equation has rational solutions, then its discriminant 

A = b* — 4ac 

must be a perfect square. This is impossible, because 
(a1) 2b Sdaes ob. 
Indeed, 
2b > 2a” + 2c? > 4ac > 2b > 4ac > 2b> 4ac+1 
> 2b-—1> 4ac > (b—1)* > b? — 4ac. 


19. Note that x,y satisfy the quadratic equation t? — at — B = 0, with 
a=r+y, B= —xy, SO 


a? = ar} + Bar-*, y” = ay”! Bye 


Thus 
gr poy a a(x”! ay) Sey S| Calais aT cae 


According to the hypothesis, 


{ (a — a)(w*-? + yl) + (b— B)(ak-? + y*-?) = 0 
(a — a)(2* + y*) + (6 — B)(e*-? + y*-4) = 0 | 


Ifa—a+#0, then b—6 +40 and 
(a*-1 a ae a a (x* ze Tip | Ca a y*—?) = gh 2yh—2 (4 23 y)? = 0, 


which is impossible. It follows that a —- a= 0 and b— £6 = 0, and the 
proof is complete. 
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20. If x1, 22 are the roots of the given equation, then 


+22 = eH 3a, %%2=1. 
With yy = 3/21, yo = 2/X2, we have 


(y1 + yo) = (Yar + Ya2)? = 21 + 22 +3701 a9( Yai + Ye2) 
=a? — 3a + 3(y1 + y2), 
SO 
(y1 + yo)? — 3(y1 + y2) =a" — 3a 
Or 


(yi + y2 — a) (u a 2 si =) —(a* — | = (); 


which implies y; + yo = a. Further, 


1 
Sr, + 7/rg =a> Vax, + Oi =¢ = \/ 7 —av/z,+1=0. 
1 


Now, let us suppose that z, is an integer and let u = ~/xz;. Then 
u? —au+1=0 and u® = 2. Thus u® — au? + u = 0, from which we 
obtain x; + wu = a(au— 1). This shows that u is a rational number. 
Because u? is an integer, u is also an integer. This shows that 21 is the 
cube of a positive integer. 
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Parametric Solutions for 
Certain Equations 


Real equations with multiple unknowns have in general infinitely many 
solutions if they are solvable. In this case, one important technique is that 
of characterizing the set of solutions by using parameters. We are going to 
discuss two real equations and two parameterizations, but we will go beyond, 
showing how a simple idea can generate lots of nice problems, some of them 
really difficult. 

We begin this discussion with a problem. It may seem unusual, but this 
problem is in fact the introduction that leads to the other themes in this 
discussion. 

Problem. Consider three real numbers a, b,c such that abc = 1 and write 


1 ] 1 
e=at+—-, y=br z=c+-. (1) 
a C 


b y] 
Find an algebraic relation between zx, y, z, independent of a, b,c. 
Solution. Of course, without any ideas, one would solve the equations 

from (1) with respect to a,b,c and then substitute the results in the relation 

abc = 1. But this is a mathematical crime! Here is a nice idea. To generate a 

relation involving x,y, z, we compute the product 


= ae Bae foe 
—— a b C 
1 1 1 
= (+ 4)+(¥+ 5) + (+5) +2 


= (x* — 2) + (y” — 2) + (2* —2) +2. 


Thus, 
ety? +27-asyz=4 (2) 
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and this is the answer to the problem. 

Now, another question appears: is the converse true? Obviously not (take 
for example the numbers (z,y, z) = (1,1,—1)). But looking again at (1), we 
see that we must have min{|z], |y|, |z|} > 2. We will prove the following result. 

Problem. Let x,y,z be real numbers with max{|z|, |y|,|z|} > 2 and 
satisfying (2). Prove that there exist real numbers a, b, c with abc = 1 satisfying 
(1). 

Solution. Whenever we have a condition of the form max{|z], |y|, |z|} > 2, 
it is better to make a choice. Here, let us take |x| > 2. This implies that there 


exists a nonzero real number wu such that x = u+ —, (we have used here the 


condition |z| > 2). Now, let us regard (2) as a second degree equation with 
respect to z. Since this equation has real roots, the discriminant must be 
nonnegative, which means that (x? — 4)(y* —4) > 0. But since |z| > 2, we find 


that y? > 4 and so there exists a nonzero real number v for which y = v+ —. 
Vv 


How do we find the corresponding z? Simply by solving the second degree 
equation. We find two solutions: 


ele 


U 
Aa4=Suwt+—, 2=-+ 
UU U 


1 
and now we are almost done. If z = uv + ee we take (a,b,c) = (1, =) 
u 


y] 


1 
and if z = -- - then we take (a,b,c) = (= “). All the conditions are 


satisfied and the problem is solved. 
A direct consequence of the previous problem is the following: 
If x,y,z > 0 are real numbers that satisfy (2) and such that 


max{|x|,|yl, lel} > 2 
then there exist a, 8, € R such that 
x =2ch(a), y=2ch(8), z= 2ch(y), 
where ch : R > (0,00), ch(x) = ate Indeed, we write (1), in which this 


time, it is clear that a,b,c > 0 and we take a = Ina, 6 = 1nb, x = Inc. 
Inspired by the previous equation, let us consider another one: 


et+y?+27+2yz =4, (3) 


where x,y,z > 0. We will prove that the set of solutions of this equation is 
the set of triples (2 cos A,2cos B,2cosC) where A,B,C are the angles of an 
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acute triangle. First, let us prove that all these triples are solutions. This 
reduces to the identity 


cos? A + cos? B + cos? C + 2cos Acos BcosC = 1. 


This identity can be proved readily by using the sum-to-product formulas, but 
here is a nice proof employing geometry and linear algebra. We know that in 
any triangle we have the relations 


a=ccosB+ bcosC 
b=acosC’'+ccosA 
c=bcosA+acosB 


which are simple consequences of the Law of Cosines. Now, let us consider 
the system 
x—ycosC — zcosB =0 
—xcosC+y—zcosA=0 
—xcosB—ycosA+z=0 


From the above observation, it follows that this system has a nontrivial solu- 
tion, that is, (a,b,c), and so we must have 


1 —cosC’ —cosB 
— cos C' 1 —cosA |=0, 
—cosB —cosA 1 


which, when’ expanded, gives 
cos? A+ cos? B + cos? C + 2cos Acos BcosC = 1. 


For the converse, we see first that 0 < x,y,z < 2, hence there are numbers 
A,Be (0, = such that x = 2cos A, y = 2cosB. Solving the equation with 


respect to z and taking into account that z € (0,2), we obtain 
z= —2cos(A+ B). 
Thus we can take C = 7 — A— B and we will have 
(x,y, Z) = (2cos A, 2cos B,2cosC). 


All in all, we have solved the following problem. 
Problem. The positive real numbers z, y, z satisfy (3) if and only if there 
exists an acute-angled triangle ABC such that 


x=2cosA, y=2cosB, z=2cosC. 
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With the introduction and the easy problems over, it is now time to see 
some nice applications of the above results. 
Problem. Let z,y,z > 2 satisfy (2). We define the sequences (an)n>1, 
(bn )n>1; (Cn )n>1 by 
a2 +a*—4 ; be +y?-4 ce+27-4 


Qn+1 >= aaa n+1 = Bn » Cn4+l1 = On 
n— n— nN 


with aj = x, b} = y, Cc; = z and ag = x’ — 2, bo = y* — 2, Co = 2% — 2. 
Prove that for all n > 1, the triple (an, bn, cy) also satisfies (2). 
Solution. Let us write x =a+t a y= b+ b pa 6 mo with abc = 1. 
Then 
ete ey ees pps 
a C 


So, a reasonable conjecture is that 


1 1 1 
(G43 0756.) = («" + ae + me + =) 
Indeed, this follows by induction from 
1\2 
2 
(e+ =) +a apt gene 1 
n+1 ai 
2 fi 1 qntl 
¢ qgr-1 


and two similar identities. We have established that 


(Qn bac.) = («" + =," + ae" + =) 
But if abc = 1, then certainly a”b"c” = 1, which shows that indeed, the triple 
(dn, bn, Cn) satisfies (2). 

Of a different kind, the following problem and the featured solution illus- 
trate that sometimes an efficient substitution can help more than ten compli- 
cated ideas. 

Problem. Let a,b,c > 0. Find all triples (x, y, z) of positive real numbers 
such that 

et+tytz=a+b+ec 
a?x + b*y + c?z + abc = 4xyz 


Solution. We try to use the information given by the second equation. 
This equation can be written as 
ae bt *_—s atc 


Y2 20 “LY Lyz 


? 
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and we already recognize the relation 
ue +t + ww? + uw = 4, 


C 


a b 
>=, v= >, WU = : 
SYz VJ Zu /LY 
angled triangle ABC such that 


u=2cosA, v=2cosB, w= 2cosC. 


where u = We know that we can find an acute- 


We have made use of the second condition, so we use the first one to deduce 
that 


cty+z=2,/rycosC + 2,/yzcos A+ 2/22 cos B. 


Trying to solve this as a second degree equation in ,/z, after using trigono- 
metric identities and simplifying, we find the discriminant to be 


—4(,/ysin C — /zsin B)’. 
Because this discriminant must be nonnegative, we infer that 


J/ysinC = /zsinB and /z = /ycosC + V/zcos B. 


Now we use the fact that 


a b C 
A SSS —O———_—— B ——— ————— C ———- 3 
cos Wark cos 5 Te , COS 2a 


and we find 


b 1 b+¢c 
Vz = /ycosC + /zcosB = Vy: WE ae re ‘a 


that is z = (b+ c)/2. 
We proceed in a similar manner for y and z, and we get the conclusion: 
b+c c+a a+b 
a Ge a ee a 
It is immediate to see that this triple satisfies both conditions, hence there is 
a unique solution (the above one) to the given system. 
Notice that we almost proved the inequality 


rtyt+2z> 2,/rycosC + 2,/yzcos A+ 2,/zxcos B, 


valid for all positive x, y, and z and for any A, B, and C representing the 
measures of the angles of a triangle. ‘The equality 


xtyt+z=2,/rycosC + 2,/yzcos A+ 2./zx cos B 


occurs if and only if 


NE NE. 
snA sinB  sinC 
We invite the reader to fill in the details of a complete proof. 
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Proposed Problems 
1. Solve in the set of positive real numbers the system 


a+ y?+ 274 2yz=4 
rtytz=3 , 


2. Let x,y, z be positive reals such that x? + y? + z2 + ryz = 4. Prove that 


(2-a)(2-y) , /(2@-y)@-z) , /(@-22-2)_, 
(2+ 2)(2+y) (2+ y)(2 + z) (2+ z)(2+2) , 


3. Find all triples (k,1,m) of real numbers with k+1/+m = 2002 for which 


the system 

ZL 

ae ely 
Yy L 

ez Y 

z L 
—-+-—-=m™ 
L vA 


has solutions in the set of real numbers. 


4. Let x,y,z be positive real numbers such that x + y+ z = xyz. Prove 
that 


1 1 1 2 
a ee 
1l+a2  1+y? 142? (1 + x2)(1+ y?)(1 + 2?) 


5. Let a,b,c be positive reals such that a+b+c+2Vabc = 1. Prove that 


1l—a 1—b 1-—e¢ l-a 1-—b 1—e 
\/ +4/ —— +4) =4/ -4/—— -4/ | 
a b 6 a b C 


6. Prove that the equation x” + y? + z7 + zyz = 4 has infinitely many 
solutions in integers. 


7. Let (Gn)new be a strictly increasing sequence of real numbers satisfying 
y 2 2 
An4+1 + An + An 4 — An41Anan-1 = 4, 


for all positive integers n, with ag = a; = 47. Prove that: 
a) 2+ an is a square for every n € N; 
b) 2+ /2+ a, is a square for every n € N. 
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8. Let a,b,c be nonnegative real numbers such that 
a? +b*+c?+abe=4. 
Prove that 0 < ab+ bc + ca — abc < 2. 


9. Let a,b,c be nonnegative real numbers such that 274+ y?+27+2zryz = 1. 
Prove that xyz < 1/8. 


10. Let x,y, z be positive real numbers fulfilling the condition 
a? + y" +27= LYZ. 
Prove that the inequality 
rytauzt+yz>4(4+y+z)-9 
holds. 
11. Prove that for any positive real numbers 2, y, z satisfying 
cr+tytZz=zryZ, 


the inequality 
(x — 1)(y —1)(z—1) < 6V3 — 10 


holds. 


Solutions 
1. Let us consider the acute-angled triangle ABC for which 
x=2cosA, y=2cosB, z=2cosC. 


Then the second equation of the system becomes 
3 
cos A+ cos B + cosC' = 5? 


so the triangle ABC is equilateral. Thus, x = y = z = 1. 
2. Let A,B,C € [0,7/2) be such that A+ B+C =7 and 
x=2cosA, y=2cosB, z=2cosC. 


Then with 


2—x2 2—2cosA _ 1—cosA _ 2sin? 4 


(a gee ag ee 
2+2 2+2cosA 1+cosA 2cos? 4 pe 


152 


Chapter 8 


one obtains 


(2 — x)(2—y) (2=y)(2:=2) (2=Z)2=2) 
(24+2)(2+y) (2+ y)(2+2z) (2+2z)(2+2) 


ia g 5 etna an Site tan 
ane ania, a) an a 


which is an identity. 


. As we have already proved, 


k? +12 +m? —4= kim, 
and by adding 2kl + 2lm + 2mk, we obtain 
klm + 2kl + 2lm + 2mk+4=(k+l+m)’, 
and by adding 4(k +1+m) + 4, 
(k +2)(1+2)(m+2) =(k+l+m+42) 


or 
(k + 2)(1+2)(m+ 2) = 2004? = 2* . 3 . 1677. 


The factor 167 can occur with exponent greater than 1 in the factoriza- 
tion of neither of k+ 2,1+2, or m+ 2, because the sum 


(k +2) + (1+ 2) + (m+ 2) = 2008, 


and 1672 is much greater than 2008. So two of these numbers have the 
factor 167, say 167 divides k + 2 and/+2. Then 


167 ($4 SE) + (m+ 2) = 2008 
oo k+2 [42 
Ga a +2) = 2*.3? 
Now we cannot have aie: Gees 
67 + We7 = 2° 


because 167 - 13 > 2008, and we cannot have 


k+2 [04+2 
A ds ene 
167 r 167 a 


Parametric Solutions for Certain Equations 153 


because m+ 2 can be at most 24 - 3% = 144, and 167- 11+ 144 < 2008. 


Thus, necessarily, 
k+2 +2 _ 


167 a 167 ne 


and, because (k + 2)/167 and (1+ 2)/167 are factors of 24-3? we see that 
the only possibility is 

k+2_i+2 

167 «167 


Taking into account the symmetry of the equations satisfied by k, /, and 
m, we see that the triples (k,1,m) can only be 


(2,1000,1000), (1000,2,1000), (1000, 1000, 2). 


For these values, the given system has solutions 


(1, 500 + 500? — 1,500 + v/500? — 1) 
(500 + /500? — 1, 1,500 + v/500? — 1) 
(500 + v/500? = 1, 500 + 500? — 1,1), 


4. We prove that there exist A,B,C € |[0,7/2) with A+ B+C=7 and 
eStanA; yotanb,. 2—tanc. 


Let A,B © [0,7/2) be such that « = tan A, y = tan B. Then from the 
given equation, 
cr+y tan A + tan B 


=- = = _ tan(A+ B) = 
1—sxy 1—tan AtanB ana) ae 


where C' = 7 — A— B. Now, 


1 1 ; 
——SS SO = A 
l+a2 1+tan?A a 


and similar equations result for y and z. Finally, 
1 4 1 i 1 Fa ee 
L+o® ty? +22 V/A +22)(1+y?)(1 4 2?) 
= cos? A + cos? B + cos* C + 2cos Acos BcosC = 1, 


which is an identity. 
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5. We have 


(2fa)* + (2Vb)? + (2Vc)? + (2V/a)(2Vb)(2y/e) = 4, 


SO 


Ja=cosA, Vb=cosB, Vc=cosC, 
for some A, B,C € [0,7/2) with A+ B+C=7. Then 


fl-a fl—cos*A_ ia 
a cos? A 


and analogous equations follow for 6 and c. The requested relation be- 
comes 


tan A+tanB+tanC = tan Atan BtanC, 


which is an identity. 


. Let us order the equation with respect to z, 


2 +ayz+a7+y*-4=0. 
If we want integer solutions, then we must have the discriminant 
A = (2? — 4)(y* — 4) 
a square. It is a square if, for example, x = y. In that case, 
ze4+a72+227-4=0 
with /A = Fog — 4| . Then 


—g* + (¢? — 4) 


We have found an infinite number of solutions, 
(x, x,—2), (z; L,2— =") ; 


for every integer x. 


. We have seen in a problem solved in the theoretical part, that the equa- 


tion 


2 Zz 
1 1 1 
Pasa) cele eahaes leds tesa 
a b a b 
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has solutions 


Q|o 


1 
%, =ab+— and pee 
ab b 


One immediately sees that if a > b> 1, then 
1 1 ab 
ab+—>at+-—->—+-. 
ab a boa 
(Indeed, the first inequality is equivalent to (ab — 1)(b—1) > 0, and 


the second transforms into (a? — b)(b — 1) > 0, and we have b—1 > 0, 
ab -—1>1-—1=0, anda? >a>b, hence a? — b> 0.) 


We have i 
ag =a, = 47 =a4+- 
a 
with a = (47 + 21V/5)/2 > 1. By replacing in 
a’, + az + a —agajag = 4 
we find that az = 2, or ag = 477 — 2. Thus, because the sequence is 


increasing, 


1 
a2 = 47? -2=a0°4+ -. 
ay 
Now it seems reasonable to conjecture that 
1 
On = Oye; 
n n + Dn, 


with (bn )nen an increasing sequence of real numbers, all greater than 1. 
And this follows inductively, since, if the result is true for n — 1 and n, 
then an+1 is the solution of the equation 


; Ey? 1. 7 1 1 
— = —|{b — | | bp, =A 
co (+ =| + G 1+ —} (4 -) G 1+ ——)e 


which is greater than a,. According to the above observations, we have 
two solutions for this equation, namely 


1 On On—1 
eS Sie Bik la 


and yet we know that 


1 1 
by bn— — >b)b,+-—> 
Dee a ae ace 
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that is, only the first one is greater than a,. Consequently, we must have 


QAn+1 = Onbn—1 + baba? 


or 
1 


On+1 


Ant1 = On4i + 


y) 


with bnt1 = bnbn—1 > bn. 


Because, as we have seen, bp = 01 = @ and bn41 = bnbyn_1 for all n EN, 
it follows immediately that b, = a*", where (Fy)nen is the Fibonacci 
sequence (defined by Fo = Fy = 1 and Fry; = Fy, + Fn_i for all n > 1). 
Finally, it is not hard to see that a = f*, with 


34/5 
92 y) 


16 


therefore we actually have 


1 


AFy, 
= B a B4Fn ’ 


for all n. Yet 


ieee 


1 = 1 
gest = 3 (08+ ae) — (81+ get) 


for all k > 1 (verify this!) allows us to prove by a standard inductive 
argument that 6* + 6-* is an integer for all k € N (actually a positive 
integer). It remains to see that 


1 ii. “2 
2+ On = 2+ BY" + Fae = = (BP + oe ) 


is a square, and that 


2 
2+ VEE ay = 2+ BP + re = (8+ a | 


is a Square, too, thus finishing the proof. 


. The three numbers cannot be all greater than 1, otherwise we get the 


contradiction 


A=e*+?+et+abe>14+1414+141=4. 
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(For a similar reason, a, b, and c cannot be all less than 1.) Thus we 
may assume, for example, c < 1. We then have 


ab + be + ca — abc = ab(1 — c) + bc + ca > 0, 


and the first inequality is proved. 


Now, from the three numbers there must be two that are both at least 
equal to 1, or both at most 1. If a and b are those we have 


(1—a)(1—}6) >0. 
On the other hand, the given condition and the AM-GM inequality yield 
2ab+ ce +abe< a? +b? +c +abe=46 ab(24+ 0c) < (2—c)(2+0), 
hence ab < 2—c, or ab+c< 2. We thus have 
ab + be + ca — abc = ab+c—c(l—a)(1—6) <ab+cK< 2, 


and we are done with the second inequality, too. 


Note that (when a, b, and c are positive) we have 

a=2cosA, b=2cosB, c=2cosC, 
for some A,B,C ¢€ [0,7/2) with A+ B+C = 7m. Thus we have the 
inequalities 


1 
0<cosA+cosB+cosC —2cosAcosBcosC < 5 


in any acute triangle. The reader can check that equality holds in the 
second inequality for equilateral triangles only, and it is not achievable 
in the first inequality. (Or we can consider that it is achievable, but only 
for a ”triangle” with two right angles.) 


9. Multiplying by 4, we obtain 
(Qa)? + (2y)* + (2z)* + (2x) (2y)(2z) = 4, 


SO 
g=cosA, y=cosB, z=cosC 


for some A, B,C € [0,7/2) with A+ B+C =7. The conclusion follows 
if we take into account that in every triangle ABC, we have 


cos Acos BcosC' < 


00 | F+ 
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We also can prove the result using purely algebraic methods. Indeed, let 
us assume, by way of contradiction, that 


Hee 
Y 2" 


Then, by the geometric-quadratic mean inequality, we deduce that 


2 2 2 1 
Ger Ue a Sar Se 
3 : 2 
and thus 
a? ty? +27 > 
From here, 


Lao? ty? 4274 2ryz > 42-551, 
which is false. 
We immediately get z > 2 from the given condition, since 
cyz =a? +y? +27 > Qzy; 
x > 2 and y > 2 follow analogously. Thus let 


t= 2a. Yo2=b,. 2-2, 


for which a > 0, b > 0, c > O and, of course, x = a+2, y = +2, z = c+2. 
By replacing in the given condition, we obtain 


(a + 2)? + (b+ 2)? + (c +2)? = (a +2) (b+ 2) (c + 2) 
&a*+b?+¢7+4=abe+2(ab+ac+ be), 


after simple computations. 


Now, using well-known inequalities, we have 


ab+ac+be+4<a?+b?+¢?+4=abe+2(ab+ac+ bc) 


he\ 3/2 
< (CtE** + 2(ab+ac-+ bc), 
whence, if we denote t = ,/3(ab+ ac + be), 
3 42 
eae 
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11. 


follows. But this can be rewritten as 
(t — 3) (t+6)* > 0, 


yielding 
V/3(ab+ac+ bc) =t>3>ab+act+be> 3. 


All that remains is to rewrite this in terms of the variables z, y, z: 
(x — 2) (y — 2) + (a — 2) (2-2) + (y— 2) (z-2) 23 


Srytaezt+yz>4(rx+y+z)-9Y, 
thus getting precisely the desired inequality. 


Remark. Let ABC be a triangle with lengths of its sides a, b, and c, 
and semiperimeter s. Also, let 


tan(A/2) tan(B/2) tan(C/2). 


Show that if x, y, and z fulfill the given condition, we can give them 
either of the parametric forms 


S S S 


~ /(s—b(s—c)” = (says) (s—ay(s—b) 


or 
] 1 


1 
"Meant *~ MfeantB7 *~ MFean(CP 


These parameterizations lead to interesting geometric forms of the given 
inequality. 


Since the numbers are positive, from the given condition, it follows im- 
mediately that x < ryz © yz > 1, and similarly xz > 1 and yz > 1, 
thus it is not possible for two of the numbers to be less than or equal 
to 1. If one number is less than 1 and two are greater than 1, the in- 
equality is obviously true (the product from the left-hand side being 
negative), so we consider the case when x > 1,y > 1,z > 1. Then the 
numbers u= z«—1,v =y-—1 and w = z — 1 are positive and, replacing 
e=utily=v4+1,w=2z+4+1 in the condition from the hypothesis, we 
obtain 
uvw + uv + uw + vw = 2. 


By the inequality between the arithmetic mean and geometric mean of 
three positive numbers, we obtain 


uvw + 3Vu2v2w2 < uw + uv + uw t+ vw = 2, 
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hence for t = ~/uvw, we have 
Peer =O 20S Gea) a1 ev) 0. 
From here, t < /3 — 1 follows, yielding the desired inequality 
uvw = t? < (V3 —1)° = 6V3 — 10. 


The only equality case occurs when each of zx, y, and z equals /3. 


Remarks. 1) The unconditioned form of the inequality is 


ee ee | Act+ytz)/e+y+zZz 
(x+y +2) (= +2 +2) -—9> daa Ma Eee a 
ge: a “/ LUZ 
for all positive x, y, and z. 
2) If we parameterize with x = cot(A/2), y = cot(B/2) and z = cot(C’/2) 


(with A, B, and C being the angles of a triangle), we get the celebrated 
inequality of Blundon: 


s <2R+ (3V3—4)r 


(with the usual notations in a triangle: s is the semiperimeter, R and r 
are the circumradius and inradius, respectively). For details, see the arti- 
cle An Elementary Proof of Blundon’s Inequality by Gabriel Dospinescu, 
Mircea Lascu, Cosmin Pohoata, and one of the authors of this book, in 
Journal of Inequalities in Pure and Applied Mathematics, 4/2008. 


3) One can use the inequality from the problem to prove that 


9 
ha + hy + he — 9r > 284/= — 6V3r 


holds in any triangle, where s, R, and r have the same meaning as 
above, while hg, hy, and he, are the lengths of triangle’s altitudes. See 
also problem 11330 from The American Mathematical Monthly, 10/2007. 
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The Scalar Product 


The scalar product of two vectors Uw, v, denoted @- ne is the real number 
obtained by multiplying the lengths of the given vectors by the cosine of the 
angle between them, 

u-vU =u-v-cosa, 


where a = Z(W, Tv). A direct consequence of this definition is the following 
useful property: if 7, W are nonzero vectors, then 


v-Vv=0SULY. 
Further, @ - @% = u2. The scalar product is commutative: 
“v-v=V-d, 
distributive with respect to addition: 
U-(V+B)=U-V4U-D, 
and for every real number \, | 
Mt.) =(AV)- V=U- (AV). 


One can easily prove that the scalar product of two vectors is the product 
between the length of one of them and the projection of the other vector on 
the first vector’s direction. 

Problem. (Euler) Let E,F be the midpoints of the diagonals AC and 
BD of the quadrilateral ABCD. Prove the equality | 


AC? + BD? = AB? + BC? +CD? 4+ DA? — 4EF”. 
Solution I. Let us denote ¢@ = AB, o = BC, C= CD. Then 
AC =a & BD2 tec and ADeaa es ae 
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Further, 
AF = = (AB + 4D) = = (2@+ b +@), 
AB = 540 == (@+8), 
. B= at aB=1(@ +), 
Now, 


AC” + BD? = (+8) 4 (b+?) 
= (a? 42Gb + b*) + (0? +2604 2) 
= +B 4+24+20b 4207. (1) 
On the other hand, 
AB? + BC? +CD* + DA* — 4EF? 
=04+0404+(d+ 042) -+2) 
= 4+ P44 e4P 424278 $260 420O — (2424207) 
=a 4207 +2427b +20. (2) 


The conclusion follows from (1) and (2). 

Solution II. You might find this approach more convenient. We have 
EF — BA + AD+ DF, and, similarly, EF = BC+ CB + BF. Summing up 
these two equalities, and keeping in mind that E and F are the midpoints of 
the diagonals, we get 2EF = AD+C’B. By squaring, we get 


AEF? = AD? + BC? +2AD-CB. 
Now use 
YZ? = XY24XZ2 OXY XZ oY XZ=XV24X72-YzZ? 


for any points X, Y, and Z (which is actually the cosine law — as a moment 
of thinking shows — and can be immediately obtained by squaring YZ = 
XZ—XY ) to evaluate 


2AD-CB =2AD-AB-—2AD- AC 
= (AD? + AB* ~ BD) — (AD? + AC? — CD’) 
= AB* + CD* — AC? — BD’, 
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and replace this in the above expression of 4EF? in order to finish the proof. 
Note that there is no need for ABCD to be a quadrilateral, with AC’ and 
BD as diagonals, but rather, A, B, C, and D may be any points in the (three 
dimensional) space, with E and F the midpoints of AC and BD. (Similar 
expressions can be found for the square of the length of the line segment 
joining the midpoints of AD and BC or the midpoints of AB and CD. For 
instance, if Mf and N are the midpoints of AD and BC, respectively, then 


4M N? = AB? + CD? + AC? + BD* — AD? — CB’, 


and the proof is basically the same.) However, we preferred the classical 
wording, which is due to (anyway, mostly named after) Euler. Euler’s result 
generalizes a much older result of Apollonius which states that the sum of the 
squares of lengths of the sides of a parallelogram equals the sum of the squares 
of the lengths of its diagonals — so that it is known as Apollonius’s theorem. 
A further generalization goes as follows: if A,B,C, D are points in space and 
P and Q are defined by the vectorial equalities PA = kPC , and QB = kQD 
(where k 4 1 is some real number), then | 


(1 —k)*PQ? = AB? + k°?CD? — kAD* — kBC* + KAC? + kBD?. 


Of course, this one misses the symmetry of the particular case k = —1, and 
loses a lot in the realm of beauty. Moreover, it brings no new methods of proof; 
it is just a little bit more general (the result, not its proof). We consider it a 
good exercise for the reader who wants to practice. 

Problem. Let ABCD be a quadrilateral. Prove that the diagonals AC’ 
and BD are perpendicular if and only if 


AB* + CD? = AD? + BC’. 
Solution I. Let us denote @ — AB, ms = BC, C= CD, SO 
AD=@+b4+7. 
We have 
AB? + CD? = AD* + BC? 
ea?te= (t+ 0+?) +P 
eat eae + P4242 +20 EC420S 
er+agb+oe+ ed =0 
 (@+0) (0+) =0 


4 AC-BD=06 AC 1 BD. 
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Solution IT. Or, alternatively, use again 
OXY -XZ=XY*4XzZ?-yz? 


to express 


2AC'- BD = AD? + BC? — AB? — CD? 


(exactly as above) for a very quick proof. Again, note that A, B, C, and D 
need not be the vertices of a quadrilateral with diagonals AC’ and BD. They 
can be any points in space, and the problem says that the perpendicularity of 
AC and BD is equivalent to AB? + CD? = AD? + BC’. 

Problem. Let B, C’, and D be collinear points such that D lies between 
B and C, and let A be any other point. Prove Stewart’s theorem, namely that 


AB*-CD— AD?. BC + AC*- BD = BC- BD -CD. 
Solution. Let r= BD/BC, so that 1—r = CD/BC, and 
(1 ~r)BD +rCD —%. 
We can rewrite the last equation as 
(1—r)(AD — AB) + r(AD — AC) = 0 
and thus AD = (1- r)AB + rAC follows. By squaring, we get 


AD? = (1 —r)?AB? +. r2AC? 4 2r(1 — r)AB- AC 
= (1—r)*AB? +r? AC? + r(1—1)(AB? + AC? — BC’) 
= (1 —r)AB* + rAC* — r(1 — r) BC". 


Now just replace 1 — r and r with who they really are in order to obtain the 
desired identity. 

By the way, Stewart’s theorem turns out to be a very useful tool for com- 
puting the lengths of cevians in terms of lengths of sides of triangles. For 
example, when D is the midpoint of the line segment BC’, Stewart’s theorem 
gives (after very little calculation) 


4AD* = 2(AB* + AC’) — BC?, 


that is, the length of the median of triangle ABC in terms of its side lengths 
(also known as the theorem of median). Check (it is easy) that this is 
equivalent to the aforementioned theorem of Apollonius about parallelograms! 
Also try to compute the length of the angle bisector of a triangle (either 
interior, or exterior) with the help of Stewart’s theorem (use the fact that 
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BD/CD = AB/AC in order to find the lengths of BD and DC in terms of 
AB, AC, and BC), or the length of the symmedian (in this case, use Steiner’s 
theorem, that is, the fact that BD/CD = (AB/AC)’). 

The scalar product also appears quite naturally in problems that do not 
have (at least at first glance) a geometric statement. Consider for instance the 
following problem, whose solution using scalar products is straightforward, 
but which wouldn’t be so easy using another approach. 

Problem. Let a,b,c, d,e, f,g,h be real numbers. Prove that the following 
numbers 


ac+ bd, ae+ bf, ag+bh, ce+df, cg+dh, eg+ fh 


cannot be all negative. 

Solution. Let us consider the vectors (a, b), (c,d), (e, f), (g, h) in a rectan- 
gular system OXY. We can find two vectors, say (a, b) and (c,d), such that the 
angle between them is either acute or 90°. Consequently, the scalar product 
(a, b) - (c,d) = ac + bd is nonnegative. 


Proposed Problems 


1. Prove the altitude to the hypotenuse theorem (the right triangle altitude 
theorem) by using the scalar product. 


2. Let ABC'D be a square, and let I and N be the midpoints of AB and 
BC, respectively. Prove that the lines DM and AW are perpendicular. 


3. Let ABC be a right triangle with m(ZBAC) = 90° and m(ZACB) = 
30°. Let D be the midpoint of BC and let EF be on the line segment AC 
such that AC = 3AE. Prove that AD and BE are perpendicular. 


4. Let ABC be a right triangle with m(ZBAC) = 90° and let AD be its 
altitude from A (D € BC). Let M and N be the midpoints of AD and 
BD), respectively. Prove that AN and C'M are perpendicular. 


9. Let A, B, C, and D be arbitrary points in space, and let M, N, P, and 
Q be the midpoints of AB, CD, AC’, and BD, respectively. Prove that 
MN and PQ are perpendicular if and only if AD = BC. 


6. Let ABCD be a quadrilateral (or a tetrahedron) and let K,L, M,N be 
the midpoints of the sides (respectively edges) AB, BC,C'D, DA. Prove 
the equality 


(AB? + CD?) — (AD? + BC”) = 2(LN? — KM’) =2AC - BD - cosa, 


where q@ is the angle between vectors AC and DB . 
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. Let H be the orthocenter of the acute triangle ABC and let A’ € (HA, 


B' € (HB, C’ € (HC (where by (XY we mean the ray that emerges from 
X and contains Y) be such that HA’ = BC, HB’ =CA, HC’ = AB. 
Prove that the sides of the triangle A’B’C” are perpendicular to the 
medians of the triangle ABC. 


. Let ABCDEF be a convex hexagon and let M,N,P,Q,R,S be the 


respective midpoints of the sides AB, BC, CD, DE, EF, FA. Prove 
that MQ 1 PS if and only if 


RN? = MQ? + PS”. 


. Let ABC be atriangle. Denote by O the circumcenter, D the midpoint of 


side AB, and EF the centroid of the triangle ACD. Prove that OF L CD 
if and only if AB = AC. 


Let ABC and A’B’C’ be given triangles. Prove that if the perpendic- 
ular lines from A,B,C onto B’C’,C’A’, A’B’ are concurrent, then the 
perpendicular lines from A’, B’,C’ onto BC,C'A, AB are concurrent. 


Let ABC be a triangle and suppose there is a point M such that MA, 1 
MA, MB; | MB, MC; L MC, with A; € BC, By € CA, Cy € AB. 
Prove that the points A, .B,,C} are collinear. 


Let A,A 2A3Ay4 be a tangential quadrilateral (that is, it has an incircle 
— a circle within the quadrilateral, tangent to all its sides). Prove that 
A,A2A3A4 is also cyclic if and only if the lines passing through the 
tangency points of the incircle with opposite sides of the quadrilateral 
are perpendicular. 


Let ABCD be a tetrahedron such that AD L BC and AC L BD. Prove 
that AB L CD. 


Let A,A2A3A,4A5 be a pentagon such that the altitudes from Ag, A3, 
Ay, As are concurrent. Prove that all five altitudes of the pentagon are 
concurrent. (By an altitude of a pentagon, we mean for each 1 < k < 5, 
the perpendicular line onto A,Az41, passing through Az+3, with the 
convention A,z45 = Ax). 


Let A;,...,An be points in space, and let w1,...,wn be real numbers 
with w = w, +---+ Wn #0. One can show (prove it!) that there exists 
a unique point X in space such that 


iA, eases A, =O 


The Scalar Product 167 


(X is the center of mass of weighted points (A;,w;)). Prove Leibniz’s 
theorem in one of the forms: 


S w;M A? = 3 wiX Aj + wM X* 


or 
nr 
w > wiM Aj = Ss” ww; AAs + w?M X?, 
i=1 l<i<j<n 
where M can be any point in space. Infer that if w1,..., wp have positive 
sum, then 


Tm Tr 
i=1 i=1 
for any point M, with equality if and only if M=X. 


16. Let ABCD be a tetrahedron for which Kapc = Kapp and Kyacp = 
Kegcp hold (where Kxyx denotes the area of triangle XYZ). Prove 
that in this tetrahedron, we have AC = BD and AD = BC. 


Solutions 


1. Let ABC be a right triangle with m(ZBAC) = 90°, and let AD be 
the altitude from vertex A (with D € BC). We thus want to prove 
that AD? = BD- DC (the length of the altitude from the right angle’s 
vertex is the geometric mean of the lengths of segments determined by 
the altitude’s foot on the hypotenuse). We have 


BD- DC = BD- DC = (AD — AB)(AC — AD) 
~ AD. AC — AD? + AB- AD 
— AD? + AD(AB — AD + AC — AD) 
~ AD? + AD - (DB + DC) = AD*. 


We used AB - AC ~AD.DB=AD. DC = 0 (by perpendicularity). 


Try to prove, for example, that (with the same notations as above) 
AB? = BD- BC with the help of the scalar product (which is the other 
part of the altitude to the hypotenuse theorem, that is, the length of 
one leg of a right triangle is the geometric mean of the length of the 
hypotenuse and the length of the projection on the hypotenuse of that 


leg). 
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2. Solution I. We have 2DM = DA+ DB (because M is the midpoint 


of AB), and 2AN = AB + AC (because N is the midpoint of BC). 
Consequently, 


4DM .AN = DA-AC + DB-AB=0, 


and the conclusion follows. We used DA AB = DB AC = 0 (by 
perpendicularity), and 


_DA.AC =DB-AB=? 


(where | is the length of the side of the square ABCD), by the definition 
of scalar product. 


Solution II. We have 
DM. AN =(DA+AM)-(AB+BN) = DA- BN + AM - AB =0, 


yielding the conclusion. This time we used DA AB = AM BN = 0 
(by perpendicularity), and 


2 
-DA. BN = AM . 4B = — 


by the definition of the scalar product. 


_ We have 2AD = AB + AC (D being the midpoint of BC), and 


3BE = AC —3AB 
(equivalent to SAE = AC). Thus 
6AD - BE = (AB + AC) - (AC — 3AB) = AC? — 3AB? = 0, 


because AB - AC’ = 0 and AC/AB = cot 30° = V3. 


Try to solve the problem without using the scalar product. 
(Hint: triangle ABD is equilateral, and BE is the bisector of ZABD.) 


We have 20M = CA+CD =2CD —AD and 


2AN = AB+AD =2AD + DB, 
hence 
40M . AN = (20D — AD) - (24D + DB) 
~2(CD-DB-—AD- AD) 


= 2(CD-BD— AD’) =0 
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because CD - AD = AD - DB = 0 and CD- BD = AD? due to the 
altitude to the hypotenuse theorem. 


Again, try to solve the problem by classic Euclidean geometry. 
(Hint: what special point is M for triangle NAC?) 


0. We have oMN = AD + BC and 2PO = AD — BC (see the proof of 
Euler’s relation), therefore 


MN - PO = AD? — BC?. 


Clearly, the conclusion follows. 


Try to solve this one by synthetic methods too (no hint this time!). Note 
that such methods can be considered simpler than the use of the scalar 
product for all of the above problems. However, we included them here 
because (at least) for the reader who is less familiar with the scalar 
product, these are very good exercises for practice. 


b. Witvtheneatiens An =o AC = cA = d we have 
abd, B=-2- 
KM = AM-—AK ==(d +? - ), 
LN = AN - AL = <(d —% - 2), 
(AB? + OD?) — (AD? + BC?) = [b+ (d-2)?|-|d?+ (2-0) 
~22(b — d) =2AC- DB. 


(And we have an alternative calculation of the scalar product AC DB 
in terms of lengths of some line segments.) Yet 


A(LN2 — KM?) =(d —b —@)?-(d + @-6Y 
he (h dy =4AC SDB. 


As an application, in each convex quadrilateral, the following assertions 
are equivalent: 


i) the diagonals are perpendicular; 
ii) the segments joining the midpoints of opposite sides are congruent; 


iii) the sum of the squares of the lengths of two opposite sides equals the 
sum of the squares of the lengths of the remaining two sides. 
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7. We prove that AM - B/C’ = 0, where M is the midpoint of BC. We have 


—— — — > 
AM - BIC’ = 5(AB + AC)(HC!' — HB’) 
—> —> —> — 
= 5(AB- HC! — AB. HB! + AC HO! — AC. HB?) 
—> —— 
= 5(AC HC! _ AB. HB’). 
But Z(AC, HC’) = Z(AB, HB’) = > ~ ZA, so 


——- 1 
AM - BG = 5 (ocsin A — besin A) = 0. 


. We have RN = “(FB + EC) and analogously, so RN +M MG + ps= = ‘O: 


Therefore NR= a + PS and 
NR? = MQ? + PS? +2MO- PS. 


Now the condition NR? = MQ? + PS? is equivalent to MO PS = 0, 
that is MQ@ L PS. 


. We have 


OB =, (OA + 0¢' + OB) 2 (GA + 00+ 5 (OA + 0B) 


(304 +20C + OB) 


1 
3 
1 
~ 6 


and 
CD=0D=0C = ; (OA + 0B) - GC = = (Od + OB - 200) 
OF .CD = =, (404. OB —40A.- OC) = 0A. (OB - 00). 


We proved that OF CD = 5A CB. If OF 1 CD, then 


Of -CD=0 +0A-CB=, 


which is equivalent to OA | BC and finally, AB = AC. 


OO 
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10. 


11. 


1, 


Let O be the intersection point of the perpendiculars through A, B,C. 
Let O’ be the intersection point of the perpendiculars through A’, B’, 


on BC and CA, pel Gk Denote OA = 7, OB = 5. OC = ¢, 
b 


— ~~ SS — 
Nag OB =). 00 3c Wehas 


) 
> > 
SO ay Soe ce =?¢-a' = ee It follows that Zen) = 0, 
thus OC’ | AB. 


With the notations MA = a, MB = rg MC = ¢ and 


—_— —> ——> 
ACi _ Pi BA, _ pe CBi _ ps 
OB ou AC ® BA 4%’ 


(thus we considered signed ratios) we have 


~ ~ 
b @ b a eC 
me, motu WA, = ee tw MB, = Be te 


Pit qi p2 + q2 P3 + 93 
—> 
By multiplying with c,d, respectively 6 , we obtain 
— 
0=¢-MCysnb-e=-ne-7? 
—+ + 
0=a- MA, Spad-C=-qgd- db 
+ — ~ 
(ba Mb Spins b Saab ee 
Finally, =. ok 
pip pe Ge eb be 
qi 42 43 b-¢ a: a-d 


thus A;, By, Ci are collinear. 


Let O be the incenter of the quadrilateral and denote ? = OM i, where 
M; are the tangency points of the inscribed circle with side A;Aj;41 
(As = Aj). 
We have 

Ma P= Fh= 7 
and 


Ti: Pet h3-74e= 73° Pet 71: 74=0 


by the definition of scalar product and because A;A2A3 Az is also cyclic 
(hence its opposite angles sum to 180°). It follows 


MMs - MoM, = (73 — 771)(7"4 — 2) =0, 
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SO M, M3 be MoyMz. 
Conversely, if M,M3 | MzM4z, then 


P= i= T= 7 
and 
(73 —71)(74— 72) =0 


hence 


Pie Pot 3: PTa= 3: Poth: 14. 


Because the lengths of T1, To, 73, and 74 are equal, the last equation 
becomes 


cos(180° — A;) + cos(180° — A3) = cos(180° — Az) + cos(180° — Az) 


or 
cos A; + cos A3 = cos Ag + cos Ag, 
that is, 
A; + Ag AAs A3 Ao + A4 Ag — A4 
a cos =o SRC ere ae 


where Aj, Ag, A3, A4 also denote the measures of quadrilateral’s angles 
with vertices in the respective points. We have 


A; + Ag + A3 + Ag = 360°, 


thus 
cos((A; + A3)/2) = —cos((Ag + A4)/2). 


If these cosines are not equal to zero we can simplify them in the above 
equation to get 


cos((A; — A3)/2) = —cos((Azg — A4)/2), 
but this equality leads to a contradiction (check that!). Therefore 
cos((A; + A3)/2) = —cos((Ag + A4)/2) = 


that is 
A; + A3 = Ag + Ag = 180° 


and A;A2A3Az, is cyclic, as we intended to prove. 
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13. 


14, 


15. 


We have 


DA-BC+DB-CA+DC-AB 
—~ DA. (DCG — DB) + DB-(DA— DC) + DG - (DB — DA) =0. 


Thus, if we have AD | BC and AC L BD, the first and the second 
scalar product from the left hand side of this equality being zero, the 
third must be zero, too — that is, AB and C'D are also perpendicular. 


Again, it is not necessary for A, B,C’, D to be the vertices of a tetrahe- 
dron — they can be any points in space. For instance, if they are in the 
same plane, this is a proof of the concurrence of the altitudes of a trian- 
gle. Prove also that if AD | BC and AC’ L BD (and thus, AB | CD, 
too) we have AB? + CD? = AC* + BD* = AD*+ BC?. (Remember the 


expression of a scalar product like AB CD in terms of lengths of some 
line segments! ) 


Basically it is the same idea as in the previous problem. Let H be the 
common point of the altitudes passing through Az, A3, Ag, A5. Because 
we have 


HA, - (H Az — H Ag) + HA» - 


that is, 
HA,-AyA3+ HA g:-AsAq4+ HA3-A,As5+ HAg: AoA; + HAs:-AgAo = 0 


and all scalar products in this equality starting with the second are zero, 
the first scalar product has to be zero, too, meaning that HA, | A3 Az, 
that is, the altitude from A, passes through H, too. 


If we square MA; = MX + X A; we get 
MA? = XA? + MX? 42MX - XA, 
Now we multiply this by w,;, add for z from 1 to n, and thus obtain 
S_ wiM Aj = (>. wal) 4+ wMX? 4+2MX - (>: oka) 
i=l i=1 i=1 


nr 
that is, the required (first) equality, because ) w,X A; = 0. 


1=1 
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mr 


—> 
For the second equality, start by squaring > w,X Aj = 0: 
i=1 
n 
NS wiXAZ+2- 0 ww; XA; XA; = 0. 


i=l 1<i<j<n 


ns 
But 2X A;-X A; =X A?4+X As — A; A%, hence the above equality becomes 


n 


So w?XAP+ S> wywj(X A? + X Aj — A; AF) = 0. 
t=1 


1<i<j<n 
Since 
mr mr nm 
Sw? X Aj + 1S wyw;(X Az + X A’) = (>: « (>: wal) 
i=1 l<i<j<n i= / \i=l 


it follows that 


Tr 
1 
2 _ ay. A. AZ 
— 


1<i<j<n 
and, by replacing this in the right hand side of the first form of Leibniz’s 
theorem, we get the second one. 


The inequality is an immediate consequence of Leibniz’s theorem (in 
the first form), as wM_X? > 0. Clearly, we have equality if and only if 
MX = 0, that is, if and only if M =X. 


Note also that from the second form of Leibniz’s theorem, the inequality 


n 
W w;M A? > ) ww; AAs, 
i=1 1<i<j<n 


can be deduced in a similar manner, again with equality if and only if 
M = X. This time we don’t need the assumption w > 0, because we 
use w*M X2 > 0. 


Remarks. 1) For w; = --- = wy = 1, the point X is the centroid G of 
the points Aj,...,An, that is, G is defined by the vector equation 


GA, ow CA, = 0, 


Or 
MA. +-:-+MA, =nMG 
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for every point M. Leibniz’s formula in this case reads either 


» MA? = - GA? + nMG? 
1=1 
or - 
nS MAP= S_ A;AZ+n?MG?, 
1<i<j<n 


for an arbitrary point M, and we have 


Sica =} So AAG. 
1=1 


1<1v<g<n 


2) The centroid G of a triangle ABC is the (well-known) intersection of 
its medians, and it verifies 


MA? + MB? + MC* = GA? + GB? + GC? +3MGC" 
(the most widely known form of Leibniz’s theorem), or, equivalently, 
3(M A? + MB? + MC’) =a? +0? 4+c°+9MG 


(with the usual notations a = BC, b= AC, c= AB). For M = O (the 
circumcenter of triangle ABC), we obtain 


OG? = R? — 5 (0° + b* + ¢*) 


(R = OA = OB = OC being the circumradius of ABC), and the 
inequality a* + 6? + c* < 9R?, with equality only in the case of an 
equilateral triangle. 

3) Check that the centroid G of a tetrahedron ABCD (or, in general, 
of an arbitrary system of four equally weighted points A, B, C’, and D 
in space, possibly the vertices of a quadrilateral) is the intersection of 
its four medians and three bimedians. A median is the line through one 
vertex and the centroid of the remaining three (for instance, one median 
passes through A and the centroid of triangle BCD), and a bimedian 
joins the midpoints of two opposite edges (like AB and CD). Leibniz’s 
equation in this case is 


MA* + MB* + MC? + MD? = GA’ + GB* + GC? + GD? + 4MG’, 
or one can replace here 


GA? +GB?+GC?+GD? = {(AB? + AC? + AD? + BO? + BD? + CD”). 
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4) As a final example (but there still are many — the reader can enjoy 
finding them), consider again a triangle ABC with lengths of the sides 
a = BC, b = AC, and c = AB. It is well-known that the incenter I of 
triangle ABC is the center of mass of weighted points (A, a), (B, 6), and 


(Cc), that is 2 
GTA EIB LIC = 0. 


or, equivalently, 
aMA +bMB +cMC = (a+b+c)MfI, 
for any point M. Leibniz’s relation states in this case that 
aM A? + bMB* + cMC? = al A* + DIB? + cIC* + (a+b4+c)MI’, 
or that 
(a+b+c)(aM A?+0M B*+cMC”) = abc? + ach? +bca* + (at+b+c)*MI* 
aM A? + bMB? + cMC? = abe + (a+b+c)MI’ 
for every point M. Specializing for M = O (the circumcenter) we obtain 
(a+b+c)R? = abe+ (at+b+c)Ol’, 


or 
abc 


—atbte 

Now, by the well-known equation abc = 4Rrs (with r the inradius and 
s = (a+b+c)/2 the semiperimeter of triangle ABC), this yields an- 
other celebrated formula of Euler, namely the one that gives the distance 
between the circumcenter and the incenter of a triangle: 


OI? = R? 


OI* = R? — 2Rr. 


Euler’s inequality R > 2r (with equality if and only if the triangle is 
equilateral) is an obvious consequence of this formula — and note that 
it is related to the inequality from the result of our problem. 


This is not exactly related to the scalar product, but it uses the above 
proved formula of Euler for four arbitrary points in space. Also, we 
put this beautiful result here because we think that the (quasi)algebraic 
proof that follows (based on Heron’s formula for the area of a triangle) 
is very natural and nice, and it is also very little known; actually, it is 
not known at all — at least we never met it before in any other source. 
Actually, the more symmetric result stating that a tetrahedron with 
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equal areas of faces is equifacial (that is, it has every edge congruent 
to its opposite edge) is the one that reveals an exquisite beauty. The 
reader understands immediately that this result is a consequence of the 
problem discussed below. 


We set a= BC, b= AC,c=AB,x=AD,y=BD,z=CD. 
By Heron’s mentioned formula (with s = (a+ b+ c)/2), 


Kapo = \'8(s — a)(s — 6)(s —c) 


1 
ere. 2a2b? + 2a2c? + 2b2c? — a4 — b4 — c4 


and analogous formulas for the other areas hold, thus the hypothesis can 
be expressed in the equations 


2a*b? + 2a%c? + 2b%c? — a* — bt — c* = 2c?7a? 4+ 2c7y? + 2 y? —c*# — 24-4 
and 
2b7 2? + 2b7 27 + 2x72? —b4 — 24 — 24 = 2a? y* + 20727 4 2y2%z7 — at —y* — 2’. 
We can rewrite the first equality as 
(a2 — y2)? — (a? — 67)? = 2c? (2? + y? — a? — 2), 

or 

(a2 — y? — a? +b?) (a? — y? + a? — Bb?) = 2c? (a? + y? — a? — 8), 
and, similarly, the second equality becomes 

(a? + y? — a2 — B) (x? — y? + a? — b?) = 222(x? — y? — a? +B). 


By multiplying side by side the above two equations and rearranging a 
little, we obtain 


(a? — y? — a? + b*) (x? + y* — a? — b7)((2? — y* + a? — b*)? — 4c7z7) = 0. 
Now we see that each of the equalities 
a? +y*?—a*—b?=0 and 2’*-y*-a?+b?7=0 


implies the other one, and the two of them lead (by addition and sub- 
traction) to x = a and y = b, which is exactly what we intended to prove. 
So it only remains to see what happens if the third factor above is zero, 
otherwise the proof is done. We show further that actually the third fac- 
tor is never zero. In order to do that, let M, N, P, Q be the midpoints 
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of edges AC, BC’, AD, and BD, respectively. We have, according to 
Euler’s result, 

AN P? =Ficty?+2?-a’ — x” 


and 
AMQ? =a? +c? +247+27—b? —-y’. 


The triangle inequality (in triangle NPQ, for example) says that 

NP <PQ+QN, thatis, NP <(c+2z)/2. 
Consequently, we have 
(ctz)? > 4NP?* = b?+c?#4+y274-2?-a?—2? = 2cz > —(x?-y? +a? — 7). 
Applying the triangle inequality again (in triangle PQ) assures that 

MQ < MP + PQ = (c+ 2z)/2, 

yielding 
(c+ 2)? > 4MQ? = a? +c? +27 +427 —b ~y*? => 2cz > om —y* +a? er ie 
Thus we have 2cz > |x%* —y* +a? — b*|, hence 4c7z? > (x? —y? +.a* —b?)? 


meaning that (as claimed) the third factor is never zero. The proof is 
now complete. 
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Equilateral Triangles in the 
Complex Plane 


A large number of problems involving equilateral triangles can be easily 
solved using the geometric interpretation of complex numbers. 

Each complex number z = x + ty can be identified with the point M(z, y) 
from the ry-plane. Let r = OM and let a be the angle between OM and the 
positive direction of the z-axis. We have 


L=rcosa, y=rsina, 


thus 
xz+iy =r(cosa+isina) 


will be the trigonometric form of a complex number. Conversely, r = \/x? + y? 
is the absolute value of z = x + iy, denoted by |z|, and the angle a € (0, 27) 


given by 


cos 2 SO sna = 


is called the argument of z = x + iy. From the identity 
(cosa + isin a)(cos G + isin B) = cos(a + 8) +isin(a + 8) 
one obtains the formulas 
arg(z122) = arg 21 + arg z2 (mod 27) 
and 


arg (=) = arg 21 — arg z2 (mod 27). 


In the Cartesian plane, the distance between A(a1,a2) and B(6y, b2) is 


AB=v (ay = b;)? + (a2 -_ bo). 
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If we consider also the corresponding complex numbers 
ZA=aztiag , zpB=b1 + ib 
we see that 
Za — zB] = |(ay — by) + i(ag — be)| = (a1 — by)? + (a2 — be)?. 


Thus we have the formula 


AB = IZA ary ZB| ‘ 
In what follows we will denote by z,, zB,2c,..-,Zu,--- (or simply by 
a,b,c,...,m,...) the complex numbers corresponding to the points A, B, 


C',..., M,... from the xy-plane. 
Let A(a,,a2) and B(b,,b2) be two points in the zy-plane. We have 
LAOz = argz4, ZBOx = arg zp, so 


ZAOB = ZAOz — ZBOx = arg z4 — arg zp = arg (=) 
B 
Further, we want to give a formula for the angle ZAC’B in complex terms, 
where C is the point C(cj, C2). 
Let A’, B’ be such that the quadrilaterals OA’ AC and OB’BC are paral- 
lelograms. Obviously, 


ZA‘ =ZA—-2C 5 4BI=—2B-—- LC: 
Then 
ZA! 242 
ZACB = ZA'OB!' = arg“ = arg 4%. 
2B 2B—-2C 


Now, we are in a position to give a necessary and sufficient condition for three 
numbers a,b,c to be the images of the vertices of an equilateral triangle. To 
this end, we will use the following characterization: the triangle A(a), B(b), 
C(c) is equilateral if and only if 


/BAC = 3 and BA=AC. 


We have ; 
1 —a 
va = — = — 
BAC qo ee a (1) 
and 
b—a 
BA = AC # |a~ 8| =|a—el |= = (2) 
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Further, the relations (1) and (2) are equivalent to 


b—a Ds 0 
= cos — +7sin —. 
c—a 3 3 


With \ = cos > + isin - we have \? = —1 and \? —-\+1=0. Thus 


2 a= eo 
C= i 


&ar*+b-cA=0 
and by multiplying by 7, we deduce that 
ad*+br\* +c=0. 


2 2 
If we denote w = X*, w = cos > + isin =e we deduce that 


aw* +bw+c=0. 
If the triangle ABC has inverse orientation, we have 
aw* +cw+b=0. 


Conversely, if aw? + bw +c = 0, then a,b,c € C are the images of the vertices 
of an equilateral triangle. Indeed, 


Oa... b—a _ b—a 
c-a —(aw2+bw)-—a —a(w2 +1) — bw 
_ b-a —  b-a 1 
aw—bw w(a—b) Ww 
=-w'=—-\MN=X 


Now, from “—¢ = , it follows 


= =1=> |b-a|=|c—a| > AB= AC 


C— 


and 


Pee =argA = 


as 
c—a 3” 


so the triangle ABC is equilateral. 
We proved that a,b,c € C are the vertices of an equilateral triangle if and 
only if 
aw? +bu+e=0 or aw*+cw+b=0, (3) 
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2 2 
where w ae ee Note that w? = 1 and w?+w+1=0. 


As a direct consequence, if a,b € C are given, then we can easily find the 
third vertex c € C of the equilateral triangle; it is 


c= —aw*—bw or c= —aw — bu’, 


according to the orientation. 
Problem. Let a,b,c € C be such that 


a? +b? + c* = ab+ bc+ ca. (4) 
Prove that a,b,c are the vertices of an equilateral triangle (eventually 
a=b=c). 
Solution I. If a,b,c are vertices of an equilateral triangle, then 


c= —aw?—bw or c= —aw — bw”. 


With these values, (4) is obviously satisfied. 
Conversely, if (4) holds true, we infer 


c? —(a+b)c+ a? +07 — ab=0, (5) 


which is a quadratic equation in c. For given a,b € C, there exist at most two 
values of c satisfying (5). But we have seen that 


c= -—aw*—bw and c= —aw— bu” (6) 


satisfy (5). In conclusion, (5) implies (6) and from (3), a,b,c are the vertices 
of an equilateral triangle. 
Solution II. The given relation is equivalent to 


(a — b)* + (b—c)?+ (c—a)* =0. 
With the notations x = b—a, y = c— a, we derive 
e+y*+(¢—y)? =05 2?-azy+y’ =0. 


If y = 0, then x = 0 and soa=b=c. If y £0, then 


It follows that 
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so the conclusion is true. The other case is analogous. 
Solution III. We have seen that the given relation is equivalent to (3). 
So the idea is to compute the product 


(aw* + bw +c) (aw* + cw + b). 
If you use the properties of w, you will have a nice surprise: 
(aw? + bw +c) (aw? + cw +b) =a? +67 4+ —ab—be—ca 


and now, the conclusion follows. 

Problem. Let A,B,C be three collinear points, B between A and C’. On 
the same semiplane determined by AC’, we consider the equilateral triangles 
ABM, BCN. Let D and E be the respective midpoints of AN and MC. 
Prove that the triangle BDE is equilateral. Moreover, the centroid of the 
triangle BDE is the midpoint of the segment determined by the centroids of 
the triangles AM B and BNC. 

Solution. Let A(0), B(b), C(c) be with b,c € R, 0 < 6 < c. This fact 
is possible if we consider the complex plane with origin A and with AC as 
positive real axis. Using (3), we obtain 


mt+w-0+w7b=0, n+twb+w%c=0, 


SO 
m=-—w*b, n=-—wb-— wc 
Further, 
Fe a+n _ —wb — we 
2 2 
and 
Bae m+c_ —w*b+¢ 
2 2 
Now, 
—wb+e 9 —wh—we | 


b+wet+tw*d=b+w- 0, 


2 " 2 
so the triangle BDE is equilateral. Finally, we have to verify that 
b+d+e l1/fa+m+b in b+c+n 
3 2 3 3 ) 


Before leaving the reader to solve some problems for practice, we discuss 
two more geometry problems that can be easily solved using these methods. 

Problem. Let AOB, COD, and EOF be equilateral triangles having the 
same orientation. Prove that the midpoints of BC, DE, and FA are the 
vertices of an equilateral triangle. 
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Solution. Let O be the origin of the complex plane and let A(a), C(c), 
E(e). Then B(aX), D(cd), F(eX), where X = cos(7/3) + isin(7/3), hence 
A? = —1 and \4 = —X. Letting M, N, P denote the respective midpoints of 
BC, DE, FA, we have: 


avA+e cA +e e\ +a 
N 


Now, with w = 2, we have 


aA+c cA+e e\ +a avA+e cArA+e 
als hy Hise = pecs aaea 


2 4 
» 7 ee, rr acne a 


e\ +a 
2 


atte —-c+ed\? —ed*? —ar 
= ( ee a! =: 

Problem. Let A, B, C' be three collinear points, B between A and C. 
On one side of line AC, we consider the equilateral triangle ACM, and on the 
other side of line AC’, we consider the equilateral triangles ABP and BC'R. 
Prove that the centroids of these triangles are the vertices of an equilateral 
triangle whose centroid lies on AC. 

Solution. Let A be the origin of the complex plane and let AC be the 
positive real axis. If we denote B(b), C(c), then 


P(—w*b), R(—bw — cw”), M(—cw). 


Further letting O,,O2,O3 denote the respective centroids of triangles AC'M, 
ABP, BCR, we have: 


C— CW b — bw? b+c— bw — cw? 
Oe) A 


e-cww b+c—bw—w* b — bw? 
ar ‘w= 


e 


3. 7 3 = 3 


and 


Finally, the centroid of triangle O;O203 is 


1f/c—w b+ce—bw—c* b-—buw? b+c 
\ nn nn )- 


so it lies on the real axis AC 
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Proposed Problems 


1. 


Let a,b,c € C be such that |a| = |b] = |c| > 0 and a+b+c=0. Prove 
that a,b,c are the vertices of an equilateral triangle. 


. Let a,b,c € C be such that 


ab = b¢ = ca £ 0. 


Prove that a,b,c are the vertices of an equilateral triangle. 


. Let a,b,c € C* be such that a? = be and b* = ca. Prove that a,b,c are 


the vertices of an equilateral triangle. 


. Let a,b,c € C be three nonzero complex numbers of equal absolute value 


such that each of the following quadratic equations 
az? +bz+c=0, be*+cz+a=0 


has at least one solution with absolute value 1. Prove that a,b,c are the 
vertices of an equilateral triangle. 


. Let ABC be an equilateral triangle inscribed in a circle of radius R. 


Prove that for all points M on the circle, 


MA? + MB? + MC? = 6R?. 


. Let ABC be a triangle and M,N € AB, P,Q € BC, R,S € CA so that 


AM =MN=NB, BP=PQ=QC, CR=RS=SA. 


In the exterior of the triangle ABC’, we consider again the equilateral 
triangles MNC’, PQA’, RSB’. Prove that the triangle A’B’C’ is equi- 
lateral. 


. Let ABC'D be a quadrilateral such that AD = BC and 2C'+ZD = 27/3. 


We consider the equilateral triangles ACP, DCQ, DBR away from CD. 
Prove that the points P,Q, R are collinear. 


. Inside the quadrilateral ABCD, we consider the equilateral triangles 


ABM, CDP and outside ABC'D, we consider the equilateral triangles 
BCN, DAQ. Prove that the points M, N, P, Q are the vertices of a 
parallelogram. 


. In the exterior of the triangle ABC’, we consider the equilateral triangles 


ABM and ACN. Prove that the midpoints P, Q, R of the segments 
BC, AN, AM are the vertices of an equilateral triangle. 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 
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In the exterior of the triangle ABC, we consider the equilateral triangles 
ABM, ACN. Let P be the reflection of the point A relative to the 
midpoint of BC’. Prove that the triangle MNP is equilateral. 


In the exterior of the triangle ABC, we consider the equilateral triangles 
ABP, BCM, CAN. Let M’ be the reflection of the point M relative to 
A. Prove that the triangle M'NP is equilateral. 


Let XAB, YCD, and ZEF be equilateral triangles with the same ori- 
entation, and let M, N, P, Q, R, and S' be the midpoints of the line 
segments BC’, DE, FA, AD, BE, and CF respectively. 


a) Show that if triangle XYZ is equilateral with the same orientation 
as X AB, YC'D, and ZEF, then triangle MNP is equilateral. 


b) Show that if triangle XY Z is equilateral, and if XY Z and X AB have 
opposite orientation, then triangle QRS is equilateral. 


Let ACE and BDF be equilateral triangles in the plane having the same 
orientation, and let M, N, P, Q, R, and S be the midpoints of the line 
segments BC’, DE, FA, AD, BE, and CF respectively. Prove that 
triangles MNP and QRS are also equilateral. 


Let ABC DEF be a hexagon inscribed in a circle of center O such that 
ZAOB = ZCOD = ZEOF =a. 


Let M, N, P be the respective midpoints of the sides BC, DE, AF. Prove 
that if the triangle MNP is equilateral and the triangle ACE is not 
equilateral, then a = 7/3. 


Let ABCDEF be a hexagon inscribed in a circle. Let M, N, P be 
the midpoints of the line segments BC, DE, and FA, respectively, and 
let Q, R, S be the midpoints of the line segments AD, BE, and CF, 
respectively. Show that if both triangles MNP and QRS are equilateral, 
then AB=CD= EF. 


Let BCA’, CAB’, and ABC" be equilateral triangles constructed on the 
sides of a given triangle ABC, all towards the exterior (or all towards 
the interior) of ABC. Prove that A’B’C’ is also equilateral. 


Let A’, B’, C’, and D’ be the centers of the squares erected outwards the 
quadrilateral ABC'D on the sides AB, BC’, CD, and DA, respectively. 
Prove that A’C’ and B’D’ are perpendicular and have equal lengths. 
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18. Let OAM, OBN, OCP, and ODQ be right-angled, isosceles, and iden- 
tically oriented triangles in the same plane, with hypotenuses OA, OB, 
OC, respectively OD. Let X, Y, Z, and T be the centroids of the 
triangles ANP, BPQ, CQM, respectively DMN. 


Show that the line segments XZ and YT’ are perpendicular and have 
equal lengths. 


Solutions 


1. Solution I. Let z = “a We have 
Cc 


b) _ |d| 
|z| = - TI) ) 
c| |e 
b b+ec —a —a 
a} |P 4a] = [O44] = a] = al 
C C Ic| 


Ifz=x+2y, x,y € R, then 


zJ=1  _fetye=l 
a | =" 


V3 


: 1 3 ] 
By subtracting, z = a and then y? = re We deduce that z = gti 


: 3 
SO (=) = ]. Similarly, (=) = 1. It follows that a> = b° = c®. The 


numbers a,b,c are pairwise different, so we may assume that b = wa, 


1 3 
c= wa, with w = a + ive 


Solution II. We have 


lal” lel lel 


O0=at+b+c=G4+b4+t=-—H+ fe Ve 
a b Cc 
1 1 d1 
=> —-+7>+-=0=>ab+ bc+ca=0. 
a 6 ¢ 


Further, a* + b* +c? = (a+b+c)? — 2(ab+bc+ ca) = 0. Hence 
a? +b? +c? = ab+be+ca (= 0) 


and the conclusion follows. 
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2. We have 


Jab = |be| = |ca] = Jal - |b] = |b] - |e] = Ie] - Jal, 


so |a| = |b| = |c|. Without loss of generality, assume that each of these 
absolute values is equal to 1. Then 


>a?=be, b=ca, PC =absa’?+b?+c? =ab+be+ca 


3. By dividing the given relations, we obtain a® = b°. Then 


> 4 b-B b-a3 
J _ 


a ge ge 
Finally, a? + b? +c? = ab+be+4+ ca. 
4. If |z] = 1 and az*+bz+c=0, then 
2 2 2 
— = 1 b 
O=az2+bz+c=4-2°4+b-°% ee NE te mul 
a 2z Ze C 
1 1 1 1 
eg ee oe “24 +o2+— =0= abe" +acz+be=0 


= b(—bz —c) + acz + be = 0 > (ac — b*)z =0 = b* = ac 
Analogously, c? = ab, and the conclusion follows 


5. Assume that R = 1 and A(1), B(w), C(w*), M(z), with |z| = 1. We have 


MA? + MB? + MC? = |z- 1]? + |z—w|? + ese 


=(z-1)-Z—-14+(z-w)- Zw +4 (z-w) -z—-w? 


=) (5-1) + @-w) (5-0?) + (2-04 (2 -») 
=6-2(1+5 +4) -l@ttu+1)=6. 


6. If we denote A(a), B(b), C(c), then 
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nes) 9(84) 


Hence 
A (- 2c+ b — 2b+ 0"), 
3 
B (-* Fe - 2447), 
3 
2b 2 b 
C (- a — att) 


7. Let us consider the complex plane with the origin O = ADM BC and let 
OD be the positive real semi-axis. Suppose, without loss of generality, 
that AD = BC = 1. We have: A(a), D(a+1), witha € R. aoe =I) 35 
so B(Ax), C(Ax + A), for some real x and A = cos 7 + isin — 3" . Further, 


— —)\a4 dat r? , g=—A(at1)+Me4r , r= —(a+1)d? 4-72. 


rood. : 
Now, is real, hence P,Q, R are collinear. 
dhs — 


8. If we denote A(a), B(b), C(c), D(d), then 
M(—wa — wb), N(—we — wb), P(—we — wd), Q(—wa — w*d). 
We have 
(—wa — wb) + (—we — wd) _. Vee wb) + (—wa — wd) 
2 7 2 
so the diagonals of the quadrilateral M NPQ have the same midpoint, 
hence the conclusion follows. 


9. If we assume A(a), B(b), C(c), then 


M(—wb — wa), N(—wa — w*e). 


= 2g = act pee 
Further, P(***), 9 (S=*** = ee “ 9 and 


b+e a-—wa-w*e a—wb-w*a 45 
nee sie eee eae = 0 
9 a 5 W) + 5 W 


meaning that PQR is equilateral. 


190 Chapter 10 


10. If we denote A(a), B(b), C(c), then 
m=—wb—w*a , n=—wa—w’e. 
The quadrilateral ABPC is a parallelogram, so 
atp=b+c>p=b+c-a. 


Now, 


ptwn+wm = (b+e—a) +w(—wa — wc) + w*(—wb — wa) 


2a-—c—b—wa=0, 


=b+c-a-w 
and the conclusion follows. 
11. With A(a), B(b), C(c), we have 
M(—cw — bw”) , N(—aw — ew”) , P(—bw — aw”) 


and M'(2a+ cw + bw”). The identity m’ + pw + nw? = 0 is now easy to 
check. 


12. Without loss of generality, we may suppose that triangles X AB, YCD, 
and ZEF are directly oriented. 
Then we have (for w = cos(27/3) + isin(27/3)) 


t+aw+bw?=0, ytewt+dw* =0, and z+ew+ fw? =0. 


a) In this case, we have x + yw + zw* = 0. Add the above relations 
multiplied with 1, w, and w? respectively in order to obtain 


(at cw +ew)w + (b+ dw + fw*)w* = 0, 
or (after multiplying by w and using w? = 1) 
(a + cw + ew*)w* + (b+ dw + fw) = 0. 


But this can also be written in the form 


b d 
+c sae ce 


0 
2 2 2 


which means that triangle MNP is equilateral (since m = (b+ c)/2, 
n = (d+e)/2, and p= (f +a)/2). 

b) Similarly, we now have xz + yw? + zw = 0, thus if we multiply the 
equations from the beginning with 1, w?, and w respectively, we get 


(a+ cw? + ew)w + (b+ dw* + fw)w? = 0. 


Equilateral Triangles in the Complex Plane 191 


13. 


14. 


One can immediately note (by using the properties of w) that this is 


equivalent to 


a+d b+e ctf 9 
9 a 5 ar a W) 


that is with g+rw+sw? = 0, proving that triangle QRS is equilateral. 


Note that when points X, Y, and Z coincide, say X = Y = Z = O, 
we get the following nice statement: if triangles DAB, OCD, and OE F 
are equilateral and have the same orientation, then triangles MNP and 
QRS are both equilateral (with M, N, P, Q, R, S defined above), 
because triangle XYZ is reduced to one point, its orientation can be 
considered anyhow. This is a statement that we met before (see one of 
the solved problems) with a slightly different worded solution. Also note 
the particular case: if ABC DEF is a hexagon inscribed in a circle of 
radius R, and AB = CD = EF = R, then triangles MNP and QRS 
are both equilateral (using the same M, N, P, Q, R, S from above). 
For this one point, O is, of course, the center of the circle. 


= 0, 


Suppose ACE and BDF have positive orientation, and, as usual, let 
w = cos(27)/3 + isin(27/3). We thus have 


a+cw+ew? =0 and b+dw+ fw? =0. 


Consequently, 
; d 4 

- Fe FEE = (at ew + eu™)u? + (b+ dw + fu)) = 0, 
and thus, 


a+d b+e 5 ctf 

a ae 
meaning that MNP and QRS are equilateral. Observe that, unlike 
in the previous problem, triangles MNP and QRS now have opposite 
orientations. For the case of a hexagon ABC DEF inscribed in a circle, 
we will see further some converse statements. 


1 
w= 5 ((a t+ cw + ew") + (b+ dw + fur*)w) = 0, 


Assume that A(a), C(c), E(e), and let \ = cosa +isina. Then 
b=Xa, d=dAc, f =d2e. 


The triangle NP is equilateral, so 


a as cA +e oe: eA+a _ 
2 2 2%. 


=> Nat cw + ew?) + (a+ cw + ew*)w? = 0. 


m+nw+pw* =0> 0 
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But a+ cw+ew? #0, because the triangle ACE is not equilateral, thus 


A= -w* > a = 2/3. 


Let w = cos(27/3) + isin(27/3) and let us denote by the small corre- 
sponding letters the affixes of the points, that is, a is the complex number 
represented in A, and so on. Then, of course, we have m = (b+ c)/2, 
n = (dt+e)/2,p = (f+a)/2,q = (a+d)/2,r = (b+e)/2, and s = (c+ f)/2. 
Assume first that triangles MNP and QRS have the same orientation 
(say positive, without loss of generality). So, because these triangles 
are equilateral and directly oriented, we have m + nw + pw? = 0 and 
g+rw+sw* =0. The first of these equalities gives us 


(b+c)+(dte)w+(f+a)w* =0 
which can be also written as 
(a + bw) + (c+ dw)w + (e+ wf)w*? =0 


after multiplication by w (do not forget w? = 1!). 


Similarly, q + rw + sw* = 0 leads to the equality 
(at+d)+(b+e)w+t (c+ f)w* =0, 
which is immediately seen to be equivalent to 


(a+ bw) + (c+ dw)w* + (e+wf)w =0. 


Now there is no problem to see that c+yw+zw? = 0 and 2+yw?+zw = 0 
together imply « = y = z (with the aid of 1+w+w* =0). In our case, 
the equalities 

a+bw=c+dw=e+ fw 


follow. 


But a+ bw = c+ dw, or a—c = (d— b)w shows that AC’ and BD are 
of equal length, which implies either AB = C'D, or AB || CD (as A, 
B, C, and D belong to the same circle). Similarly, a+ bv = e+ fw 
implies AEF = BF, thus either AB = EF, or AB || EF, and from 
c+dw =e+ fw, we infer CE = DF, yielding either CD = EF, or 
CD || EF. Now, since we cannot have AB || CD || EF’, at most one of 
the relations AB || CD, AB || EF, and CD || EF can hold, therefore at 
least two of AB = CD, AB = EF, and CD = EF must be true. That 
is, the equalities AB = CD = EF surely follow. 
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16. 


Prove that in this situation, each of AB, CD, and EF is actually equal to 
the radius of the circle that circumscribes ABC DEF — that is, triangles 
OAB, OCD, and OEF are equilateral, O being the center of the circle. 
(Note that a — c = (d — b)w gives the angle between AC and BD, etc.) 


In the second case (when MNP and QRS have opposite orientations), 
we get 
(b+c)+(dt+elw+(f+a)w? =0 


and 
(a+d)+(b+e)w? + (c+ flw =0, 


and we can rewrite these as 

(a+ cw t+ ew*)w* + (b+ dw + fw*) =0 
and 

(a+ cw + ew") + (b+ dw + fw*)w* = 0, 
respectively. But rw? + y = 0 and z + yw* = 0 imply z = y = 0. 
In our case, we obtain 


atow+ew* =0 and b+dw+ew? =0, 


meaning that triangles BDF and ACE are equilateral, which leads again 
to AB = CD = EF (using the fact that A,B,C,D,E,F are on the 
same circle). This is problem 11470 from The American Mathematical 
Monthly. 


Consider the case when A’, B’, and C” are in the exterior of ABC. 
If ABC is directly oriented, we have 


b — cw Cc — aw a — bw 
a = ——_,, 0 = , and cd = 
l—w l—w 


with w = cos(27/3) + isin(27/3). Thus, 


1 
a’ + bw + lw" = —— (b— ew + ew — aw” + aw” — b) = 0, 


leading to the desired conclusion. We proceed similarly in the case of 
triangles oriented towards the interior of ABC. 


Note that the equilateral triangles A’B’C’ thus obtained are called 
Napoleon’s triangles. Try to prove (possibly by using complex num- 
bers) that the square of the length of the side of the exterior Napoleon 
triangle is 


1 
5 (BC? + CA? + AB? + 45/3) 
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while for the interior triangle, this magnitude equals 
1 
5 (BC + CA? + AB? — 4SV3). 


And thus we get Weitzenbéck’s inequality BC? + CA? + AB? > 48/3 
for every triangle ABC with area S (with equality if and only if the 
triangle is equilateral). 


Why only equilateral triangles? We can work in the same way with 
squares, or right isosceles triangles, or any other isosceles triangle (as we 
have seen in the previous problem). If ABCD is directly oriented we 
have a’ — a = (a’ — b)t, hence 


Ree 
1-0? 
and, analogously, 
b— ct c— dt d— at 
b= = d d’ = ——. 
fae -~ fege = 


(We always keep the same convention that a stands for the number 
represented in A, and so on.) Consequently, 


1 
d —-¥ =-—(-ai-b+ ci +d) =i(e -a’), 


that is, A’C’ and B’D’ are perpendicular and congruent. 


Does the result remain true if the squares are built inwards with respect 
to the quadrilateral ABC'D? 


Remark. There is a nice synthetic proof of this result, based on the 
fact that if both right isosceles triangles OXY and OZT have the right 
angles in O, and they have the same orientation, then XZ and YT are 
perpendicular and congruent (observe the rotation!). 


In our problem, we choose O to be the midpoint of AC’. Using the 
above mentioned fact and the properties of the midline in a triangle, one 
can show that triangles OA’B’ and OC’D’ are right isosceles, and the 
conclusion follows. (Of course, a similar proof works if one considers the 
midpoint of BD.) 


We consider a Cartesian coordinate system with origin O. Then, as one 
can immediately see, we have 


m=(1+i)a/2, n=(1+4+1)b/2, p=(1+i)c/2, q=(14+2)d/2, 
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hence 
1 1+12 1+1 1 1+2 1+42 
o=3( + 5 b+ 5 e). y 5 (0+ 5 e+ 5 ‘), 
1 1+2 1+1 1 1+1 1+2 
— t=-—(|(d 
Zz 5 ( + 5 d+ 5 ). ; ( + 5 a+ 5 5) 


9 9 9 ~' 9 


consequently z — x = i(t — y), and the problem is solved. 
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Recurrence Relations 


One method to define a sequence (%n)n>1 is to express each term of the 
sequence as a function of some previous terms. For example, a sequence can 
be defined if it is given a function f : R — R so that 


ln41 = f (tn); (1) 


for all integers n > 1, and also the first term of the sequence. ‘The recurrence 
(1) is a recurrence of the first order. In particular, 


for some real numbers a, b, a £ 0, is called a linear recurrence of the first order. 
In case a = 1, the sequence (%n)n>1 is an arithmetic progression. If a # 1, 
we always can find a real number a such that the sequence yn, = Zn + & is 
geometric progression. Indeed, we have 


Yntl  tnyita a%,+b+a pe a cae 7 


eS 


Un Ln +a In +a In +a 


y) 


as long as 


b 
i= =— = ——__, 
b+(1—a)a=0, soa = 


A recurrence relation of the form 


AIn+2 + b&n41 + Cin = 0, (3) 


for n > 1, with given 21, 22, is called a linear recurrence of the second order. 
If Xz, A2 € C, Ar # Ae are the solutions of the associated quadratic equation 


ad? +b’\ +c=0, 
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then easily, any sequences 
Yn = CAY and zp = CrAS 


satisfy the recurrence (3), where C € R. It can be proved that the general 
term of the sequence (%p)n>1 is given by the formula 


Ln = AAT + BAS, 


for all integers n > 1 and for some a@ and §#, but only under the hypothesis 
that Ay ~ Ag. If Ar = Ag, the general formula for xz, is best written in the 
form 


_ n—1 n 
Ln =andA, ~ + BAI, 
for some a and £. Analogously, a linear recurrence of order k is one of the 
form 
A0Lln + Q12n41 +... + OeRln4~ = O. 


The associated polynomial 


f(x) = ap +ayz + agx* +...+ aga” 


has roots 21, 22,..., 2%. In case z # z; for all i # 7, our sequence is once again 
of the form 


Ln = 0127 + az +... + Ape, 


for some aj. 
All these are consequences of the following general result: 
Theorem. i) If a sequence of complex numbers (Un)n>1 satisfies a lin- 


ear recurrence with constant coefficients, then f(z) = So unz” 1s a rational 
n>0 
fraction in a neighborhood of 0. 


tt) Suppose that a sequence satisfies a relation of the form 
Un+h = W1Unth—-1 + Q2Un+h—2 +--+» + Qnun; 
where 


Q(x) =1 aa. eee Ca = (1-—a,X)™ (1 — apX)™ ...(1-—asxX)™ 


is the factorization of Q in C[|X]. Then there exist complex polynomials 
P,, Po,...,P; such that deg(P;) <_m,; and 


Un = Py(n)at+ Po(n)agt+...4+P;(n)az. 
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The proof is not very difficult, though quite technical. Let us start with 
the first assertion. Assume that the sequence (un)n>1 satisfies the relation 


Un+th = Q1Unth—-1 + G2Un+h—2 +--+ + QhuUn 


and consider M = max(|q1|, |qo|,.--,|@n|). Then, using the triangle inequality, 
we deduce that 


JUn+rl < M(lun| + [Until +... + [Un+n—1)). 


Let C > max(|uol, |ui|,..-, unl, 1) and let A>1+4+ M. 

We claim that |u,| < CA” for all n. This is clear for n < h. Assuming it 
is true for all values smaller than n+ h, the previous inequality allows us to 
write 


M 
lineal < MCAM(L+A4...4A8 1) <5 a arth < canth 


which finishes the inductive proof. This shows that |u,| < CA” for all n 


1 
and proves that the series ye: Unz” = f(z) converges absolutely for |z| < 7" 
n>0 
Because (Un)n>1 satisfies the relation in the statement of the theorem, all 
coefficients of z* in Q(z) f(z) are zero for k > h. Thus, in some neighborhood 
V of 0, we have the existence of a polynomial P of degree smaller than h such 
P(z) 
that f(z) = for all ze V. 
= OG) 


In order to prove the second statement, we will use i). Write 


_ Pa) 
Q(z) 


On the other hand, a well-known result asserts the existence of numbers 7;; 
such that 


for zeEVv. 


f(z) 


The identity 
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shows that 


a = 2. yore PT ar a. 


r>0 \i=l1 7=1 
Thus 
n+j-1 
n= Dodora("F 27 dar 
i=1 7=1 
which finishes the proof of the theorem. 
Recurrence relations are sometimes useful in solving functional equations. 


Here is a quite challenging example, from Gazeta Matematica’s contest: 
Problem. Find all monotone functions f : R > R such that 


F(F(F(x))) — 8f(F(x)) + 6f (x) = 4a + 3 


for all real numbers z. 

Solution. Let x be an arbitrary real number and define the sequence zp, 
by 2o = x and rp = f(rn_1). The relation in the statement of the problem 
gives 

Ln+3 — 3€n42 + 62n41 = 4%, 4+ 3. 


Consider the sequence an, = Ln — n. Then we have 


for all n. Because the equation t? — 3t? + 6t — 4 = 0 has the solutions 1, 2e°3 , 
2e~ 3, it follows that there exist functions A, B,C such that 


tn = A(z) +2" (B(x) cos (=) + C(a) sin (=*)). 


From the relation satisfied by f, it follows immediately that f is injective, 
so actually f is strictly increasing (it is clear that if f is decreasing, then 


f(F(F(@))) — 3f(F(x)) + 6F (x) is decreasing). 
Now, let x < y. Because f"(x) < f(y) for all n (where f” denotes the 
composition of f with itself n times), it follows that 

A(z) ~ A(y) 


(B(x) — B(y)) cos (—*) + (C(w) — C(y)) sin () > SS 
By writing the same relation for n+ 3, we immediately deduce that 
(B(x) — B(y)) cos (—*) + (C(x) - Cly)) sin () =0 


for all n, which implies that the functions B,C’ are constant, equal to some 
b,c. Because 


i (SAT) 2" (bcos ee + csin (=)) 
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for all n and all x, we easily deduce by taking n = 0 and n = 1 that f(x) = x+1 
for all zx. 

Let us say a few words about homographic sequences. These are sequences 
satisfying relations of the form 


We can actually compute the general term of such a sequence. Let us suppose 
that ad 4 bc, the other case being trivial. 


Let us search for xv, a formula zx, = i Then 
nr 


Yn+1 _ ayn + bzn 
n+] Cyn + dzn 


We then impose 


Yn+1 = Yn + ben 
Zn+1 = Cyn + dzn 


These relations imply that (Yn)n>1 and (Zn)n>1 satisfy second order recurrence 
relations, and thus their general terms can be explicitly computed. From here, 
we find the general term of (tn)n>1. 

It should not seem unnatural that a sequence satisfying a recurrence of 
order k and having only a finite number of distinct terms is periodic. This 
will be the key argument in the following example, taken from a Romanian 
National Olympiad. 

Problem. Let 2}, 22,...,2n be complex numbers such that the sequence 


Up = 2+ 2h +...42% 


takes only a finite number of values. Prove that (ux,)~>1 is periodic. 
Solution. The main theorem of this chapter shows that uz satisfies a 
recurrence of order n. This can be also directly established: if 


n 
oj, = ) a So = ) Rie ies. On — Zi sa teas 
w=1 


1<i<j<n 


then 


ra — Pair) + zr Go +i...+ (—1)"S, = 0 


for alll <i<n. 
By multiplying by ar and adding up these relations, we obtain 


Untk — S1Untk_1 +... +(-1)"Syux = 0. 
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Now, suppose that (u,),>1 takes only finitely many values. Then so does 
the sequence of n-tuples (uz, Upi1,---,Ue4+n—1). Thus there are 1 < j such 
that uy = Uj, Uit1 = Uj41,---) Uit+n—-1 = Ujtn—1- The recurrence relation 
immediately implies that the sequence (uz), becomes periodic with period 
7-1. 

Unfortunately, in most of the cases we cannot find the general term of a 
sequence, even in case of the easiest recurrence relation 2n41 = f(%n). Usually, 
in these cases, we are interested in the asymptotic behavior of the sequence 
and, in particular, we would like to study its convergence. Clearly, if f is 
continuous and (%n)n>1 converges, then the limit is a fixed point of f. Also, 
if we manage to find an interval IJ such that f(J) C J and f increases on 
I, then if we can find no such that z,, € I, the sequence (%p)n will rest in 
I for n > no and will become monotone. If J is also bounded, then (%n)n 
will converge. However, things are much more complicated in practice, as the 
following example shows. 

Problem. Study the sequence (%n)n>o9 where rp € R and 


En+1 = 202 — 1. 


In particular, find those xo for which the sequence converges and find its 
limit in this case. Also, find a closed form for rn. 

Solution. An easy case is when |xo| > 1. Then it easily follows by 
induction that x, > 1 for n > 1, and since 


Peet ty = 2a 1) ee = 1) 0, 


the sequence is increasing. 
We conclude that lim x, = oo, because if lim z, =1€ R, then! = 2/?—-1, 
noo N—- Oo 


1 
thus | = = or 1! = 1, which cannot happen because | > x; > 1. If we let 
E | _ et ate e @ 
0 ao ) y) 
then 


and by induction, 


where a = In(|zo| + \/x% — 1). Thus 
_ (ol + V29—V)" +(lzol-Vem-D" |g, 
Ro 2 il. 


y) ) 
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The more difficult case is when zp € (—1, 1) (the cases zo = £1 are trivial). 
Let a = arccos %p; then an immediate induction shows that x, = cos(2”a). 


Let us suppose that 2, converges to |. Then / = 2/7 — 1, thus / = Gs or 
1 =1. Suppose that 1 = 1. Then 


IZn41 — 1] = 2\an — 1] -|en + lI, 
thus |%n41 — 1] > 2|z, —1| for n > no. If zn, #1, then 
tn — 1] > 2"-™]ang — 1], 
which contradicts the fact that dim [tn —1]| = 0. Thus zy, = 1, and the 


1 
sequence is constant from the rank no. Now, suppose that / = a, Then 


20n41 +1 = (Qt, 4+ 1)(22, — 1), 


which implies 
3 


1 
Similarly, t;, = a and the sequence becomes constant from the rank n. 


2k 
Thus the sequence converges when 29 = cos ao for some n and 0 < k < 2” 


2 
okr + 


or Xp = COS for some m and0<k < 2™. 


Proposed Problems 


1. Let (2n)n>1 be a sequence of real numbers defined by x; € (0,1) and 
Ln4+1 = Ln —- hed for all n > 1. Prove that: 


a) The sequence (%n)n>1 converges to 0 and limn_,.-Ntpy, = 1. 


b) We have limyn_4o. po (1 — nan) = 1. 
2. Let x9 = x1 = 1 and for any positive integer n, 


2 +1 
Int+1 = . 
Ln—1 


Prove that x, is an integer for all n. 


3. Test for convergence the sequence (%n)n>1 given by the recurrence rela- 
tion 


5 
Ci =o a 
Ln, 
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. Let (%n)n>1 be a sequence of positive real numbers given by the recur- 


rence relation 


2 
In4+1 =Unt+TZp, 


for every positive integer n. Prove that there exists a positive real number 


a such that 
in _ 1 


lim —r 
noo 


. Consider the sequence (an),,51 given by the formula 


An = (2 + v3)" | 


Find a recurrence relation for the sequence (@n),,s1- 


. Prove that for all k, there is an a € R — Q such that 


k| |a”| +1 


for all positive integers n. 


. Let a,b > 0. Find all f : [0,00) — [0, co) such that 


f(f(2)) + af (x) = b(a + b)z, 


for all x > 0. 


. Let us consider the Fibonacci sequence (fn),,., given by the recurrence 


relation 
fn+2 = Fat ar Ins 


with f; = fo = 1. Find a linear recurrence relation for the sequence 
(Qn)n>1 given by the formula a, = i 


. Let us consider the Fibonacci sequence (fn)n>1 given by the recurrence 


relation 
In+2 = In41 tr jai 


with f; = fo = 1. Prove that the sequence (Qn)a>1 given by the formula 


= 4 
Aan = ) 
. By ae 


for all nonnegative integers n, converges to 1. 
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10. 


11. 


is 


13. 


14. 


15. 


16. 


17. 


Let a, b,c be real numbers and define the sequence (ay), by the recur- 
rence relation 


1 
Qn+3 = 3 (An+2 + Qn41 + An), 


with a, = a, a2 = b, a3 = c. Prove that the sequence (an), converges 
to (a+ 2b + 3c)/6. 


For all n € N, let 


n 
S.= ( ) 2005! 
ar 2k+1 
Prove that 2-1 | Sy. 
Let 1 = 71, 2%2,... be a sequence of real numbers such that for all n > 1, 
we have 
Ln+1 = In + En 
Prove that 


| 252625 | = 625. 
Find all f : NN such that 
2n + 2001 < f(f(n)) + f(m) < 2n + 2002, 
for alln EN. 


Consider the sequence (@n),,cy given by the recurrence relation 


An+3 = An + Qn41, 


for every nonnegative integer n, with ap = 3, a1 = 0, ag = 2. Prove that 
p divides a, for every prime number p. 


Let m = 4k* — 5, k > 2. Prove that there are a,b € N such that the 
sequence (Ln) n>0 defined by zp = a, 11 = D, and Xpsy2 = In41+ Lp for 
n > 0 has all its elements relatively prime to m. 


Given a, b,c > 0 with b* > 4ac, let (An)n>0 be a sequence of real numbers, 
with Ap > 0 and cA, > bAg. Let up = cAo, ui = CA1 — DAg, and for n > 2, 
let Un = QAn—2 — bAn—1 + cAn. Show that if u, > 0 for all n > 0, then 
An > 0 for all n > 0. 


Let (Un)n>1 be a sequence of real numbers defined by u; = 1 and 


n 
Unt1 = Bak Gs 
nr 
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for alln > 1. 
a) Prove that /n < un < /n+1, for all n > 1. 


b) Does the sequence (un — /n)n>1 have a limit for n — co? 


Solutions 


1. a) The convergence of the sequence (%n)n>1 follows immediately, by two 
observations: the sequence is bounded (an obvious induction shows that 
Zn € (0,1) for all n) and strictly decreasing, because 


for all n > 1. Therefore, by the monotone convergence theorem for 
real sequences, (In)n>1 has a finite limit x. Passing to the limit in the 
recurrence relation, we get z = x — x”, hence z = 0. 


Alternatively, one can prove that 0 < 2, < 1/n for all n > 1, also 
inductively. Indeed, we have 0 < x2; < 1 and 0 < a < 1/4 < 1/2, 
because r2 < 1/4 is equivalent to (x; — 1/2)? > 0, and 0 < 2; < 1 
implies x2 > 0. If, for n > 2, we have 0 < x, < 1/n, it follows that 
Ln < 1/2 as well. Because the quadratic function x +> +—27 is increasing 
for x < 1/2, we get 


En41 = In — 22 < 1/n—(1/n)* = (n—-1)/n? < 1/(n4+ 1), 


and %n+1 > 0, finishing the proof. 


As we have 
i, Plan 1 
lim —; p= ii as lim (1—g,)=1 
N00 ae NCO Ln N00 
Int+1 In 


and the sequence with general term 1/z, is strictly increasing and un- 
bounded, we can apply the Stolz-Cesaro theorem to infer that 


: : nr 

lim nt, = lim = = 1, 
n—- Oo noo — 
In 


as we intended to prove. 


For part b), let us consider the sequence (Yn)n>1 with general term 
Yn = 1/2n —n and observe that 
1 1 1 Ve 


Yn+1 — Yn = = aa | ’ 
In+1 Ln — In 
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therefore 


_ nti 1 
(2 +1)(Yn41 — Yn) = lim NL * = 


lim 
nN—-0o noo) 67 Lae 


(because of the above results: limp, fn = 0 and limp... Ntn = 1). 
By the Stolz-Cesaro theorem we infer 


no Lae ae ses 
and using the well-known fact that 
je ee eee eS 
lim ——2*————__“ =], 
N—-0o Inn 


we get limn_.o Yyn/ Inn = 1. This means that 


ec 
lim —— |—-—n}=1, 
n>oo Inn \ Xn 


and consequently, 


which is the required result. 


2. We proceed by induction. Assume that 70, 71,...,2%n are integers. From 
pe ne oe 


it follows that any two consecutive terms Yyn_2 and Xn_, are relatively 
prime. Now, 


2 2 2 
_ 2+) — (14+) + Ly_9 
ee eG ee 


so it is sufficient to prove that 
a*_5|N and zp_1|QN, 


where 
N = (#n_1 + 1)* + th_9. 


Using the induction hypothesis, namely, that 
eed 


In = ) 
In—2 
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is an integer, we deduce that x, _2 divides x*_, + 1. From the definition 
of N, we derive 
2 
Ln —2 | Ve 


Then 
N=1+ to = Ln—3%n_-1 = O(mod zy_}). 


Note that we can also find the general term of this sequence. Indeed, by 
writing two consecutive relations 


2 2 
CAC pa, ani. - 24-974, — 7 


is 
and taking the difference, we conclude that 


Daley, oir Ln—2) = Bre eal ale Pea) 


which can also be written as 


Ln-1 + I@n41 — Ln-2 TILn 
ou, ong? 2 
Ln, Ln—1 
Ln—1 + Ln+1 
Dn 
satisfy a second order linear recurrence. 


which shows that the sequence is constant. Thus x, will 


. Let us define 


OS Pie <ec Pe .2- TES ky, 


Then tp = , for all integers n > 2, so the given relation can be 


n—1 
written as 


An+1 — 3An = 9An-1. 


The corresponding quadratic equation A? — 3\ — 5 = 0 has the roots 


3+ /29 3 — /29 


Ai = ) , A= ) 


SO Qn, = aA} + BAS, for all positive integers n and for some real numbers 
a, 8. If a8 £0, then the sequence (%p)n>1 is convergent, 


ad” + BP | MT (a + B me 


lim z, = lim —————— = lim ae etna CA a Se Oe 


n—1l n—1 n—1 


Finally, the sequence (r,)n>1 is constant if a =0 or 6 = 0. 


Recurrence Relations 209 


4. The sequence (%n)n>1 is increasing and unbounded from above. Let us 
define 


_ InZvn 
Un on if 
We have 
1 
In(x, + Zn) _ (1 i x) 
Ynt1 = aul = Un + n+l < Yn + gnt+ly’ 
SO 
1 
O< Yn41 — Yn < gntig 
Further, 
Q< < : a : a 
YUn+p Yn gntly,, Aaa aH eee _< PAcar A eae 


i ae 1 1 
SZ (anti t gna bb ontp 


1 1 1-% 1 


This shows that sequence (Yn)n>1 is Cauchy, hence convergent; denote 
by 2 its limit. If a = e’, then from 


0< Yntp — Un < ag 


it results by letting p — oo that 


] 1 2" 1 
ies Ei ee ae 
Da, GA A bee 
Hence 
lim In-— =0 
n—-0oo In 
and finally, 
prt 
inne 
NCO Ln 


5. By the binomial theorem, it follows that 


Q43)/ FO=73)"=2: D (Gy) artes, 


2k<n 
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hence, the numbers in the problem, a, are given by 
Gn = (2+ V3)" + (2— V3)" —1. 
Now, the numbers z 2 = 2+,/3 are the roots of the quadratic polynomial 
a” — 4 +1. 


The sequence (S,),,5, defined by s, = x} + x} satisfies the recurrence 
relation Sni2 — 48n41 + Sn = 0. Finally, an = sn — 1, so 


. (RoMOP) We will prove that a = k + Vk? — k has the desired property. 


Let B =k — Vk? —k. As in the previous problem, 
in = a” + B™ = [a”| +1, 
for all n > 1; also x, has the property that 
Ln+2 — 2kIn41 + key = 0, 


SO, Zn is always a multiple of k, which shows that a@ has the desired 
property. 


. (RoOMOP) The most typical way to solve this kind of problem is to 


consider for each z, the sequence (Z7),,59 defined by 

Yo=xXx and Lni1 = f(In). 
This sequence has the property that 

In+2 + Afn41 = (a+ b)ry. 
The corresponding quadratic polynomial 

a? + ax — b(a +b) 
has the roots b and —a — b. Therefore, there are a, 6 € R such that 
In = ab” + B(—a — b)” = ab” + (-1)"B(at+))”, 

for all n. Since x, > 0, it follows that 


ab" > (-1)"*1B(a +b)”, 
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for all n. From here, it is not hard at all to deduce that 6 = 0, hence 
Ln = ab", so, in particular, 7; = bxo, which actually means that f(x) = 
bz. This happens for all x, so f(x) = bz is the only solution. 


There is, however, a more elegant way to solve the problem without 
using sequences. Let 


a= ing 1) wigeul™. 
x>0 2£ zr>0 & 


Since af (x) < b(a + b)x for all x, G € R, on one hand, 
b(a + b)z = f(f(x)) +af(x) < Bf(x) + af(z), 


SO 


fle) , AEs a ee) (1) 
x a+ a+ £6 
while 
b(a + b)x = f(f(z)) +af(x) = af(x) + af(z), 
i b b b b 
Fe) HO+D) eso p< Met (2) 
x a+a@ ata 
By (1) and (2) we easily deduce that a = 6 = b, so f(x) = ba for all 
xceER. 
8. We have 
an = fe = (Sat - Faso)? = a = i i 5 pa ey: 
2 = 2 
= ee ee (fn-1 + fn—2) ; (fn—1 fn—2) 
2... £2 —_ 
= An-1 + Gn-2 + Jn nos — An—1 + An—2 + an aad 
2 2 
SO 


An = 2An—1 + 2an—2 — An—3. 


9. The general term of the sum can be equivalently written as 


1 fet Sete oe 
fefeto  Skferifero feferifero  feferi  froifere’ 


SO 


: 2) en 
. tay \SkSet1 Seta te+2 fife fnraifn+e fh: 


hence the conclusion follows. 
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10. The sequence (a@,,),,5, satisfies a recurrence relation with the associated 


11. 


equation 


Bra Sh 1 0: 
The roots are 5 
—1+iV2 
Ay = 1,423 = —_ 


Using trigonometric form, 


1 
A2,3 = —=(cosa + isin a) 


V3 


where a@ € (1/2,77) is defined by cosa = =m The general term of the 
sequence (@n),51 is 


1 
An = Ci + F=—(c2 cosna + cz sinna), 


J/3n 


SO (@n),>1, converges to cy. The coefficients c), cz, cz; can be calculated 
from the relations 


OG Oy a 8 
1 2/2 
ae (oa 
5 
Cl 572 + 97 8 = C 
It follows that 
— a+2b+ 3c 
6 


(Danube International Competition 2005) Let 


=: mM k = uy k 
= (4. 1) 2005 and In => — (,;,) 2008 . 


k>0 k>0 
Then, 
1+ ./2005)” — (1 — 2005)” 
(1 a v2005) HG 6 4/005 s5 = Ce 


Since 1 + 2005 are the roots of x? — 2x — 2004, we have 
Sn+2 = 25n41 + 20045, 


from which the conclusion follows easily by induction. 
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12. (Romanian IMO TST 2006) We have to prove that 


1 
20 < %e95 < 20+ —. 


25 
Squaring the given relation, we get 
1 1 
ej = e+ +1>27,,- 7 


Ax An? Ax? 


It is clear that x2 > n (by induction). Therefore, the LHS of the in- 
equality is already proved. For the RHS, we have 


624 1 624 1 1 624 i 
Ren ES 2 Mite) OORT) a 
k=1 [zy k=l 
In 625 41n5 
< 625 + — = 625 + 7 < 627 


1 
=> ©e25 < 20 + oe. 


13. Fix m EN. For all n EN, let 
On = f"T*(m) — f"(m) — 667, 


where the power denotes the number of times f is composed with itself. 
It is clear that 


for all n. If ag > 0, aan tends to +oo, which means that aan + dant 
tends to —oo, which finally means that the sequence f2"+!(m) is strictly 
decreasing from some rank, a contradiction. Analogously, we get a con- 
tradiction for ag < 0. Hence ap = 0, ie., f(m) = m+ 667. Hence 
f(n) = n+ 667 is the only solution. 


14. The associated equation of the recurrence is 
W-rA—~1=0. 


If we denote by Aj, A2, A3 its roots, then, by Viéte, Ay + Ag + A3 = 0. 
It is not hard to prove that 


An = AT + AQ +AZ;, 
for all nonnegative integers n. For every prime number p, we have 
N+ ANG +43 = (Az + A2 + A3)? = O(mod p), 


so p divides ap. 
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(IMO Shortlist 2004) We would like to find some a and b such that 
gcd(b,m) = 1 and 
Ln = b” (mod m) 


for all n. For this, it is natural to take a = 1. Now, if we find some b 
such that 
1+b=b* (mod m), 


we are done. But this is not hard at all. We can take, for example, 
b = 2k? +k — 2. The solution is complete. 


The equalities that define the sequence (un)n>0 show that the identity 
up + uy X + ugX? +---=(e— bX +aX*) (Ap + ALX + AQX?24+---) 


is valid in the ring of formal series with real coefficients. Since c # 0, 
the series c— DX + aX? is invertible, thus we can read this equality like 


No FALX + Ag XK? +--+ = (C— bX +aX*) "(up + up X + ugX? +---) 


as well. But we can calculate the inverse of c — bX + aX? using its 
factorization 

c— bX +aX* =a(r—X)(s—X) 
(where r and s are the roots of the equation ax? — br + c = 0) and the 
formula 


—1 2 n 


which is easy to check. We thus obtain the inverse of c— bX + aX?: 


(c— bX +aX2)-! = (7 _~ x)-\s— x)7} 


1 — — 
@ areas a wi |? 
n>0 n>0 
yielding 
domex™ = = (Yo ax") (sa x" | [Dom 
ue a rnrtl gntl i 
n->O0 n>0 n>0 n->0 


This equality for formal power series gives 


m= >) oat 
ve a arttl itl 
i+jtk=n 
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17. 


for their coefficients (the sum being extended over all nonnegative inte- 
gers i, j7, and k that sum to n); that is, it provides an expression of each 
term of the sequence (An )n>0 as a linear combination of some terms of the 
sequence (Un)n>0- (Basically, we were given a second order, linear but 
nonhomogeneous, recurrence for the sequence (An,)n>0, and we solved it, 
finding out A, in terms of the u,s.) If we remember that r and s are the 
roots of the equation az? —ba+c = 0 and that a, b, c, and b? — 4ac are all 
positive, we see that r and s are positive real numbers. But this shows 
that the coefficients of the mentioned linear combination are positive as 
well, and the implication u, > 0, Vn > 0 => A, > 0, Vn = O is now as 
clear as it can be. 


This is problem 11445 proposed by H. A. ShahAli in The American 
Mathematical Monthly. 


We prove the inequalities from part (a) by inducting on n. Since they 
are obviously true for n = 1, assume that, for some n, we have ,/n < 


Un <f/n+1, and let us prove /n+1 < undi < ¥n+141. To this 
end, observe that 


1 nN 
Meh A el a Se 
Tr 


and 


inti =1+7->1+ Zz >] +7 =Vn+1. 


Note that the first inequality is actually strict if n > 2, and that both 
inequalities together yield un ~ ./n for n — oo (that is, lim Un//n = 
N— OO 


i) 


Part a) is problem A proposed by John Scholes in Nieuw Archief voor 
Wiskunde, 1/2007. 


b) The reader will easily see from the recurrence relation written in the 
form 
= 1 
U n+1 Un — Vn) = 1 - ——— 
a Ne ae os RY 
that, if the limit of (un — ./n)n>1 does exist, then it must be 1/2. How- 
ever, proving the existence of this limit, for instance, by showing the 
monotonicity of the sequence seems pretty hard (if the monotonicity 
holds...). Thus we will try the same method, namely to use some 
inequalities —- and we want them to be sharper than those from the 
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problem statement (that barely demonstrate the boundedness of the se- 
quence with general term uy, — ./n). More precisely, we prove further 


that 
i+ v4n—3 ce itv4antl 
2 a — 2 


1) 


for every positive integer n. We use again induction on n, and after 
verifying for n = 1 (the reader is kindly invited to do it), we assume the 
claimed inequalities to be true and show that 


1+~/4n+1 1+ /4n+5 
2 2 


SUn+i S 


also hold. And indeed, we have: 
2n 1+vV4n+1 
ee en ee ll 
Un 1+ /4n+1 2 


and 


pa rit vin t$3 _1+Vint5 
y) —- FS ”t~— 


mr 
oa ar 9 


2n 
lavas 
The last inequality still needs explanation. It is equivalent to 
4n < (V4n +5 —1)(V4n —3 +1), 
and, after some calculations, to 


(/4n +5 —V/4n — 3)? < 2(V/4n +5 — V4n — 3). 


Finally, this inequality is true because /4n + 5 — /4n —3 > 0, and 


8 8 
/4n 5. 4/47 —3 = ee 
. ” J4n+5+/4n—-—3 7 341 


Thus our stronger inequalities are proven. For the second part of the 
problem, just rewrite the inequalities in the form 


3 1 1 
Sage ae ee ee, | ONY (og ef ee 
2(./4n —3+2,/n)~— ™ vn s 2 2(/4n+1+4+ 2/n) 
then let n go to infinity, in order to obtain limp_,.9(un — Vn) = 1/2, as 
we guessed from the beginning. 
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Sequences Given by Implicit 
Relations 


In this chapter we give a method to find the convergence speed of a se- 
quence given by an implicit relation, using the differentiability theorem of the 
inverse function. | 

Consider a sequence (@p,)ncn of real numbers and a function f:R—R. We 
will study the properties of a sequence (tn)nen given by the following implicit 
relation: 


f (Zn) = an, (1) 


for all n € N, where xo € R is given. The next theoretical results show us the 
way to compute the limit of the sequence (r;,),cn and then the convergence 
speed of (%n)nen to its limit. Note that almost every time, the sequence 
(2n)nen Cannot be obtained explicitly, even if the function f is bijective. 

Let I, J © R be two intervals. We prove the following: 

Proposition. Assume that the following conditions hold for the bijective 
function f: 

(t) the function f : I > J is continuous and bijective. 

(tt) the sequence (an)nen is convergent toa € R. 

Then the sequence (%n)nen ts convergent to 1 = f—*(a). 

Proof. Indeed, the relation (1) can be equivalently written as 


[— fF (a,): 


According to the continuity theorem of the inverse function, it follows that 
_ 4: ~1 _ ¢-l 
nase” gitgot (an) = F(a), 


Proposition. Assume that the following conditions hold : 
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(j) the function f : I > J is differentiable and its derivative f' is contin- 
UOUs. 
(1j) the sequence (dn)nen 1s convergent toa ER. 


Denote: a= lim an and |= 7 1a) lim tn. If f'(t) #0, then: 


Ln —l 1 


oe —-a_ fi(l) 
Proof. We have 
fan) = f7@) _y £@)- F7@ 


N-COOn — a N—0O An — a r—a L—a 


= (FY). 


Using the differentiability theorem of the inverse function, we obtain: 


1 1 
C7) OS = a 
AFA (a) #'Y) 
so the conclusion is true. 
Let us see now some applications of these results. 
Problem. Let (%n)nen be a sequence of real numbers such that 


1 
tInting, =14+-, 
n 


for all integers n > 1. Prove that: 
a) lim ty, = 1; 
n—0o 1 
b) jim n(tn —l)=-. 


Solution. Let us consider the function f : (0,00) > R, given by 
f(x) =x41nz. 


We have ; 
f(z) =1+— > 0, 


so f is increasing. But f is also continuous and 
li — lim | = 
lim f(z) oo , lim f(x) = 0, 
so f is surjective. It follows that f is bijective. The given relation can be 


equivalently written as 


n 


f(tn) = 142 tq =f} (+2). 
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We have 

1 
: a. 8 =| +1)\_ p-1 _ 
lim ¢n = lim f (145) =y jek 


N— OO 


Further, 


lim n(ty, —1) = lim ee 
NCO 


n—-0o + i (1 + 1) =a | 
a pal — te 1 
= (f ) (1) = f'(1) 2) 


Problem. Let f : [a,b] — R be a continuously differentiable function with 
f'(z) £0 for all x. Prove that: 
a) for every x € (a, 5], there exists a unique c, € [a, xz] such that 


[ #0) a= flea)(a a) 


. Cyr—a 1 

») Les r—-a 2 
Solution I. The existence of c, follows from the Leibniz-Newton theorem 
and the uniqueness follows from the injectivity of f (the latter being a con- 
sequence of Rolle’s theorem and of the hypothesis about the non-vanishing 


derivative). If 


[ff at= Hee\(@ 4) = F(r0)(@ - 0), 


then f(c;) = f(7z), and consequently, c, = yz. Now, using the differentiability 
theorem of the inverse function, then ]’Hospital’s rule, we obtain 


= 1 = 
ae (2s [ soa) ~0 


zr\ya X%—a 2\a 4 ig 6 | 


(= [ soe) - um = f soe-s@ 


™ af toa-te es 
= 1 e 7 1 e 


I—a 


2\a 1 [ 104-1@ x \,a 4 eae € 
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fp fat @-a)F@ 
= (F°7)' (F(@)- im “¢§ —_—§ —— 


flt)-fla)_ 1 fia) _ 1 


~ fila) z\a 2(z—a) fila) 2° 2 
Solution II. We have, by l’Hospital’s rule, the fundamental theorem of 
calculus, and the definition of the derivative, 


[ fe)ae— faa -a) 
a — jim 2) ~ Fe) _ La, 
x2 \a (x — a)? = au 2(2 — a) 7 af ( ) 


hence, by replacing here [” f(t) dt with (x — a)f(cz), we get 


ww H(Ce) — JG) 1s 
Pe ~—a = 5F (a). 


On the other hand, because c, € [a,x] implies c,; a when x — a, we have 


ee f (cx) — F(a) 


& ya Cr — a 


= f'(a). 


In conclusion, 
f (cz) — f(a) 
. Cyr—a ; r—a 
lim ——— = lim —————- = -. 
gya L—a xr \ya f (cz) = f(a) 2 
Cr — a 


= 


Let us discuss some other problems, which are more challenging because 
they do not follow directly from the previous propositions. Before doing that, 
let us mention some standard notation. If (tn)n>1 and (Yn)n>1 are two se- 
quences such that y, # O for all sufficiently large n, we write x, ~ Yn if 


lim — = 1. If y, > O for sufficiently large n, we write x, = o(yn) if 
n—-0o Un 

lim —" =0 and = Og, ) it (=) is bounded. 

N00 Yn Yn a 


Problem. Let a > 0 and let x, be the unique solution of the equation 


= T 
xsinx = acosz lying in (nx, nam + =). Prove that 


Solution. Let us prove first that x, does exist, that is, the function 


f(x) = xsinxz —acosz 
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1 
has a unique zero in any interval (nm, mm + =). Observe that on such an 


interval, sinx and cos z have the same sign, and since 
f'(z) =xcosz+(1+a)sinz, 


f’ is strictly monotone on I, = (nx, nm + =). Note that 
f(nn)f (nm + =) =—a (5 = nm] < 0, 


showing the existence and uniqueness of zp. 
Clearly, tn ~ nv. Let Yn = Xn — nv. Then a simple computation shows that 


a a a 
tan Yn, = ———— > Yn = arctan ———— ~ — 
NT + Yn NT + Yn nT 
. arctanz 
because y,, is bounded and arctanx ~ x when x — QO, i.e., lim a — a 
«I— oo 
Finally, let 
a 
Zn = Yn — —. 
nT 


1 
From the previous step, z, = O (=) , and the relation 
n 


= arctan ————— 
ne nT + Yn 


implies 


a 
Zn + — = arctan 
nT 


Observe that 


a a a2 1 
$e i i HO 
a 1 nr ner n3 

nr +—+O0O(|-—- | 

nT n 
arctan x — Zz 1 bs has 
and also that ———,.—— tends to —g 88% — 0, yielding 
x 


2° a 
arctan © = © — 3 + o(2°) =z — a + O(2°). 


Therefore 
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and the conclusion is immediate. 
Less technical, the next exercise is also not obvious. The use of symbols 
introduced before the previous exercise turns out to be very advantageous. 
Problem. Prove that for any n > 1, the equation 


Vert ye=+ 


has a unique solution z, € (0,1). Prove that jim an = —— 
Solution. Consider f : (0,1) > R, f(x) = Ver — Ta. Because 


1 


ee Var14 0.4 (ep ijt 


1 
f is decreasing. Also, f(0) = 1 and f(1) = Y2-1 < = by Bernoulli’s 


inequality (or simply the binomial formula for € + =| ). Thus z, exists 


and is unique. Observe that 


1 1 1\" 
VLn = Vita,—-— > 1-7 => an > (-=) . 


mr 


1\” 1 
The sequence (1 — = | converges to —, thus there exists a constant c > 0 
n e 


such that x, > c for all n. 
Now, this observation implies that 


1 1 1 ae 1 ] 
26/4) apace) iwi th 1+ — 
7 Ln, Ln nN Ln, 


and since Jim ?/Ln, = 1 (because 1 > 7/Zn > /c), we deduce that 


1 1 1 1 1 
iv gin(1+—)sin(1+—)~15 lim ¢t, = ——. 
n mn Le, Pa n—+00 e—1 


Finally, we present a very technical problem that involves studying zeros of 
Taylor polynomials associated to the exponential function. 
Problem. Let a, be the unique real solution of the equation 


a 
Prove that this definition makes sense and that lim — exists. 
noo nN 
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Tr 
Solution. Let us define f,(x) = 1+ a + .eet a First, we prove by 
induction that for, takes only positive values and fon+1 is an increasing bijec- 
tion of R. This is clear for n = 0, so assume that it holds for n. Observe that 
fon+2 = font, 80 if an is the unique zero of fon41 (because fon+1 is bijective 
by the inductive hypothesis) then fon,2 has a minimum in a,. However, 


gq2nt2 q2nt2 
a — a — — > 0, 
fon+2(an) = fonti(an) + Qn+2)!~ Qn+2! 

thus fon+i2 is positive on R. On the other hand, fon+3 = fon+eo, thus fon+3 is 
increasing and since it has odd degree, it is a bijection of R. This finishes the 
induction and the first step of the problem: a,, is well-defined. 

The second step consists of proving that a, decreases towards —oo. 

Observe that 


p2nt2 


fon+3(Z) — fon+o(Z) : (2n+3+42). 


7 (2n + 3) 


If we manage to prove that a, +2n+3 > 0, it will follow that foni3(an) > 0, 
thus an > Qn+1 because fon+3 is increasing. But 


fon+3(—2n — 3) = fon41(—2n — 3) < fon41(—2n — 1), 


thus by induction, fon4+1(—2n — 1) < fi(—1) = 0 for all n, thus a, > —2n—-1 
and clearly a, + 2n+3 > 0. This shows that a, is decreasing. Suppose that 
lim An = l is finite. Then by monotony and the fact that fon+1 is increasing, 
N00 


we obtain fon4i(l) < 0, V n. However, we know that lim fn(l) = e', thus 
T—? OO 
e! < 0, which is clearly absurd. Thus lim a, = —oo. 
a N— Oo 
Now, let us prove that — converges. Using Taylor-Lagrange’s formula, we 


obtain the existence of a cn € (an, 0) such that 


ee" — fonta(an) = a all <0, 
oe g2n+2 
em < Gna! => An < (2n 4+ 2) In(—a,) — In(2n + 2)!. 
The same argument shows that 
Qn+2 dq 2nt+2 
ES fan Haylee +3 + on) = (an +3)!" 


because we know that a, > —2n — 1 from the previous step. 
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Thus 
In2 + (2n + 2) In(—a,) — In(2n + 3)! < an < (2n + 2) In(—a,) — In(2n + 2)!. 


Using Stirling’s formula, Inn! = nlnn —n+ 0(n), we deduce that 


(2n + 2) (: + In 5) +o(n) < an < (2n +2) ( +In ts) + o(n), 
and therefore, lim b, + Inb, = —1, where b, = — “" The function 
nN—00 2n+ 2 
g(x) = x + lnz being bijective, we deduce from the first proposition of the 
chapter that b,, converges to the unique solution p of the equation z+Inz = —1. 
Thus lim — = —2p. 

noo nN 


Proposed Problems 


1. Let (ap) n>1 be a sequence of real numbers such that the sequence (Yn)n>1 
given by the formula 


3 
Yn = Lp +TIn 


for all positive integers n, converges to 2. Prove that the sequence (%n),,54 
converges to 1. 


2. Let (4n)nen C (0,1) be a sequence given by the relation: 
tan Zr, +costn = Yn, 


for all integers n > 2. Prove that: 
a) lim vp, = 0; 
n—- Oo 


n-oolnn 


3. Let (%n)nen be a sequence of real numbers such that 


1 
—-+arctan¢v, = n, 
Ln 
for all nonnegative integers n. Prove that: 
a) lim tp, = 0; 
N—OO 


b) jim nan aii 
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4. Let (%n)n>1 be a sequence of numbers greater than or equal to 1, given 
by the relation: 


 Preae,—n(v/e— 1), 
for all integers n > 2. Prove that: 


a) lim z, = 1; 
N—-Oo 


1 
—1)= ——_.. 
Seat ae 2(In 4 — 1) 
5. Let (@n)nen and (bn), <n be sequences of nonzero real numbers satisfying: 
sin(an + bn) = 2an + 3bn, 


for every nonnegative integer n. Prove that if lim a, = 0, then: 
N—- Ooo 


a) lim by, = 0; 
n—0o 


6. Prove that: 


a) for each real number z, there exists a unique real y = yz such that 
sin(z + y) = 2x + 3y. 
b) one can define a function f : R > R, given by the relation f(x) = yz, 


37 
which is continuous. Compute I = ‘ f(x) dx. 
0 


7. Let f : [0,1] — (0,00) be continuous. Prove that: 


a) for any positive integer n, there exists a unique positive real number 


an € (0,1) such that 
/ f(t) dt =~ / f(t) dt. 


. a 
b) lim a, = 0 and Jim NAn = aa, f(t) dt. 


N—-Oo 


8. Prove that for every integer n > 2, there exists a solution of the equation 
xz” = £+n, denoted by a, such that the sequence (an), converges to 1. 


9. Prove that for every positive integer n, the equation 
o+nz—-1=0 


has a solution a, € [0,1]. Prove that the sequence (a,),,, converges to 
zero and the sequence (b,),,., given by the formula b, = na, converges 
to 1. 7 
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10. Prove that for every integer n > 3, the equation 


11. 


ec” —nx+1=0 


has a solution in (0,1) and another solution greater than 1. If we denote 
by an € (0,1) and by, € (1, 00) those solutions, prove that the sequence 
(Gn),> 1 Converges to zero and the sequence (6,,),,, converges to 1. 


Let (Gn)n>1 be a sequence of distinct real numbers with the following 
property: for every e > 0, there exists 7 > 0 such that |am+41—@Qn41| < € 
whenever m and n are positive integers such that ¢ < |am —an| <é+7. 
Prove that (@n)n>1 is convergent. 


Solutions 


1. 


Let us consider the function f : R > R given by f(x) = 22+ 2. From 
the fact that f’(z) = 3z* +1 > 0, it follows that f is strictly increasing 
and consequently injective. The function f is continuous with 


lim f(z) =-—oo, lim f(x) =o, 


L——Co L—00 


so f is surjective. In conclusion, f is bijective. Then 
Yn = Tn t+ Sn & Yn = f (en) 
and by applying f—!, we obtain that 
tn = f~"(Yn). 


The function f—! is continuous together with f. So, the hypothesis im- 
plies 

lim gp = lim f7*(y,) = f71(2). 

n—-0o n—- Oo 
Obviously, f(1) = 2, so f~'(2) = 1. In conclusion, the sequence (2n),,51 
converges to 1. a 


. Let us consider the function f : [0,1] — [1,tan1-+ cos 1], 


f(x) = tanz + cos. 


We have 


1 
fig) = ae sinz > 0, 


so f is increasing. Then 


dim tp = lim f-'(Yn) = f-*(1) =0. 
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Further, 
ered ae (CWA (y-1)) 


noo In ty, n—-0oo Yn =|: Inn 


=(F°YQ)- jim FS = ya) 


We have i i i 
: = —-— —— = oe < 0, 
F(z) 24 +2% (1+ 22) 


so f is decreasing. Moreover, 
; ; ates | 
hima, == lim: f~-(n) = 0, 
nN—- Co n—- Ooo 


because lim f(z) = oo. Further, the given relation can be equivalently 
rI— 


written as 1 ; 
arctan x 
isis eopcshaceasad Le 9 (1) 
NLy n 


The sequence (Z7),,5, tends to zero, so we have 
. arctan Ly, 
lim ————— = 0. 


N— OO nr 


Now we can easily derive from (1) that lim nz, = 1. 
no 


4. Let us define the function f : R > R by f(x) = 2” —z. Clearly, f(1) = 1 
and f tends to oo as x tends to oo. Also, f(x) > 0 if x > 1. Thus f 
establishes an increasing bijection between [1, 00) and [1,00). Also, the 
inequality e” > x + 1 shows that n(%/e — 1) > 1. We have 


In = f_*(n(Ve-1)). 
With 


Z 4 by 
en —1 evi 
= lim 
= xz—0 ZG 
nm 


lim n(Ve—1) = lim =1 
nO 


N—0oO 


and using the continuity of the function f—', it follows that 


dim tp = lim f'(n (Ye -1)) =f (1) = 1. 
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Further, 
_ '(n(/e-—1))-—f7) n(ve-)-1 
A Nida aa? wet? =| s Queene am 
= lim f(a Ge-1))-F*0) | lim whve-D-1 
N00 n(vw%e-—1)-1 ea 1 


7 1 1 
~ In4-1 2 2(In4—1)’ 


where the last limit is calculated with l’Hoépital’s rule: 


1 fet -1 hee as cae 
Kim © (<=* =1) = tim <== = tim S 
L 


zr—0 X xr—0 x? z70 27 
, e” 1 
= lim — = - 
z0 2 2 


5. The sequence (bn)n>0 is bounded together with (an)n>0. To prove this, 
let us assume that the sequence (an),,cn is bounded by M. Then from 
the given relation, we obtain 


sin(an + bn) — 2an, 2 lsin(a@n, + b,)| + 2 |An| Z 14+2M 


lon] = 3 = 3 ae 


If (bn )n>o0 has two subsequences (bz, )n>0, (bp, n>o0 converging to 11, 
respectively lo, then from 
sin(az,, + bz, ) = 2a%, +3bz%,,  SiN(Gp, + bp, ) = 2ap,, + 3bp,,; 
we derive, by taking the limit as n > oo, 
sinl, = 31, , sinlg = 3lo, 
so l1 = lo = 0. For the second part, note that 


sin(dn + bn) _ sin © 


lim lim —— = 1, 
n>00 «6a, + by r>0 2£ 
SO 4 
he 2an + 3bn _ 252 +3 
n>00 A,+ by, N—00 5 +1] 
It easily follows that Jim Saad 
“360 by 
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6. Ifa+y=t, then the condition becomes 22 + 3y = sint. Now from the 
system 


zrt+y=t 
22+ 3y = sint, 


we obtain x = ¢(t) , y= w(t), where 
g(t) = 3t—sint , p(t) = —2t+sint. 
The function ¢ is continuous with 
jim g(t) = —00, jim $(t) = co 
so ¢ is surjective. For injectivity, note that ¢’(t) = 3 — cost > 0. Thus 


the function ¢ is invertible, so y = W(¢ + (2)). 
Further, with the change of variable x = ¢(t) , t € [0,7], we have 


r= [" 9@ ade = [" wer@)ae= [vee 


=f —2t + sint)(3 — cost) dt = 6 — 31”. 
0 


7. Let us define the continuous function F': [0,1] + R given by 
L 
F(x) = / f(t) dt 
0 


F(0) < 2 f f(t) dt < F(1), 


1 1 
- | f(t) dt 


is an intermediate value between F'(0) and F(1). The function F' is con- 


tinuous, so 
1 1 
F(mn) == | f(t) at 
JO 


for some ay, € (0,1). Then 


1 1 
lim dn = lim ae (- / f(t) it) — F~'(0) =0. 


We have 


so the value 
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Further, 


lim na, = lim 


nm—0o n—0o 1 1 
= ! f(t) dt — 0 
nm JO 


We can also use the mean value theorem. If 0 < cy < a, satisfies 


/ ” $(0) dt = anf (cn), 


anf (én) = 2 f f(t) 


1 f/f? 1 f 
+ 1am =a | ers f(t)dt, as noo. 


then 


8. Let us consider the polynomial 
P(x) =2"-—a2—-n. 
Then P(1) = —n < 0 and P(V2n) = 2n-— VY2n-—n=n-— V2n > 0. 
Using the continuity of P, there exists a real number a, € (1, Y2n] such 
that P(a,) = 0. Because 1 < an < W2n, the sequence (an )n>1 converges 
to 1. 
9. Let us consider the polynomial function 


P(x) = 2° + na —-1. 


We have 
P'(x) = 32? +n>0, 
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10. 


so P is increasing. Then P(0) = —1 < 0 and P(1) = n => 1, so there 
exists a unique real number a, € [0,1] such that P(a,) = 0. From the 
relation 

a® + nan -1=0, 


we deduce that 


7 
n 


Hence the sequence (@n),,, converges to zero. Finally, 


‘ 4s = 
san = ingot — On) = 2 


Let us consider the polynomial function 
P(x) =2"—nz+1. 
Using the continuity of P and the fact that 
P(0)=1>0, PI) =2-n<0O, 
we deduce that the polynomial P has a root a, € (0,1). Then 


P(1) <0, jim Pa) =e, 
so there exists a real number by € (1,00) such that P(b,) = 0. From the 
relation 
ay — Nan +1=0, 
it follows that 


Tr 
ite SG 
nr 


0 <a, = 
n 

so the sequence (an), converges to zero. 
Then with the notation b,, = 1+ cn, we obtain 


| 7 
n(l+ec,) =(l+e,)"-—1> (1+ nen + Ec) —1. 


Hence 
2 
0 a Cn < <a age 
‘ee 
Hence the sequence (cp), converges to zero and consequently, the se- 
quence (b,,),,, converges to 1. 
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11. Well, this is not quite about sequences defined by implicit relations, but 


it states the convergence of a sequence in an implicit way, so that’s why 
it appears here. In both solutions that follow we will show that the 
given sequence is Cauchy (which can also be considered an implicit way 
of proving the convergence of a sequence). 


Solution I. We first note that the condition about (a@n)n>1 implies, 
with € = |am — ap| (and it doesn’t matter whatever 7 would be), that 
lQm+1 — Anti| < |@m —Gn| for all positive and distinct integers m and n. 
Thus, the sequence (|@m+z4—@n+k|)k>0 is strictly decreasing and bounded 
below, hence convergent. With the limit of this sequence in place of €, we 
immediately see that this limit is necessarily zero for every pair (m,n) 
of distinct positive integers. 


Suppose, by way of contradiction, that (dn )n>1 is not a Cauchy sequence. 
In that case, we can find some a@ > 0 such that for every positive integer 
N, there exist m > n > N such that |am — an| > a. Choose ¢ > 0 and 
the corresponding 7 (ensured by the hypothesis) such that €+7 <a 
(note that if an 7 is good, any smaller value is also convenient). 


Because lim |an41—@n| = 0, we can find a positive integer N such that 
n—-0Oo 


lQn41 — Qn| < 7/4 for alln > N. As we said, we can find m >n>WN 
such that |a,—a,| > a, and further we fix our attention to these m and 
n. 


As noticed above, the sequence (@mik — Gn+k)k>0 has limit 0, and we 
have |am — @n| > a > e+, hence there must be some k > 1 with the 


property 
lQ@m+k—1 — On+e—1| 2 E +N > lQmtk — An+el- 


On the other hand, for every s > 0, we have 


Oakes a Ais < lQriae— Orne 1| =P Gg —An+s+1| =r (eater —An+s 


7) 
= |Qm+s+41 a An+s+1| = 3° 
In particular, this holds for s = k — 1: 
1) 
|@m+k—1 — An+r-1| — 9 < |@m+k — Ontkl; 
and, combining this with the above inequalities, we get 


Yi] 
eee ie 9 < \Qmthk—1 = An+k—1| = > < lOm+k = An+k| <6 7). 


By hypothesis, these lead to |amizi1 — Q@ntksil < €. 
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However, we also must have 


2 


\Qm+k+1 = An+k+1| eZ lOm+k = An+k| — 2 ern =a =, 


and the contradiction thus obtained shows that our assumption is wrong, 
that is, (an)n>1 is Cauchy (therefore convergent). 


Solution II. We use the same basic ideas, but with a different word- 
ing. As in the first solution, we prove that for every positive integer k, 
(|Qn+k — n|)n>1 is a strictly decreasing and convergent to zero sequence. 


Consider an arbitrary positive ¢ and the corresponding 7 given by the 
hypothesis. Because we have 


la14% — @1| > |a@o4n — a2| >--- 


and limn—+oo |A@n+k — Gn| = 0, there exists (for any natural k > 1) such a 
natural number nz with the property 


|Q1+k = ay | pore lOnp+k _ An, | Ze > Onc te = An, +1| >see 
(nz is considered to be 0 if all terms of the sequence (|a@nix% — @n|)n>1 


are less than ¢). 


Let us suppose that the sequence n1,n2,... is unbounded. Remembering 
that limnp—oo |@n41—@n| = 0, we can be sure of the existence of a natural 
number N having the property 


lQn41 — An| < 7Wn > N 


(for the 7 considered in the beginning). Because (n,),>1 is not bounded, 
there is k for which nx > N +1, therefore, by the triangle inequality 
(and those above), 


|Onyth—1 = An, —1| = On, tk _ An, +k—1| Bs Ong tht _ On, +k 
ai Ong tktl — An, +1| + |@n,+1 — @n,| + |Ony — Onp—1 
) 4) 7), 4) 


Sy ae eg ge 


hence our assumption leads to the conclusion 
E < lQnp+k _ An, | < |Qn,+k—1 7 An, —1| lea 1), 


which evidently contradicts the hypothesis. This shows our assumption 
to be false, that is, the sequence (nx)x>1 is bounded. But if M is a 
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natural number greater than all numbers nz, it is clear that for any 
n > M and any k > 1, we have 


Oye Gal <6: 
since € is an arbitrary positive number, this means that (a@n)n>1 is a 


Cauchy sequence, therefore a convergent one. 


This is problem 11207 proposed by Michael W. Botsko in The American 
Mathematical Monthly, 2/2006. The first solution, by Robert B. Israel, 
appeared in the same magazine, 10/2007. 
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Matrices Associated to 
Second Order Recurrences 


We give here two matrix relations associated to second order recurrences. 
In some cases, interesting properties of sequences given by second order re- 
currences can be established using these relations. Note that sometimes the 
expression of the general term cannot be used. Finally, three examples from 
mathematical competitions are given. 

Let p and gq be real numbers and consider a sequence of real numbers 
(Qn)n>1- Note that the following matrix equality holds: 


( An Anti ( 0 —-q ) a ( Qn+1 —PaAn+1 — dan } (1) 
An+2 On43 1 —p An+3 —PAn4+3—Qan+2 / ' 
for all positive integers n. The form of the elements from the second column 
of the matrix in the right-hand side shows us the connection of relation (1) 
with sequences given by second order relations. More precisely, we have the 
following: 

Theorem. Let p,q be real numbers and let (an),,5, be a sequence given 


by the recurrence 
Ant+2+Pantitgan=0, n21. 


with a,,a9 € R. Then 


( Qn An+1 ) ( 0 —@q ) = ( GQn+1 An+2 ) (2) 
An+2 An+43 i =p An4+3 Anta )’ 


for all positive integers n. Moreover, 


n—1 
An+2 OAn43 ag a4 1 —p 
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for all positive integers n. 
The relation (2) follows from (1), using the equalities 


—pAn4+2 — GAn41 =4n43 and — Pan43 — GAn42 = An44. 


The relation (3) can be easily proved by induction. It is true for n = 1 and if 
we assume that it is true for n, then it follows from (2): 


Qn+1 4n+2 _ Qn QAn+1 O —@q 
An+3 OAn+4 An+2 An+3 1 —p 


_f a ae 0 -q\""/0 -¢\_(a 0 -q \" 
— \ ag aa 1 —p 1 -p} \ ag ag T. Spi-y- - 


Similarly, we have the following: 
Theorem. Let p,q be real numbers and let (an),,., be a sequence given 
by the recurrence 7 
An4+2 + Pan4i+ gan =0, nol. 


with a,,a2 € R. Then 


( an Qn+1 ) ( QO —q } = ( Qn+1 4n+2 ) (4) 
AQn+1 4n+2 L =p Qn+2 4n+3 


for all positive integers n.Moreover, 


n—1 
( ronal a mgt i (5) 
An+1 An42 a2 a3 1 —p 
for all positive integers n. 

Now we show how these theoretical results can be used in practical prob- 
lems. We present a problem from the Bulgarian Mathematical Olympiad, 
1997. 

Problem. Let a + £ be the roots of the quadratic equation z7+-px+q = 0. 
For each positive integer n, we put 


at — Bn 


a—p- 


a) Find all real numbers p and q for which 


Qn 


Qn4+14n+2 — 2nEn+3 = (—1)”, 


for all positive integers n. 
b) Prove that for these values for p and q, we have 


An + Qn4+1 = an+42; 
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for all positive integers n and a, is even if 3 divides n. 
Solution. a) The sequence (a,),,, satisfies the second order recurrence 


An+2 + PAn+1 + gan = O. (6) 
Indeed, 
7S ee 6a 6 ane 6 ale a= B" 
a an = —_——_ fe a a er 
n+2 + PAn+1 + Gan a= B + p ee + q — B 


= — [a” (a* + pa + q) — B” (6° + pB + 4)| =9, 


because qa and £ are roots and the expressions from the brackets are zero. 
Now, for the sequence (@n),,31, we also have 


n—1 
( An om \_(% eit: =) 
An+2 An43 a3 a4 1 —p 
for all positive integers n. By taking the determinant, we deduce 
n—1 


a1 42 
a3 a4 


an Qn+1 
Qn+2 4n+3 


e 0 | 
1 —p 


or 
n—1 


AnAn+3 — An414n42 = (A1a4 — aza3) - q 
n—-l1 ne 1 n—1 
(a1a4 — aga3)- gq” =(-1)"™, 
for all positive integers n. Thus, we impose the conditions 
g=-l1 and aja4—agaz3 = 1. 


In order to determine p, we have 


aja4 — aoa3 = 1 


= (a — 8) (at — B) — (a? — 6?) (a - 6%) = (a— 8)”. 
Dividing by (a — 8) , we obtain 


(a? + a7B + af? + 6°) — (a+ B)(a? + a6 + B”) =1 
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or simply, 
aB(a+ 8B) =1. 


According to Viéte’s relations, we have 


and so 
p> Ae 8) =|: 


Hence, p=q=-l. 
b) With p = q = —1 we have 


An + An+1 = An+2.- 


Further, we use the equality 


where 
a a QO 1 
i dae n n+l ) — ( ) 
. ( GQn+2 4n4+3 1 1 
Now, from Xn+3 = X,A°, we deduce 
( Qn+3 4n+4 = ( Qn An+1 ) ( 1 2 
An+5 On+6 An+2 An+3 2 3 


An+3 Anta \ _ An + 24n+1 2An + 3An41 
AQn+5 An+6 An+2 + 2An43 2An+2 + 3An+3 


or 


By identifying the elements from the first row and first column, we obtain 
An+3 = An + 2an41 


and by induction, a, is even if n is divisible by 3. 


Proposed Problems 


1. a) Let (an), be a sequence of real numbers given by the following 
recurrence 
An+2 + Panzdi+qdan=0, n=l, 


where p, g, a1, @2 € R. Prove that if the expression 


QnQn4+3 — 4n+14n+2 
2 
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is well defined (that is, its denominator is not zero) for all positive inte- 
gers n, then it has a constant value, which does not depend on n. 


b) Conversely, let (a@n),,, be a sequence of real numbers for which the 
expression 7 
AnAn+3 — 4n4+149n+2 
An An+2 — Gah 


is well defined for all positive integers n, and assume that it has a con- 
stant value, independent of n. Prove that the sequence (a,),,s, satisfies 
a second order recurrence. 


2. Let (@n),>1 be a sequence with the property that for each integer n > 2, 
An+1 = Pan + An—1, 


where p, a1, and a2 are given. Prove that: 


a) there exists a real number X such that for all n > 1, 


AnAn+3 — An41An42 = (—-1)"A. 


b) there exists a real number y such that for all n > 1, 
AnAn+2 — O44 = (-1)"p. 
3. Let (an), en be a sequence of nonzero real numbers such that 


2 
ay — An—14n41 = 1, 


for all positive integers n. Prove that there exists a real number A such 
that 


An+1 = AQn — An-1, 
for all n > 1. 


4. For a sequence (dn), of real numbers there exist matrices A, B € 
Mo(R) such that 


an Qn+1 = A ; Br} 
Qn4+2 4n+3 


for all integers n > 1. Prove that the sequence (a,),,, satisfies a second 
order recurrence. 
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. Let (Gn), >, be a sequence of real numbers such that for every integer 


1 2. 
Qn+1 = 20y + Qn-1, 


where a, and ag are given. Prove that the sum of every two consecutive 
terms of the sequence 


Ln =AnAn41, n2l 


is a term of the sequence (dn),51 - 


. Let (Ln) nso be Lucas’s sequence given for all n > 2 by 


Ln, = Ln-1 + Ln-2, 
where Lo = 2, L1 = 1. Prove that for all integers n > 2, 
a) Slag = 204 ae 44 ee Le 
b) 5Lon4i = L? aot ee, 


. Let (Fr)p sp and (Ln),59 be Fibonacci’s sequence, respectively Lucas’s 


sequence, given by the recurrences 
Fnyo = Frit t+ Fr, fo =1, Fi = 1 


Ln+2 a Ens ae In, Lo ad 2, Ty = 1. 


Prove the matrix identity: 


( Fon Pon+1 a ( Pai + Fai —£'n-1 ) ( Py, P+ ) 
Lon Lon+1 In + Ln41 =Ln] Ln En+1 


. Let us consider the power series 


3 = Yas" 


n=0 


Prove that for every positive integer n, there exists a positive integer m 
so that 
2 De ok 
An + Ani, = am- 


. Let (fn) n>, be the Fibonacci sequence given by the recurrence 


Tn+2 = hoes + fn, neéN, 


where f; = fo = 1. Prove that for every integer n > 1, we have 


nS eae So ee See 


10. Let A = 
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; : € M2(R). Prove that there exist two sequences 
(Qn)n>1 and (bn),51 such that 


n an On, 
oe ae 


for all positive integers n. Find the general terms of these sequences. 


11. Let X = ( . 7 be a second order complex matrix. For every natural 
number n, let us denote X” = ee a ;a=t+w and 6 = tw—uv are 
nr n 
the trace, respectively the determinant of X. Prove that the following 
are equivalent: 
(i) Each of the sequences (tn )n>1, (Un)n>1, (Un)n>1, and (Wn)n>1 is con- 
vergent. 
(ii) One of the following holds: 
e X = I (the identity matrix), or 
e a=6+1 and 6 has absolute value less than 1, or 
© jal? + |a? — 4b] < 2(|bl? +1) < 4. 
Solutions 
1. a) We have for all integers n > 1, 


n—1 
€ we yat e ne 7) 
An4+2 On43 a3 a4 =p 
n—1 
es ee Oe ma a) 
Ant1 On+2 a2 a3 1 —p 


By considering the determinant, we obtain 


and 


n—l 
AnAn+3 — An41An+2 = (a1a4 — aza3)q” ~, 


respectively 
Gn Gn. On4+1 = (aya3 — a3)q"™*. 
By dividing, we deduce that 


GnQn+3 — An4+14n+2 4144 — A2Q3 
2 7 2° 
Qanan+2 — An+1 Q143 — a5 
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b) Let us denote 
— AnAn+3 — 8n4+149n+2 


It follows that 


2 
AnOn+3 — Ant14n4+2 = P(An@n+2 — 47,41); 


thus 
An(An+3 — Pan4+2) = An41(An+2 — PAn+1), 


or 
An+2 —PAn+1 — 8n+3 — Pan+2 


an An+1 

An+2 — Pan+1 
An 

and if we denote by gq the common value of a term of the sequence, we 

derive 


This relation says that the sequence ( is constant, 
n>1 


An+2 — PAn+1 _ 
an 
Hence 
An+2 = PAn+1 + Gan. 


a) By considering the matrix X, associated with the given recurrence 
relation, we obtain 


ee 
Ant2 An+3 az a4 1 p j 
for all positive integers n. By considering the determinant, it follows 


OnOn+3 — On414n+2 = (a1a4 — aga3)(—1)""1," 


so \ = —(a1a4 — a2a3). 


b) By considering the matrix Y, associated with the given recurrence 
relation, we obtain 


(ae meee 
An+1 OAn+2 az a3 1 p 
for all integers n > 1. By considering the determinant, it follows 


AnAn+2 — Gay = (a1a3 — a3)(-1)"*, 


so pp = —(a1a3 — a2). 


Matrices Associated to Second Order Recurrences 243 


3. For all positive integers n, we have 


An—-1 TAn+1 An + An+2 Gn—-1 Qn An+1 Gn+2 
An, An+1 7 Gn OQn+1 Gn GAn+1 
Sa 0: 
Hence 
An+1(An—1 a An+1) == An(An ae An+2). 
or 


An—1 TAn4+1 — An T An+2 


an Qn+1 


aos a An—1 +a ; 
for all positive integers n. Thus the sequence (1 Set | is a 
an neN 


constant sequence. If we denote by A the common value of its terms, 


then 
An-1 + An4+1 


An 


4. We have, for all integers n > 2, 
A- Bri ( an An+1 ) = ( QAn—1 An ) B. 
Qn+2 Qn+3 GQn+1 4n4+2 
If we denote 
Bue) ee 
rs}? 
( On se oa) oe An ne "| 
Qn4+2 4n+3 Gn+1 An+2 q § 


Qn QAn+1 = PAn—1 + Gan TAn—1 + SAn 
Qn4+2 4n+3 PAn+1 + GAn42 TAn+1 + SAn+2 


By identifying the entries, we obtain 


then 


or 


An+1 = SAn + TAn-1, 
which is a second order recurrence. 
5. The problem is solved if we recognize and prove the relation 
Q2n+3 = AnAnt1 TF An414n42- 


The given sequence is given by a recurrence relation of the second order 
with p = —2, g = —1, so let us denote 


4-(93) 
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For every positive integer n we have 


Ant? ( Qn Anti } 
Qnt1 An+2 
which can be also verified by induction. Further, the matrix equality 


n+2 nt2 _ ,g2n+4 
A -A -—A 


reads 


2 Z 
An + an+1 aonb ae ere = Q2n4+2 42n4+3 
AnAn+1 TF An414n+2 An+1 er An+2 Q2n+3 42n4+4 


and the desired conclusion follows by identification of the entries from 
the first row and the second column. 


. The given sequence satisfies a second order recurrence relation with 


p = —1, q = —1, so it is natural to consider the matrix 


0 1 
ie ( - | 
Similarly, we obtain 


le Tee yf 2 El PO Ty 
In41 Inyo ) \1 3 1 1 


By multiplying to the left with 
2a" 1 3.1 
1 3 “Se By 
0 1\"_1/ 3 -1 Li Teed 
1 1 7 9) —l 2 In+1 En+2 


By replacing in the equality 

cee 01 0 1)\" 

1 1 1 1 1 1 

1 ( 3) ¢: aon Lan+1 

5 Lon+1 Lon+2 

“5( 3 )Car, ah) eC 2) Cat, mh) 
O | 2 Ent Ln+2 Ln+1 Ln+2 


we deduce 


it results in 
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and by simplifying at left, 


5( Lon Lon+1 )=( Ln Ln+1 )( o> =! )( Ln, Ln41 
Lonti Lense Insti Lnie -1 2 In+1 In42o ) © 
After some computations, we obtain 
5( Lon = Len+i ) 
Dont1 = Len+2 
= ( 3Ln — Ln41 —Ln + 2Ln41 ( Ln En41 ) 


3Ln+1 _ Ln+2 —Lin+1 + 2Ln+42 Ln4+1 Ln+2 


By identifying the entries from the first row and the first column and 
using the recurrence relation, we obtain 


5Lon = (8Lyn — En41) Ln + (—Ln + 2041) Engi 
= 31? — 2Dhylnyi + 2L24, 
= 207 + (L2 — 2LnLngi1 + Ley) + Lay 
= 20? + (Engi ~ En)? + L444 
S21 ty Ee 


By identifying the entries from the first row and the second column and 
using the recurrence relation, we obtain 


5Long1 = (8Ln — En41) Engi + (—Ln + 2241) Eno 
= 3Inlns4i — bee, — Dy bnse + 2Ln4i1Ln+2 
= 3LnLn41 — Lay — En(Ln + Eni) + 2Ln4i(Ln + Ln41) 
= 12, +4Dyln41 — 12 
= (£74, + 2QLQnLDnq1 + £2) + 2LnLn41 — 204 
= (Ln + Las1)* + 2Ln(En+1 — En) 
= D2 5 + Wp Dnt. 


7. For all integers n > 0, 


F, Fatt \ (1 1 0 1)\" 
by. Lage J 2A I “at oft 9 


thus 
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By replacing in the identity 
pf 0 Ty" 70 a 
1 1 ~\ 411 1 1 
Fons | 
Don+1 
ie = 1 Haha —] 1 Fy -frsy 
> 2 —-l Dn Lnan 2 —-l Bay Date J 
Hence 
& Soo oa a og) 2 es ae 
Len Lon+1 In Ln4t 2. 1 Ly Dns 
—fy + 2Fn41 sare | is ‘nee 


—Ln or 2Ln41 Ln _ Ln+1 Ln En41 
Py-1 t+ Frit —~L n-1 ( Fy P+ 


we obtain 


aS 
| 
oe 
| 
a 
a 
Ya 
sures 
3s 8 


| | 
SO Ne GO 


En—-1 + Ln41 —Ln-1 Ln En+1 
thus 


( Pon Pon+i = ( | ee Meee oe =f 5.4 ) ( Fn Pri ) 
Lan Lon+1 Lig + In+1 oe Oe | In En+1 


8. By using 


n=0 
we have 
1 os 1+vV2 =1-v2 
1-2e¢-a2? 2/2\1-(14+v2)¢ 1-(1-v2)¢ 
1+ 2 1 1-2 1 


2/2 1-(l+v2)r 2/2 1-(1-V2)z 
= EY [at ve" _l=v2 (1 - v2)2]" 


= a xe ae) ue ae ee xe eg/D)Prig 
n=0 


2V 2 


It follows that 


An = <s ((1 aA 2) ee Pe v2)rtt) 
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and consequently, 


As we have already seen, it is natural to consider the matrix 
0 1 
Ae ( - ) | 


a a 
Ant2 — noontl |) Vn eN. 
Qn+1 Q4n+2 


By induction, 


Now the conclusion follows from the matrix equality 


Ante ; Ant2 zs Aerts 
Indeed, we have 


2 2 
An + Gn+1 AnAn+t1 + An+4+14n+2 = Q2n4+2 42n4+3 
2 2 — 
AnAnt1 + An414n42 Gn4+1 =F an+2 Q2n+3 42n+4 


SO 


On, + Oni = Gon42- 
1 | 
were, 
n Fn4i In 
A” = 
( In fn-1 


nmt+l_§A4. An _ ee In+1 Tn 
o =4-4"=(7 4) (% ie 


ae ( Intit fn In + Fn-1 ) 


9. Let us define the matrix 


By induction, 


Indeed, 


feral In 
eas ( In+42 In+1 
Fn41 In 


Now we write the matrix A®” in two ways, 


3n __ F3n+1 fan 
a ( fan f3n-1 (7) 
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and : 
Ao” = es In ) 
ool as Oe ae a 
( [eon + 2fnsife t+ fefn-1 adn Petia ei? as 
eee + fntitnfn—1 o i, 7 Fn a Ted 2 sie tT fey 


(8) 
Now, by identification of the elements from the secondary diagonal of 
the matrices in (7) and (8), we derive 


fan = iene a Intifndn-1 a iB a (mee 


Further, using the recurrence relation, we have 


fan = Fn+ifn(fn41 Sg fn—1) a Te + fn ae 
= fn4i(fnsa — fn—1)(fnti + fa—1) + fa + fn fi 
= fasiCfat — faa) + fet fafa 
= a = [pre ee te i + fn ae 
= fet fe -fpi1C(n+1 — fa) 


3 3 3 
— frat eT Th — Jn—1> 


10. Let us consider the relation 


Anti = A". A 
or | 
Qnt+1 Oni1 \ [ Qn bn 1 2\  f Qn +26; 2an + by 
bn+1 Qn+1 7 bn Qn 2. = = 2An + by, An + 2bn 
Hence 


An+1 = An + 2bn 
On41 = 2an + bn 


These recurrence relations together with the initial values 
ay = lL. bj = 2 


uniquely define the sequences (a@n),,., and (bn),,5, - By induction, these 
sequences confirm the assertion in the problem. By adding, then sub- 
tracting the recurrence relations, we obtain 


An+1 1 On+1 = 3(an ss b,,) 
Anti — bn41 = (—1)(An — bn) 
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11. 


Hence the sequences (an, + bn),,5, and (an — bn),,5, are geometric pro- 
gressions. We have 


An + by = 3", Gn — bn = (-1)” 
and consequently, 


_ 3+ (-1)" 


We need two helping results. 


Lemma 1. Let z be a complex number. The sequence (z”)n>1 is con- 
vergent if and only if either |z| < 1 or z= 1. 


Proof. The “if” part is trivial, thus we pass directly to proving that if 
the sequence (z”)n>1 is convergent, then either |z| < 1, or z = 1. 


First, from the convergence of the considered sequence the convergence 
of the sequence (|z|")n>1 of the absolute values of its terms follows, and 
this yields |z| < 1. Thus it remains to show that, if (z”)n>1 converges 
and |z| = 1, then z = 1. Let us consider z = cosy + isiny, for some 
y € |[0,27), hence z” = cosny + isinny, Vn > 1. The convergence of a 
sequence of complex numbers implies the convergence of the sequences of 
real, respectively imaginary parts of its terms: thus (%n)n>1 and (yn)n>1 
defined by 
Yn =cosny and y, =sinny, Vn > 1 


must be convergent. 


Let us denote by x and y the limits of (%p)n>1 and (Yn)n>1, respectively. 
Of course, x and y are real numbers and we have 


Ln4+1 = In cosy — yn siny, Vn > 1 


and 
Yn+1 = Yn cosp+zy,siny, Vn > 1. 


Passing to the limit for n > oo we get 


xz(1—cosy)+ ysiny = 0 
—xsiny + y(1 — cosy) = 0. 


On the other hand, 
a? + y? = cos*ny +sin? ny = 1, Vn > 1, 


leads (again by passing to the limit) to x” + y? = 1, therefore x and 
y cannot be simultaneously zero; that is, the above homogeneous linear 
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system (with unknowns z and y) has nonzero solutions, and consequently 
its determinant has to be null. This means that 


(1 —cosy)* + sin? y =0=> cosy = 1 and siny = 0, 


and thus z = 1 follows. 


Lemma 2. Let a and b be complex numbers, and let z; and z2 be the 
roots of the equation z* —az+6=0. The following are equivalent: 


(a) |z1| < 1 and |zq| < 1. 
(B) |a|2 + la? — 4b] < 2(\b]2 +1) <4. 


Proof. For the nonnegative real numbers |z;| and |z2| to be less than 1 
it is both necessary and sufficient to have (|z1|7 — 1)(|z2|* — 1) > 0 (that 
is, to have |z,| and |z2| on the same side of 1) and |z1z2| = |z1||z2| < 1. 
We have z12Z2 = b, hence the second condition actually says that |b| < 1, 
which is equivalent to 2(|b|? + 1) < 4. 


We also have z1 + z2 = a and (z1 — zg)? = (21 + 29)? — 4212 = a* — 4b, 
thus the first condition, which can also be written as 


2(zi|" + |z2|") < 2(lzi/*lzal? + 1) 


is the same as |a|? + |a? — 4b] < 2(|b]? +1), because of the well-known 
identities 2(|z1|? + |ze|*) = |z1 + ze|? + |z1 — ze? and |z12z2| = |z1||z2I. 


Back to the problem now. Note that by the Cayley—Hamilton theorem, 
X* —aX + bln = Or 
(where Oz is the zero matrix of order 2), therefore 
KOS SOX bX” = Oo, Vn > 1, 


which shows that any of the sequences (tn)n>1, (Un)n>1, (Un)n>1 and 
(Wn)n>1 verifies one and the same second order linear recurrence relation 


Ln+2 — AXn+1 + bn, = 0, Vn > 1. 


So, if we denote by 7',U, V, W the limits of these sequences (if they exist 
and are finite), by passing to the limit, we obtain 


T-—al+bT =U-—-aU+bU =V—-aV+b0V =~W -—-aW +bdW —0. 


Now we prove the implication (i)=(ii). Thus we assume that for a given 
matrix X, the corresponding sequences (tn)n>1, (Un)n>1, (Un)n>1, and 
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(Wn)n>1 are convergent (and have limits T, U, V, and W, respectively). 
The convergence of sequences (@n)n>1 and (bn )n>1 defined by 


(= tytn = we 


and 
by = th: —Undn = det X”) 
for all n € N* follows (with limits A = T+W and B = TW - UV, 
respectively). We have 
det(X") = (det(X))” > bn = b", Vn > 1, 


and lemma 1 implies that 0b is either equal to 1, or a number with its 
absolute value less than 1. 


Consider first the case b = 1. The recurrence relation verified by each of 
the four sequences now becomes 


In+2 — ALn41 + Ln = 0, Vn = 1, 
while for their limits, we have 
T-aT+T=U-aU+U=V-aV+V=W-awWw+we=od0 


=> (2-—a)T = (2-a)U = (2-—a)V = (2-—a)W =0. 
We also get 
LW = U0, =O" = 1, Vn 1, 
whence T’'W — UV = 1 follows, therefore T,U,V,W cannot be all null. 
Then, necessarily, a = 2 and a simple induction shows that 
X”" =Ig+n(X — Ig), Vn > 1. 
This immediately implies 


th =14+n(t—1), un = nu, vn = nv, Wn = 1+n(w —-1), 


for every n € N*; it is now clear that the hypothesis on the convergence 
of all sequences (tn)n>1, (Un)n>1, (Un)n>1, and (Wn)n>1 leads to t = 1, 
u = 0, v= 0 and w = 1, that is, to_X = Jy. Assume further that bis a 
complex number with absolute value less than 1. 


Let us consider yet the roots z; and z2 of the equation z* — az +b=0 
(the eigenvalues of matrix X). It is well-known that 


An = tr(X") = z+ 25, Vn >= 1 
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and, also, that z12z2 = b, hence 
|z1||z2| = |D| < l. 


This means that at least one of z; and zo has absolute value less than 1. 
If, for example, |z1| < 1, then (z7)n>1 is convergent (with limit 0); on the 
other hand, the sequence of traces of matrices X” must be convergent, 
meaning that the sequence (z/'+24')n>1 is convergent, too. Consequently, 
the sequence with general term 


zg = (2, + 22) — 21; 


is convergent, hence (by lemma 1, again) either z2 = 1 or |zo| < 1. In 
summary, if |b] < 1, then either both roots of the characteristic equation 
of matrix X have absolute values less than 1, or one of them has absolute 
value less than 1, while the other equals 1. In this second case (assume 
\z1| < 1 and z. = 1), we obviously get b = z1 anda = z13+22=6+1 
(with |b] < 1), that is, the second situation from (ii). 


Otherwise, if |z,| < 1 and |z2| < 1, by lemma 2, we infer that 
jal? + la? — 4b] < 2(\bJ? +1) <4 
and thus we fall into the third case of (ii). 
It only remains to prove (ii)=(i). For X = Ip we have 
AS StS Ws = 1 ti = 9: = 0, VS 1 


and the convergence of the four sequences is clear. 


If matrix X has a = tr(X) = det(X)+1=b+1 and |b] < 1, then one of 
its eigenvalues is 1 and the other is b (with absolute value less than 1). 
In this case, one easily checks that 


X”" = ——[e"(x — Iz) + bln — X], Vn > 1, 
which leads to formulas like 
Ln = cb" +d, Vn>1 
for (%n)n>1 being any of the four sequences (tn)n>1, (Un)n>1, (Un)n>1; 


and (Wn)n>1 (with constant cs and ds depending on X, and, of course, 
not necessarily the same for all sequences). As lim 6b” = 0, the conver- 
T— OO 


gence of any of the four sequences follows. 
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Finally, the third situation implies, based on lemma 2, that the solu- 
tions z, and z of the characteristic equation of matrix X are complex 
numbers with absolute values less than 1. This is also the characteris- 
tic equation of the recurrence verified by each of the sequences (tn)n>1, 
(Un)n>1, (Un)n>1, and (Wn)n>1. Thus, for the general term of any of 
these sequences (which we denote, again, by x,), we have a formula like 


In = cz} + dz, Vn >= 1 


(when 2; # 22), or 
Ln = (c+nd)z7, Vn>1 


(for 21 = zg). As |z1| < 1 and |z| < 1, we get 
lim zy = lim z4=0 and lim nz; =0, 
n—0o n—-+0o mu—0O 


whence the convergence of the four sequences again follows easily (each 
of them with limit zero), finishing the proof. 
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Final Problem Set 


We close our book with a few more problems — related, of course, to the 
topics that we have discussed. Some of them are simple, and some are pretty 
hard; their choice depended much on our taste and preferences. Anyway, we 
hope that the interested reader will enjoy this final challenge, trying to solve 
the problems independently, based (more or less; hopefully more) on what 
he or she learned by reading the book. Nevertheless, it is always worthwhile 
to remember that studying mathematics is a never-ending story, therefore we 
wish you luck not only with these, but with any problem that you will have to 
solve on the long and winding road of this continuous and fascinating study. 


Proposed Problems 


1. 


We color each point of the plane with one of n given colors. Prove that 
there exists a rectangle with vertices of the same color. 


. Let a and 6 be positive integers. Show that there are positive integers s 


and ¢t such that an+s and bn+¢ are relatively prime for any integer n. 


. Let a and b be relatively prime integers, and let (1n)n>1 be the sequence 


of integers defined by xp = 0, x1 = 1, and Zp = aXn_1 + bp_2 for every 
n > 2. Prove that (m,n) = X(m mn) for all natural numbers m and n. 


. a) Prove that there are no four consecutive natural numbers such that 


all four can be expressed as sums of two squares. 


b) Prove that there are infinitely many triples of consecutive natural 
numbers such that each member of such a triple is the sum of two squares. 


. A positive integer is called square-free if it is not divisible by the square 


of any integer greater than 1 (or, equivalently, if it is either 1 or a product 
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of distinct prime factors — possibly one single prime factor). If (ln )n>1 
is the sequence of the square-free positive integers in increasing order 
(qj = 1, lo = 2, lg = 3, l4 = 5, 5 = 6, and so on) it is well-known (and 
you do not have to prove) that 


ty 2 
him: — = —, 
noo 7 


Show that there are infinitely many triples of consecutive natural num- 
bers such that every member of any of these triples is square-free. 


Let a, b, c, and d be positive integers such that (a,c) = 1 and ac is not a 
square. Prove that there are infinitely many integers n such that an-+ b? 
and cn + d? are both squares. 


. Let n be a positive integer not divisible by 3, and let s > n—1 be an 


integer. Prove that there exists a positive integer N divisible by n and 
having the sum of digits S(V) = s. 


. Let an arithmetic progression of positive integers be given. Prove that 


one can find a subsequence of this arithmetic progression that is a geo- 
metric progression. 


Let a@ be a positive irrational number and let no be a positive integer. 
Prove that the sequence ((na])n>n, contains arbitrarily long arithmetic 
progressions. 


Let a, 6, and ¥y be three positive real numbers, and let 
A=j[na]|n EN}, B= {[nf]|neN*}, C= {[nq] | ne N*}. 


Prove that the sets A, B, and C’ cannot partition the set N* of positive 
integers. | 

(That is, we cannot have AUBUC = N* and ANB = ANC =BnNC=90 
simultaneously. ) 


Let f(z) = 27 +axz+b be a quadratic function with integer coefficients 
having the property that the values of f for any two consecutive integers 
are consecutive squares. Prove that f(n) is a square for any integer n. 


Let f, g, and h be three quadratic functions such that each of f — g, 
g—h, h—f is still a quadratic function (thus with nonzero coefficient of 
z*) having equal zeros. Prove that the functions f — g, g—h, and h—f 
have a common zero. 
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13. Let f(x) = 27+ax+b and g(x) = x*7+cx+d be two quadratic functions 
with real coefficients. We say that the corresponding equations f(x) = 0 
and g(x) = 0 are friends if they have real and separated roots (see also 
problem 2 in the chapter Quadratic Functions and Quadratic Equations). 
Prove that the equations f(x) = 0 and g(x) = 0 are friends if and only 
if 

R=(b—d)* + (a—c)(ad — bc) < 0. 


14. a) (Hedgehog’s lemma) Let P be a convex polyhedron in the three- 
dimensional space. A vector perpendicular to each face of P is consid- 
ered, having the length equal to the area of that face, and such that all 
vectors are oriented towards the exterior of the polyhedron. Prove that 
the sum of all vectors is 0. 


b) Let a, b, c, and d be positive real numbers such that each of them 
is less than the sum of the other three. Prove that a tetrahedron exists 
such that the areas of its faces are precisely a, b, c, and d. 


15. Let A;A2A3A4 be a tetrahedron, and let A; denote the area of its face 
opposite vertex Aj, for 1 < j < 4 (thus Ky is the area of ApA3Az, 
etc.). Prove that if ky = Ko and K3 = Ka, then A, A3 = AoA, and 
A, Ag = Ao Az. 


16. Let A,B,C, and AgBoC2 be two distinct equilateral triangles sharing 
the same center and having the same orientation. Prove that the lines 
A, Ag, ByCo, and BoC, are concurrent. 


17. Let p, g, and r be positive real numbers with p+q+r = 1, and let 
(2n)n>0, (Yn)n>0, and (Zn)n>0 be the sequences of real numbers defined 
by > = 1, yo = 0, 2 = 0, and the recurrence relations 


Ln = PIn—-1 + TYn—-1 + Q2Zn-1 
Yn = QXn-1 + PYn-1 + 12Zn-1 
Zn = TLn—-1 + UYn-1 + P2Zn-1, 


for alln > 1. Prove that (%n)n>0, (Yn)n>0, and (2n)n>0 are convergent 
and determine their limits. 


Solutions 


1. We look at the points with integer coordinates (which are called lattice 
points, that is, the points at which the lines of equations x = a and y = b, 
with integers a and b intersect; we say the lines form a lattice). We choose 
a vertical line L,, say of equation x = 2; for a fixed (but under no special 
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condition) integer x;. Because there are infinitely many lattice points on 
1, each colored with one of the given n colors, there must be infinitely 
many of these points having the same color. We only need n” + 1 of 


them, say those having coordinates (21, yl )) lc k<n" +1. 


Choose further some integer r2 # 21, and look at the points of coordi- 
nates (x9, y), 1<k<n"+1 situated at the intersections of the (also 
vertical) line Lz of equation x = x2 with the horizontal lines of equations 


f= yy. ) Their number is n” + 1 and they are colored with n colors, so 
(by the general pigeonhole principle) we can choose (at least) n™~' + 1 


of them that have the same color. Let (x2, y), 1<k<n"!+1 be the 
(2) 


coordinates of these points (note that y;"’ are n”-14-1 distinct numbers 
among the initial y\" ) 1<k<n"+1). 


Then look at a new vertical line L3, of equation x = x3 (with x3 different 
from either of x; and x2), and look at the corresponding points on it 
having coordinates (3, yy), 1<k<n"141. There are n™!+1 points 
of n possible colors, hence we can find n”~? + 1 of them colored with 
the same color — say their coordinates are (73, y, 1<k<n™7*41. 
Observe that the intersections of the horizontal lines of equations y = 
y?, 1<k<_n"-?+1 with each of the vertical lines L,, Lo, and L3 have 
the same color — but not necessarily the same color on L, and Lg, or 
on L; and L3, or on Lz and Lz (if this was the case, we would already 
have found the rectangle with the vertices of the same color). 


Clearly, we go on like this by building n+1 vertical lines L; of equations 
= 2;,1<j <n+1 (with mutually distinct 71,...,2n41), and finding 
(always by the general pigeonhole principle) on each line L; points of 
coordinates (z;, yl! )), 1<k<n”-J+!+1 that share the same color, and 
such that their ordinates have the property that 


Be 1 ; 
{yer), eae go c {y\d, woe ye (eat 


for every 1 <j <n. 


Thus, on Ln+1 Ne obtained two points with the same color, with coor- 


dinates (Sait, eG )) and (%n41, ys" me The intersections of the hori- 


zontal lines Ay: y= yinth) and Ag: y= ys” n+l) with every vertical line 
Lj, 1<j <n-+1 are two points of the same color. But there aren +1 
vertical lines and only n colors, so, by the pigeonhole principle one last 
time, there must be two of these lines such that their intersections with 
A; and Ag have (all four of them) the same color. These four points are 
the vertices of a rectangle, and share the same color, thus finishing the 
proof. 
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2. Let d = (a,b) be the greatest common divisor of a and b, and let a; 
and b; be the relatively prime positive integers such that a = da, and 
b = db,. We know that there exist positive integers s and ¢ such that 
ta, — sb} = 1. We claim that s and t thus defined are those for which 
we are looking. 


Indeed, we have a,b = bja(= dajb;), thus, for every integer n, 
a;(bn + t) — bj(an + s) = ta, — sb; = 1. 


From this equality we see that any common divisor of an+ 8s and bn+t 
must divide 1, and this is what we wanted to prove. 


For example, if a = 48 = 6-8 and b= 114 =6-19, we can choose s = 3 
and t = 7 and we have 


19(48n + 3) — 8(114n + 7) = 1 
hence (48n + 3,114n + 7) = 1 for every integer n. 


3. Note first that (r,,b) = 1 for every n > 1. Indeed, we have (21,6) = 1, 
and if, for some n > 2, d is a common divisor for x, and b, the equality 
Ln = ALn—1 +bXn_2 shows that d divides axpj_1, thus rn_1, too (because 
a and 6 are relatively prime and d divides ), d is also relatively prime to 
a). Going backwards, inductively, we get that d divides x1, hence d = 1. 


Also, by induction, (27, %n—1) = 1 follows for every n > 1. Indeed, from 
the recurrence relation we see that a common divisor of %, and ®n_-1 
divides bznj_2, too. But, according to what we just proved, that common 
divisor is relatively prime to b (since it divides x, and (%n,b) = 1), hence 
it actually divides 7,2 — thus being a common divisor for %,_; and 
In—2. So, if ({n-1,%n-2) = 1, then we also have (%n,%n_1) = 1 (and 
(41,29) = 1 is trivial), consequently, (tn, %n-1) = 1 is true for all n > 1. 


Then, the general theory of linear and homogeneous recurrences of the 
second order (or, again, a simple induction) gives z, = (a”—f")/(a—f), 
where a and £ are the roots of the characteristic equation z* = ax + b 
(assume for the moment that a 4 £). It follows that 


kn kn 
Tin OT TB _ (bln 4 g(k-2)ngn 4... 4 g(k-1)n 


Li, a’ — B 


is an integer, as being, at the same time, a rational number (because 
Lkn and Ly are integers) and an algebraic integer (because a and £ 
are algebraic integers, being solutions of the equation x* — ax — b = 0, 
with integers a and b). Actually, the same formula works for a = 8, 
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in the sense that, in that case, we have z, = na”! — which can be 
obtained from the above formula by passing to the limit for 8 > a 
(anyway, if a and b are relatively prime, there are very few cases when 
this happens — we invite the reader to figure out which these are). Thus, 
Din) Ci = ka’k-1)” and the same reasoning applies in this situation, too, 
in order to get that rz,/ry is an integer. Therefore, in any case, if n 
divides m, then x, divides zm (of course, for n > 1). 


Finally, the equality 
Lm = CkLm+4i-k + OLER-1Lm—k 


can be easily proven by induction over k for every m > land1l<k<™m. 
(This relation is also helpful for proving that x, divides x, whenever n 
divides m.) 


Now let m and n be arbitrary natural numbers, m > n, and let us divide 
m by n. Thus m = cn +7, with natural numbers c and n, 0 <r < n; 
we have 


Lm = LenLm+1—en + bLen—1£m—cn Lm = Len &r+1 + bLen—12r- 


From here we see that every common divisor of x, (hence of ten, too) 
and 2x, also divides x,,. Conversely, if d is a common divisor of 2, and 
Xn, d also divides 2en, therefore it divides bx.n_1x,. But d is relatively 
prime to b (since it is a divisor of xz,,) and it is relatively prime to %en_1 
(as a divisor of en — and we know that Zn_1 and Zen are relatively 
prime). It remains that d divides z,, consequently any common divisor 
of Xm and x, is also a common divisor of x, and x, (and the converse is 
also true), meaning that (tm, %n) = (Ln, Zr). We use now the Euclidean 
algorithm for m and n together with this property in order to get the 
desired conclusion (%m,2n) = L(mn): 


Or, as we have seen in the chapter A Property of the Greatest Common 
Divisor, we can expedite our proof by replacing the use of the Euclidean 
algorithm with the fact that natural numbers s and ¢ exist such that 
sm — tn = 6, 6 being the greatest common divisor of m and n. The 
equality 

Lsm = LinL§+1 + Ltn-1L§ 


shows that any common divisor of x and x, (which, as we know, also 
divides tom and Xz) divides x5, too. Conversely, it is clear that zs is 
a common divisor of rm and xn, hence 25 = (Lm, Xn) follows, which we 
intended to prove. 


This problem generalizes the well-known fact that the Fibonacci se- 
quence (F;,)n>0 (defined by Fo = 0, Fi = 1, Fn = Fn-1 + Fy-a for each 
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n > 2) has the property that (Fin, Fn) = Fim) for all natural numbers 
mand n. Also, specializing for a = 2 and b = 1 we find a part of problem 
11864 proposed by Bakir Farhi in The American Mathematical Monthly, 
8/2015. A particular case is the fact that (u™ — 1,u” —1) = ul™”) —1 
for any positive integers u, m and n (a = u+1, b = —u). Or, more 
generally, if a and £ are any distinct complex numbers such that a+ 6 
and a6 are relatively prime integers, then the sequence (2, )n>1 defined 
by tn = (a” — B”)/(a— B) has the property (%m,%n) = Lim n) for all m 
and n. For instance, this happens when a and £ are distinct relatively 
prime integers. 


4. a) Every square of an integer is congruent to either 0 or 1 modulo 4. 
Consequently, the sum of two squares can never be 3 modulo 4. However, 
given any four consecutive natural numbers there is always one of them 
which is congruent to 3 modulo 4 — hence this one cannot be the sum 
of two squares. 


b) The smallest such triple is of course (0,1,2), and the following is 
(8,9, 10). 

If (n—1,n,n+1) is such a triple, we claim that (n?—1,n?,n?+1) is alsoa 
triple of consecutive natural numbers with the required property. Indeed, 
n? =n?+0? and n2+1=n?+4+ 1? are evidently sums of two squares, 
while n* — 1 is also a sum of two squares because n* — 1 = (n—1)(n+1), 


and we know that n-—1=a?+07,n+1l=c4d?, thus 
n? —1= (a* + b?)(c? + d*) = (ac + bd)? + (ad — bc)’, 


(i.e., the product of two sums of squares is always a sum of two squares). 


So, if we start with (8,9, 10) we get (80,81,82), and from this one we 
obtain (6560, 6561, 6562), and so on. In general, the operation 


(n—1,n,n +1) (n? —1,n?,n? +1) 


always produces a new triple with the desired property from a triple 
that is already known to have that property. Moreover, if n > 1, we 
clearly get a triple with bigger least member than the initial triple, thus 
we obtain infinitely many triples of consecutive numbers, each being the 
sum of two squares. 


Alternatively, we can use the solutions (rn, y,) of the Pell equation 
= 2y" = 1, 


given by tn + YnV2 = (3 + 2V2)" ((z0, yo) = (1,0), (1,41) = (3,2), 
(x3, y3) = (17, 12), and so on). Then each triple (x2 — 1, x2, 22 +1) has 
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the required property (and there are infinitely many of them). We only 
have to explain why the first component is the sum of two squares, and 
this is easy: we have 22 — 1 = 2y2 = y2 + y?. 


Finally, probably the simplest argument is to notice that every triple of 
the form 
(4n4 + 4n?,4n* + 4n? + 1,4n* + 4n? + 2) 


has the required property, because 
4n* + 4n? = (2n)? + (2n)?, 4n* + 4n? +1 = (2n? + 1)? +07, 


and 
4n* + 4n? +2 = (2n74+1)?4 17. 


. Many examples of such triples can be easily found, as (5,6,7), or 


(13,14,15) but, unfortunately, there is no chance to solve this prob- 
lem in a manner similar to the previous one. We will assume, by way of 
contradiction, that only finitely many triples of square-free consecutive 
natural numbers exist. This means that we have ln,42 > [,+3 for all but 
finitely many n, say for n > no. This immediately leads to [nig > ln +9 
for all n > no, with equality if and only if there is equality in all in- 
equalities added to get lnig > ln +9, that is if and only if [nyo = 1, +3, 
Inta = Inge + 3, and lnig = lni44 +3. But these equalities cannot hold 
simultaneously. Indeed, assume they were all true. Being square-free, 
l, cannot be divisible by 4, thus only the following cases remain. If 
lL, = 4k +1, then Inia =l, +3 = 4(k +1) would not be square-free. If 
ly = 4k+2, then lpia = 1, +6 = 4(k+2) would not be square-free. And, 
if J, = 4k + 3, then In46 = In + 9 = 4(k + 3) would not be square-free. 
So, any way, we get a contradiction; therefore, since at least one of the 
inequalities nso > In + 3, Inza > Into +3, and [nig > Inga + 3 is Strict, 
we actually have [nig > ln + 10 for all n > no. Adding side by side 
Li1g > 1; +10 for 7 = 7n0,no + 6,...,n9 + 6p — 6 we get 


lno+6p = lng am 10p 


for all p > 0, or 


not+6p not+6p n+6p 
Now take in both sides the limit for p + oo. Remembering what the 
statement of the problem gives, namely that lim L,/n = 77/6, we obtain 
T—7 CO 


2 
aed 
6 ~ 6 
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obviously a contradiction — showing that, indeed, there are infinitely 
many triples of consecutive square-free natural numbers. This proof is 
due to Laurentiu Panaitopol. 


6. First note that if, for an integer p, the equation ax? — cy* = p has a 


solution then it has infinitely many. Indeed, let (xo, yo) be a solution, so 


that we have 
y) 


alg — cye = Pp, 
and let (un, Un), € N be the solutions of the Pell equation x?—acy? = 1, 
that is 

ue = acu: =1 
for all n > O (there are infinitely many solutions for the Pell equation 
because ac is not a perfect square). Multiply side by side the above 
equalities and rearrange in order to obtain 


a(£oUn + cyoUn)* — c(axoun + Youn)” = p. 
Thus (27, Yn) = (LoUn+cyoU’n, @LoUn+Yyourn) are infinitely many solutions 
for ax? — cy” = p. 


Now the equation ax? — cy? = ad? — cb* obviously has a solution in 
positive integers, hence it has infinitely many. Let (sz,t,), k € N be 
these solutions, hence 


2 


as? — ct? = ad” — cb* + a(s? — d*) = c(tz — b*) 


for all k > 0. Since a and c are relatively prime, it follows that a divides 
te — b*, that is, t? — b* = an, for some integer nz. The equation gives 
then s? — d* = cnx, so we have an; + b? = iy and cn, + d* = st for all 
k, finishing the proof. 


7. We first suppose that n is not divisible by 3, by 2, and by 5 (ie., 
we assume (n,30) = 1). Apart from the case n = 1 for which the 
problem is trivial, because n and 10 are relatively prime, we have 
10°) = 1(mod n), hence 10*°') = 1 (mod n) for every nonnegative 
integer k. 

Because n and 3 are relatively prime, so are n and 9, thus there exists 
be {0,1,...,2—1} such that 9b = —s (mod n). 
Also, let a= s—b>s—(n-—1) => 0, and take 


a b 
N= S> 19%") 4 S- 197P(™) +1 
i=1 f=1 
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where an empty sum is considered 0 (so if a = 0, the first sum is 0, etc.). 
We clearly have S(NV) =a+b==s. Also, we have 


N =a+10b=s8+9b=0 (mod n); 


that is, N is a multiple of n with sum of digits s — a number with 
precisely the required properties. 


In the general case, let n = 2?5%m, with (m, 30) = 1; according to what 
we just proved, there exists a multiple M of m with S(M) = s (we have 
s>n-—-1>m-1). Then N = 10™2x1P.4I VM is a multiple of n with 
S(N) = S(M) = s, and the problem is completely solved. 


This problem was short-listed for the 40th International Mathematical 
Olympiad, in 1999. 


. Let (a + nd)n>0, with positive integers a and d be the given progres- 


sion (we could have d = 0, but in that case the problem becomes triv- 
ial). Let 6 = (a,d), and let a = d6a,, and d = 6d), with relatively 
prime positive integers a; and d,. If d,; = 1 the problem is, again, 
trivial, so we can suppose further that dj > 2. By Euler’s theorem, 


aft) = 1(mod d;) (where » denotes Euler’s totient function), there- 


sp(di)+1 _ 
1 — 


fore a a; (mod d;) for any nonnegative integer s. In other 


words, 


d 1 
aS? Le a, + nsdy1 


for some nonnegative integer n,, for all s > 0. 
This means that the subsequence (a+ 7.5d)5>0 of the original arithmetic 
progression (a + nd)n>o has terms 


a+ngsd = 6(a, +nsd,) = jae 


that form a geometric progression (with common ratio a(t). which 
was what we wanted to prove. 


. As usual, [xz] and {x} denote the integral and the fractional parts of the 


real number zx respectively. We use Kronecker’s theorem, according to 
which the set {{na} | n € N*} is dense in [0,1]. In particular, given 
positive integers no and N, there exists a positive integer k (actually 
infinitely many) such that k > no and 


0< {ka} < 


1 
N+1 
We then have 


; j 
0< jika} <5 <1 
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for 7 = 1,2,...,N. Since {ka} = ka — [ka], we get 
jl[ka] < jka < j{ka] +1, 


meaning that 
[jka] = j[ka] for any such j. 


Thus, for nj = jk, 1 < 7 < N we have nop < ny < -:: < ny and 
[nja] = jlka] are N consecutive terms of an arithmetic progression 
(having common difference |ka]). Since N can be arbitrarily chosen, 
the problem is solved. 


Note that the result remains true for rational a, too, with a much simpler 
proof (find it!). Actually, in this case, infinite arithmetic progressions 
can be extracted from the sequence ([na])n>no- 


Suppose, on the contrary, that for some positive a, 6, and y the sets 
A = {[na] | n € N*}, B = {[n6] | n € N*}, and C = {[ny] | n € N*} 
are mutually disjoint and have their union the set of positive integers. 
Observe first that, if this is the case, the ratio of any two of a, 8, and 7 
is irrational. For, if we had, say, a/8 = m/n, with positive integers m 
and n, then na = mB, hence [na] = [m§], and finally 4N B 4 @ would 
follow — contradiction. In particular, a, 6, and ¥ are distinct, and, by 
symmetry, we can assume without loss of generality thatO <a< 8 <¥. 
Since x < y implies [z] < [y], we will have [na] < [nf] < [ny] (with 
actually strict inequalities, because any two of A, B, and C’ do not have 
common elements) for any positive integer n. So 1 must belong to A, 
and this implies a < 2 (otherwise [na] > [a] > 2 for all n > 1, and 1 
would not be in any of A, B, C). Also, we must have a > 1, because 
la] = [l-a] >1. Thusl1<a< 2. 


Now we have 
0 < [(n+ 1)a] — [na] = a+ {na} — {(n+ la} <at{na}<24+1=3 
and (since |[(n + 1)a] — [na] is an integer), actually, 

0 < [(n+1)a] — [na] < 2 


for all n > 1. In fact [(n + 1)a] = [nal] is not possible, since if it was, 
there would be some positive integer m with m < na < (n+l)a < m+1, 
and this would yield a < 1). Thus we finally have 


1 < [(n + 1a] — [ra] < 2, 


therefore between any two consecutive elements of A at most one member 
of BUC can interfere. 
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We further use the well-known fact that, for any irrational number z, 
the set {mx —n | m,n € N*} is dense in R. In particular, as we saw that 
2/7 is irrational, there exist positive integers p and q such that 


1 1 
-2 < ph —q< 2-1 <pB-a7<1 


We can rewrite this as 


Wey Hay HL [pel Ser Ape aaa Lt 


and, because 
{78} — {ay}| <1, 
we infer 
—2 < [p68] — [ay] < 2. 


But [p6] — [gy] is a nonzero integer, hence it can only be either —1 or 1. 
In both cases [p{] and [gy] are consecutive integers from BUC, which 
we have previously seen that is not possible. The contradiction thus 
obtained shows that our initial assumption is false, hence A, B, and C' 
do not partition the set of positive integers, as stated. 


This is problem B-6 from the 56th William Lowell Putnam Mathematical 
Competition, held in 1995. 


We are given either that there exist integers p and q such that f(p) = q’, 
and f(p +1) = (q+ 1)”, or that there exist integers p and r such that 
f(p) = (r+ 1)”, and f(p + 1) = r?. Nevertheless, the second case is 
basically the same as the first one, since then we also have f(p) = q’, 
and f(p +1) = (q+ 1)? for g = —r —1. So, we place ourselves in the 
first case, when we know that 


p +apt+b=¢@ 


and 
(p +1)? +a(p+1) +b= (q+ 1)’. 


By subtracting the first equation from the second, we get 
2p +a = 2q, 

which, by replacing a = 2(q — p) in the first equation, yields 
b= (q-p)’. 

Thus, for any integer n, we have that 


f(n) =n? + 2(q—p)n+ (q—p)? =(n+q-p)’ 
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is a square. 


Alternatively, let d = q — p; hence we have 
f(p) =(p+d)’, and f(p+1) = (p+1+4)’. 


Let g be defined by g(x) = f(x) —(x+d)?. We have g(p) = g(p +1) = 0, 
and g is a polynomial function of degree (at most) one, therefore it must 
be identically zero, and f(x) = (x + d)? follows again. 


There must exist nonzero real numbers a, b, and c, and real numbers u, 
v, and w such that 


f(x)—g(z) = a(x-u)*, g(x)—h(z) = b(x—v)*, h(x)—f(x) = e(z—-w)’. 
It follows 
a(x — u)? + W(x — v)* + c(z — w)? = 0 
for every real number x. Now by the pigeonhole principle, two of the 
numbers a, b, and c must have the same sign, so we can assume, without 
loss of generality, that these are a and b. The above equality for x = w 
becomes 
a(w — u)? + b(w — v)? = 0, 
and it implies w —u = w—v=0, hence u = v = wu, as desired. 
An example of such functions is 
f(z) = 227 + 22 +4, g(x) = 2? +42 +3, and h(x) = 4x7 — 22 +6 
(and many other such examples can be found). 
Let x1 and x2 be the zeros of f and let x3 and x4 be the zeros of g, so that 
we have f(x) = (©—21)(x — X20), g(x) = (x — 23)(a% — 44), 21 + 2Q = —a, 
£122 = b, 43 +. 24 = —c, and r3%4 = d. (In general x1, r2, x3, and x4 
are complex numbers — possibly not real numbers.) We calculate 
g(x1)9(a2) = (a? + cx, + d)(x2 + cro + d) 

= (x122)" + Caro +02 + CL1X2(r1 + £2) 

+ cd(x1 + 2) + d(x? + 23) 

= b? + be* + d? — abc — acd + d(a? — 2b) 

= (b— d)* + (a—c)(ad — bc) = R. 
Yet, 


g(x1)9(£2) = (£1 — £3)(Z1 — X4)(X2 — X3)(L2 — La) 
= (x3 — £1)(%3 — £2)(Za — 21)(Z4 — X2) 


= f(x3)f (x4). 
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Thus we have 
R= f(x3)f (v4) = 9(21)9(2) = (@1 — 3)(@1 — L4)(L2 — X3)(L2 — Xa). 


Now we solve the problem. Suppose first that R < 0. This means, 
according to the above expressions of R, that 


f(xa3)f(v4) <0 and g(x1)g(x2) < 0. 


Since f is a real quadratic function, and it has values of opposite signs 
for two real numbers (x3 and 24), it must have a real zero between x3 
and x4, and then the other zero has to be real, too. Similarly, g has real 
roots. If we assume 271 < X2 and x3 < 24, we see immediately that 


(21 = £3)(X4 = £4) (Lo = £3) (x2 _ x4) =R<0 


only holds if either 71 < 43 < rq < %4, or 43 < X1 < 44 < Xo, that is, for 
separated roots of f and g. Conversely, if the roots of f and g are real 
and separated one sees from this expression of R, that R < 0 follows, 
too. 


Use this characterization of friendship for quadratic equations to give 
another solution to problem 2 from the chapter Quadratic Functions 
and Quadratic Equations! 


Note that R is called the resultant of f and g and that, because of 
R = (x1 — £3)("1 — ©4)(%2 — 23)(L2 — £4), 


we have R = 0 precisely when the equations f(x) = 0 and g(x) = 0 have 
a common root. 


a) It is well-known that an orthonormal system (or basis) of vectors i, 
7, and k can be chosen in space such that any vector is expressible as 
a linear combination of 7, 7, and k. These vectors 7, 7, and k are 
unit vectors (that is each one’s length is 1), and are perpendicular to 
each other. Then any vector ¥ in space can be uniquely expressed as 


Se eee 
g=2i +yjg +2k, 


Fe ae ae er ee 
for some real numbers z, y, and z. By using 1-j3 = 1-k =j-k 0 


—> 
and i7= 7*= k? =1 we immediately see that for 


a Sate a 
V1=21 +Y19 +2k and 5 = xo i + Y2 J +2k 
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we have 
2= %1%24+ Y1y2 + 2122. 


> > 
+yj37+2zk we have 


> > rid >, 
and s’- i =, 3 - q =y, s- a Thus, we have @ = O if and 
only if the scalar product of ¥ with each vector of the basis is zero. 


So, for our problem, we will prove that the scalar product of any unit 
vector Y with the sum W of all the given vectors (perpendicular to the 
faces of P) is 0, and, by the above observation, it will follow that we = 0, 
as desired. We thus consider an arbitrary unit vector U, and let 7 bea 
plane perpendicular to ne 


Let F' be any face of P, and let @ be the vector perpendicular to F’, 
having the length equal to A, the area of F’. Let @ be the measure of 
the acute angle between the directions of uw and V, and observe that 
the acute angle between the plane of F' and 7 also has measure a. Here 
by acute’ we mean with measure at most 90° (thus, actually, acute or 
right). This shows that the area of the projection of F on 7 equals the 
absolute value of the scalar product als v, namely Acosa. 


The scalar product has, however, a sign. Assume that Y is vertical and 
directed upwards, thus the plane z is horizontal. We split the faces of P 
into two families that we call upper faces and lower faces. An upper face 
F has the property that the scalar product of the corresponding vector 
dw (perpendicular to F) with V is nonnegative (or, in other words, the 
projection of @ on V is either directed upwards, as VY, or is null), while 
the lower faces are those for which that scalar product is negative. It is 
not hard to see that the sum of the areas of the projections on 7 of the 
upper faces equals the sum of the areas of the projections on 7 of lower 
faces, both being equal to the area of the projection of the polyhedron 
on 7. Now, the sum of the scalar products of the form @ - V (for all 
possible vectors w) results to be 0, because it is the sum of the areas 
of the projections of the upper faces minus the sum of the areas of the 
projections of lower faces. This sum is precisely w-U, and, since it is 
O for every unit vector w, w= 0 follows, as we intended to prove. 


b) We know that if positive real numbers a, b, c, and d are given such 
that 


a<b+c+d, b<a+c+d, c<a+b+4+d, andd<a+b+e, 


then a (planar) quadrilateral ABC'D exists such that the lengths of 
its sides are a = AB, b = BC, c = CD, and d = DA. (Prove it!) 
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We bend this quadrilateral along the diagonal AC in order to obtain a 

skew quadrilateral ABCD, still having the lengths of its sides a = AB, 
— 

b= BG, c= CD, and d = DA. Denote by @ = AB, b — BC 

¢=C , and a = DA, so that the vectors a, b, ?, and | have 

lengths a, b, c, d respectively, and their sum 


ih haga = 0. 


Moreover, any three of them are not coplanar. 


Now consider four arbitrary planes, each of them orthogonal to one of 
the vectors a, 6b, ?, and d. The planes intersect and form a tetrahe- 
dron. We denote by Kaz, Ky, Ke, and Kg the areas of the faces of this 
tetrahedron (K, being the area of the face perpendicular on a, and so 
on). Next, we build a vector perpendicular to each face of the tetrahe- 
dron, directed towards the exterior of the tetrahedron, and having length 
equal to the area of that face. Let Kg be the vector _perpendicular to 
the face of area K,, and similarly define vectors Ky, K., and Kg. The 
a ae 
length of Kg is thus Kg, and so on. 


By hedgehog’s lemma we have 
> —> > => > 
KitA,p +t Ket Ka= 0. 


The vectors d and ia are both perpendicular to the face of the tetrahe- 
dron of area Kg, thus there exists a real number p such that Kg = p 
Multiply the equality eee v eae d = 0 by p and subtract from the 
above equality in order to get 


— > > => — 
K,—-p@+K,-pb +K.-pdé = 0. 


But vectors K. and @ are also orthogonal to the same plane, so there 
must be a real number a@ such that Ka = ad, and, analogously, there 
exist real numbers {, and + such that kK, = 66, and K, = ve. Thus, 
the previous equality becomes 


(a—p)@+(B—p)b +(y-p)e@ = 0. 


However, the vectors @, i and @ are linearly independent (they are 
not in the same plane), hence the above equality yields all coefficients 
zero, that is 

a=P=7=p. 
By the very definition of p, we have that its absolute value |p| is the 
ratio between the length of re and the length of a that is |p| = Kq/d. 
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Similarly |a| = K,/a, |@| = Kp/b, and |y| = K-/c. 
Thus |a| = [8] = |y| = |p| actually means that 
Ka Ky Ke _ Ka 


a 5 Cc d 


In other words, the areas of the faces of the tetrahedron that we built are 
proportional to the given numbers a, b, c, and d. Clearly a well-suited 
similarity transforms this tetrahedron into another one whose areas of 
faces are precisely the numbers a, b, c, and d, and our proof finishes here. 


This is the same as problem 16 from the chapter The Scalar Product, but 
we come here with another solution (still based on the properties of the 
scalar product). We will need in our proof the theorem of three perpen- 
diculars; since this result might be less known, we remind it first. The 
theorem of three perpendiculars states that, given a plane 7 a straight 
line XY perpendicular to 7, with Y € az, a straight line | C 7, and 
the (orthogonal) projection Z of Y on l, XZ is also perpendicular on I. 
The converse is also true, in the sense that if we consider Z to be the 
projection of X on | (the rest of the hypothesis remaining valid), then 
YZ 1 1 follows, too. 

We also intend to use hedgehog’s lemma (from the previous problem) 
again, thus we start by considering vectors Vi, V3, V4, and v4 perpendic- 
ular to the faces opposite to A,;, Ag, A3, and Ay respectively, directed 
towards the exterior of the tetrahedron, and having lengths Ky, Ko, Ks, 
and Ky, respectively. We have, according to the mentioned result, 


— 
wntwt+uytu= 0. 


— 


We express vectors vs in coordinates, as 


a 
Ue =Lei +Ysj +2zk 


with real numbers Zs, ys, and zs, for s = 1,2,3,4. As in the solution of 


the previous problem, 72, 7 » and k form an orthonormal basis for the 
vectors from space, that is, 7, 7, and k are unit vectors orthogonal 


to each other. The properties of vi, s = 1,2,3,4 expressed in terms of 
coordinates are 


ai typ t+ef = (Kt = KZ =)25 + y3 + 23, 
x3 +y3 + 23 = (Kj = KZ =)zt + yf + 27, 
and 


Myt+%2+%734+% = Yityotyt+ y= 3+ 224+23+ 2% = 0. 
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We square 471 +273 = —%2—-Za4, Y1 +3 = —Y2-Y4, and 23+ 23 = —z9—-24 
in order to obtain 


a + he + 2%1%3 = x3 + v4 + 27924, 


ye + ys + 2y1y3 = ys + yd + 2yoya, 


and 
2 2 22 2 
Zi + 23 4+.22123 = 2 + 24 + 22224. 


By adding these equalities, and using 
ety tz =agtyytz and 23 +y3 +23 = 24 +4 + 24, 


we get 
1X3 + Y1y3 + 2123 = LaLa + yoys + 22% 


that is, Ui - US = US- U4. By the definition of the scalar product, this, on 
its turn, means 


K,K3 cos Z(v?, 03) = KoK4cos Z(¥3, v4). 


Because K, = Ko and K3 = Ka, this means that the angles formed by 
vt with v3 and by vs with V4 are equal. 


But we can construct these angles in the following way, too. 

Let A, Ay L (Az A3Az), with Hy € (Az A3 Aq) (here and further (XYZ) 
is the plane determined by the non-collinear points X, Y, and Z). Then 
let H,My, L AgAg, with M, € Ag Ay. By the theorem of three perpendic- 
ulars, we also have A;M, | AgA4, hence 7A;M, Hy is the angle between 
the planes (A;A2A4) and (A2A3A,4), having thus the same measure as 
the angle of vectors vt and US. Similarly, if we build Az H2 | (A;A3Az4), 
with Ho € (A, A3A4), and HoM> A; A3, with Mz € A; A3, the angle 
Z A29M> Ho has the same measure as the angle of vectors v3 and Ui. Con- 
sequently, the angles 7A,;M,H, and ZA 9M2Hp have equal measures. 
On the other hand, A;H, and AoHo are heights of the tetrahedron cor- 
responding to its faces A472 A3A4 and A; A3Ay4 of equal areas, therefore (by 
expressing the volume of the tetrahedron in two ways) A,;H; = A2H2 
follows. Consequently, the right triangles A;H,M, and AgH2Mo are 
congruent, thus we also have A;M, = AogM». But the areas of A; A2A3 
and A; AoA, are equal, hence 


A,M, - AoA _ AgM2- A; A3 
2 7 2 
yielding AgAg = A, Az. 
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We are sure that the reader will now be able to prove analogously the 
other required equality, A4;A4, = A2A3, by first showing that uu = 
v3 - vg, then following precisely the same approach as above. The proof 
ends here. 


Let w = cos(27/3)+isin(27/3). We can consider that the vertices of the 
triangles have the affixes Ai(a), Bi(aw), C1(aw?), and A(b), Bo(bw), 
C2(bw*), for some complex numbers a and b (by taking the common 
center of the triangles to be the origin of the complex plane). Because 
the triangles do not coincide, b is different from any of a, aw, and aw’. 
Let M(z) be the point of intersection of the lines ByC2 and B2C,;. Thus 


we have 


Zz — aw 
(1 bir So = 
z=(l-a)aw+abw a, 

and ; 
z= (1—B)aw* + Bbw & B= 

bw — aw? 


for real numbers a and £2. Now consider the number 


«a 
T= 


—a 
and notice that the equalities 


3abz — 3a? 


a+B+y=aB+ay+ Bby= 53 3 


hold, due to the relations w? = 1 and w?+w+1 = 0 satisfied by w; thus 
Vio 8) ap wp. 


If we had 1 -a— 6 =0, then af — a — 6B = 0 would also follow, hence 
we would get a + 8 = af = 1, which would lead to non-real values for 
a and 8. Thus, we have 1 —a — 6 £0, and 


Be © ot San © 
~ l-a-B 


follows, which shows that y is also a real number. Finally, 
z=(1-y)a+yb 


with real means that M(z) is a point on the line through A;(a), and 
Ao(b), therefore the lines A; A2, ByC2, and BoC) concur at M. 
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17. The limits of the three sequences are all equal to 1/3. Let M be the 


matrix 
pr q 
M= qgpr 
r eq p 


From the recurrence relations we infer that 


Lin PT q Ln—1 Ln-1 
Y|j=|aqpr Yr1 | =MI{ Yn-1 |, 
zn r eq p Zn—1 Zn—1 


for every n > 1. Then, by an easy induction, we have 


nr 


Lin pr q XO LO 
Y. j=|qpr yo J}=M"! wo |, 
zn r eq p Z0 Z0 


and 


for any n > 0. There is a not so big difference between the case of 
second order matrices and linear recurrences of second order (which we 
have studied in a previous chapter), and the case of third order matrices 
and linear recurrences of third order. Namely, because M satisfies its 
characteristic equation 


M* — 3pM* + 3(p* — rq)M — (p* +g? +r? — pq — pr — qr)I3 = Os 
we have that 
M”"—3pM""!+3(p?—rq)M”* —(p?+¢? +r? —pq—pr—gqr)M”? = Os, 
and, consequently, 
Ln — 3pLpn—1 + 3(p* — 1q)tn—2 — (p? +q? +1? — pg — pr —qr)rn-3 = 0 


for all n > 3. Yet, the sequences (Yn)n>o and (Zn)n>0 verify the same 
recurrence relation. 


The characteristic equation of this recurrence (as the characteristic equa- 
tion of the matrix M) is 


t? — 3pt? + 3(p? — qr)t — (p* + 9° +1r* — pq — pr — qr) =0. 
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(A parenthesis is, maybe, necessary. The characteristic equation of a 
third order matrix A is t? — Tr(A)t* + S(A)t — det(A)I3 = O3, where 
Tr(A) is the trace of the matrix — the sum of the elements on its main 
diagonal — S(A) is the sum of its second order diagonal co-factors, and 
det(A) is the determinant of the matrix. In our case, 


det(A) =p+q?+r? — 3pgr = (ptatr)(p? +? +r? — pq —pr— qr) 
=p°+q? +r? —pq—pr—ar 
because p+ q+r = 1 is given.) 


The characteristic equation can also be written as 
(t—1)(t? + (1 —3p)t+ p?+¢°+1r* — pq—pr—aqr)=0 


(use p+q+r = 1 again in order to check this). Thus its zeros are fy, ta, 
and 1, where t; and tg are the zeros of the quadratic equation 


t? + (1—3p)t+p?+¢° +r? — pq —pr—gr=0, 
‘whose discriminant is 
A = (1 — 3p)? — 4(p? + q* +r? — pq — pr — qr) 


= (qtr —2p)* —4(p* +g? +r? — pq — pr — qr) 
= —3(q—r)* <0. 


If A < 0 (when q # r), t; and tg are complex conjugate (not real) 
numbers whose product is 


pitgt+r*—pq—pr—gqr<(pt+tqtr)’*=1. 


If q =r, t; = te € R follows and their product is again less than 1. In 
both cases, we get |t;| = |t2| < 1. The general term of the sequence 
({n)n>0 will be either of the form 


in = A+ Bt} + Cts, 
(when t; and tg are complex conjugates), or of the form 
in =A+(B+nC)ty 


(when t; = tg), for some numbers A, B,C’ (and the same is true for yn 
and z,). Anyway, because ¢t; and tz have absolute values less than 1, the 
convergence of (%n)n>0 follows (and, analogously, we get that (Yn)n>0 
and (Zn)n>0 are convergent). 
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If we denote by z, y, and z the limits of (n)n>0, (Yn)n>0, and (Zn)n>0 
respectively, by passing to the limit in the recurrence relations, we get 


L=pxr+ry + qz 
Y=qru+pyt rz 
Z=rz¢r+qyt pz. 


This system of linear equations has the general solution x = y = z. 


On the other hand, by adding side by side the recurrence relations, we 
obtain 


Ln + Yn + Zn = (p eg 1 )(La4 + Yn-1 + Zid) = In—1 + Yn-1 + 2Zn-1 
for all n > 1, which leads to 
In + Yn + 2%n=Xo+yot2=1 


for all n > 0. Passing to the limit in this equation for n — oo we get 
cr+y+z=1, thus, finally, c= y = z=1/3. 
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